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PREFACE TO THE FIRST EDITION 


This book consists of a selection of problems, each with a solution worked out in 
detail, dealing with the properties and applications of the Gamma function and 
the Beta function, the Legendre polynomials, and the Bessel functions. For those 
problems which involved more than mere choice of a suitable formula and 
appropriate use thereof, we have often endeavored to present solutions with 
emphasis on the considerations raised by the following questions: How does one 
make a start in attacking the problem? What theorems and techniques from 
algebra, trigonometry, analytic geometry, calculus, and the theory of functions 
appear applicable so as to be likely to effect a solution? How and why does one 
proceed from one step to the next? What clues present themselves either in the 
statement of the problem or in the facts which develop as the attempt at solution 
proceeds? What aspects of the problem must be carefully considered so that the 
solution will meet the demands of mathematical rigor? 

Such an approach usually leads to solutions that are neither brief nor elegant. 
We earnestly hope, however, that the lack of brevity and elegance is 
compensated by what may be called a naturalness of procedure combined with a 
heuristic presentation that make the solutions relatively easy to follow. We hope 
also that the solutions presented will be found stimulating, and that they will 
help to develop skill in attacking and solving problems in pure and applied 
mathematics. 

Cursory examination of this book might give the impression of an occasional 
haphazard choice of problem. But no problem was originated or chosen at 
random. Selection of problems was made so as to fulfill such purposes as 
exposition of suitable techniques of procedure and reasonable coverage of 
relevant topics. Often a problem that seems out of place in one of the chapters on 
the properties of the functions (Chapters I, III and V), and not closely concerned 
with the development of the outstanding properties of a function, will be found 
to serve as a useful lemma in one or more later chapters on the applications of 
the functions. Indeed, a goodly number of the problems and exercises in 
Chapters I, III and V are put to use in the chapters on applications. 

References to individual texts or treatises have been used sparingly in the 
statements of the problems and in the solutions. However, a modest bibliography 
of works typical of those one would find it profitable to consult is included at the 
end of the book. 

We gratefully make the following acknowledgments: Table III-2 is 


reproduced from W. E. Byerly’s Fourier’s Series and Spherical Harmonics with 
the permission of Ginn and Company; Tables V-2 through V-27 are printed, 
with slight modifications and deletions, from N. W. McLachlan’s Bessel 
Functions for Engineers with the permission of Professor N. W. McLachlan and 
the Oxford Press; material was used from G. M. Watson’s Theory of Bessel 
Functions with the permission of The Cambridge University Press; Tables V-14 
through V-21 were reprinted with the permission of The Royal Society and the 
American Institute of Electrical Engineers. 

We appreciate especially the excellent constructive criticisms and suggestions 
made by Dr. Melvin Hausner of New York University. 


PREFACE TO THE DOVER EDITION 


We have been pleased at the response to this text from students who are studying 
applied classical analysis for the first time, and by professors who are not only 
looking for ways to motivate but also for ways to bring difficult subject matter 
down to an understandable level. In this Dover edition, we have endeavored to 
correct errors in the first edition, some of which were discovered by our 
students. We also appreciate the very careful reading given by Professor Yoshio 
Matsuoka, Kagoshimashi. 
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I 


THE GAMMA FUNCTION AND THE 
BETA FUNCTION 


INTRODUCTION 


The Gamma function was first defined in 1729 by the great Swiss 
mathematician Euler. He defined the Gamma function by an infinite product: 


If z be taken as the complex variable x + iy, Euler’s product for I'(z) converges at 
every finite z except z = 0, -1, -2, -3, - - -. The function defined by the product 
is analytic at every finite z except for the singular points just mentioned. At each 
of the singular points, ['(z) has a simple pole. 

The notation ['(z) and the name “Gamma function” were first used by 
Legendre in 1814. 

From Euler’s infinite product for [’(z) can be derived the formula 


I(z) = [ “tlen ‘dt. 
0 


This integral formula is convergent only when the real part of z is positive. 
Nevertheless this integral formula for '(z) often is taken as the starting point for 
introductory treatments of the Gamma function. Moreover, the variable z is often 
confined to real values x. So shall it be in this book: unless the contrary is 
explicitly stated, we shall be concerned in our exercises and problems with the 
Gamma function of a real variable only. For positive values of x we shall take 
the following as our basic definition of the Gamma function: 


I(x) = [Cerentar, x= 0. 
0 


As is usually done, we shall extend the domain of the definition of the Gamma 
function into the realm of negative numbers (exclusive of negative integers) by 
extrapolation via the characteristic equation 


I(x + 1) = xI(). 


It may be remarked that this function, namely xI(x), provides an analytic 
function whose value at each positive integer n is n!. 

The Gamma function itself, as set up by Euler, is such that ['(n) = (n — 1)! 
rather than n! when n is a positive integer, 

Although the Gamma function was devised by Euler to solve a problem in 
pure mathematics, here, as elsewhere in mathematics, an invention in pure 
mathematics has been found useful in applications of mathematics to problems 
in engineering and the sciences. The Gamma function is particularly useful in 
certain problems of probability, especially problems that involve factorials of 
large integers or the incomplete Gamma function 


- 
(x, 7) = [ t?-le-tdft, x>0,7>0. 
0 


Tables of values of I(x) are usually given for the range 1 S x < 2. There is no 
need to tabulate outside a range whose spread is unity because of the 
fundamental property ['(x + 1) = xI'(x). The range 1 S x < 2 is chosen because it 
is the interval between two successive integers whereon I(x) has its lowest 
values for such an interval, making for economy of tabulation and interpolation. 

The Beta function is a function of two arguments. As basic definition for the 
Beta function B(x, y) we shall take, as is usually done, the definition 


1 
B(x, y) =[ t*-1 (1 — t)’-ldt, ro: yS>t: 
0 


The Beta function is related to the Gamma function: 


_ Tero) 
a= T(x+y) 


TABLE I-1 


x 
Oo 
Re 
S 
ee 
i 
WN 
nN 


1.0000 | .9943 | .9888 | 9835 | .9784 | .9735 | .9687 | .9642 Saar eae 
9514 | .9474 | .9436 | .9399 | .9364 | .9330 | .9298 | .9267 | .9237 | .9209 


9182 | 9156 | .9131 | .9108 | .9085 | .9064 | .9044 | .9025 | .9007 | .8990 
8975 | .8960 | 8946 | .8934 | .8922 | .8912 | .8902 | .8893 
.8873 | .8868 | .8864 | .8860 | .8858 | .8857 | .8856 | .8856 
.8876 | .8882 | 8889 | .8896 | .8905 
8935 | 8947 | .8959 | .8972 | .8986 | .9001 | .9017 | .9033 
9147 | 9168 | 9191 | 9214 | .9238 
.9397 | 9426 | .9456 | .9487 | .9518 
9724 | 9761 | 9799 | . 


8885 | .8879 
.8857 | .8859 
8914 | .8924 
.9050 | .9068 
9262 | .9288 
9551 | .9584 


9837 | .9877 | 9917 | 9958 


0 

1 

2 

3 

4 

5 .8862 | .8866 | .8870 
6 

7 ’ 

8 . 

9 ‘ 


The problems worked out in this chapter are mostly exercises dealing with 
properties and values of the Gamma and Beta functions which can be derived 
directly from their definitions or which ensue from the identities 


P(x + 1) = xI'(x), 
_ T@ro). 
“eas T(x + y) 


At the end of the chapter is a list of the most frequently used formulas. 


Figure I-1 
The Gamma Function 


Problems: Integral Expressions of (x) 


i> 4) 
{t-le-t 
I-1. Show that the integral which defines I(x) is convergent for 
every positive x but not convergent for any other real x. 
We write first the integral as the sum of two integrals: 


so) m e-? ao 
t?—1e-tdt — _ dt + t?—e-*dt 
0 0 ‘igi m 


where m is any positive number. Let us call the two integrals on the right A and 
B respectively. We see that A is proper when x = 1. On the other hand when x < 
1, the second factor of the integrand becomes infinite at t = 0, thus making the 


integral improper. The first factor e' does not, of course, cause us any concern 
in the interval t = 0 to t = m. In fact, since that factor is continuous throughout 
and becomes unity at t = 0, where the other factor becomes infinite for x < 1, we 
can conclude by the theory of improper integrals that A is convergent or not 


” l-—z 
according as \o a is convergent or not. But this last-written integral we 
know to be convergent when and only when the exponent on t is less than unity. 
Thus A is convergent when and only when 1 - x < 1, that is, when x is positive. 
Integral B is improper for all x simply because the interval is infinite. The 
problem, then, is to determine the values of x for which it is convergent. In order 
to do this we first apply to B the formula for integration by parts, namely, { u dv 


= uv — fv du, taking u = ¢! and dv=e “dt: 


ea | t-e8 | _ } “(—e-*\x — 1)t?2dt 


z—1l z-l oo 
: a See | t?-26-¢dt., 


et : em 


Now we know by the theory of indeterminate forms (by successive applications 
of L’Hospital’s Rule) that in the race to infinity e' will always win out over any 
lim [—/e!] = 0 

constant power of t to such an extent that ¢-+« for every x. Thus 
convergence of B now hinges on the convergence of our last-written integral, in 
which we observe that the exponent on t is less by unity than what it was in B. 
We keep applying integration by parts to the remaining integral until the 
exponent on ¢ is nonpositive. (Incidentally, we would not have to do any 
integrating by parts when x s 1.) In any event we finally get for B a finite sum 
of numbers added to a polynomial in x times an integral of the form 


st Ua d oe 
et t, P positive. 


If m be taken sufficiently large, the first factor 1/t? in this last integral is less than 
unity for all t = m, which makes the curve y = 1/tPe' lie under the curve y = 1/e‘ 
f > tlet 

or t = m. But we can see that Jm is convergent by actual integration. 
Therefore, our final integral is convergent for every x, which in turn makes B 
convergent for every x. 


The Gamma integral, then, is convergent for those values of x, and only those, 
for which both A and B are convergent, namely for all positive x: 


I(x) = { “Pe-tdt, x>0. (I-1) 
0 


I-2. Show that 


1 z—-1 
fis = [ oe, Al mM £5 ss 
0 


T(x) = [ t?-le-tdt 
0 


We start with , X > 0 from Eq. (I-1). 


Let 
u = e-*; then Il/u=e', log, (1/u) = t, —(1/u)du = dt, and 
log, (ju) = 1. 


For our limits of integration: when t = 0, u = 1; and when t = ©, u = 0. Then, 


i "le-tdt = — [ | to, ale wrt du = [ | Ee ale hi 


eo 
I(x) = 2 [ m=-le-™ dm 
I-3. Show that 0 
It is worth noting that here, as in many other cases, our starting point is the 


Xx) = [ ” t?-le- dt , 
definition 0 ,X > 0 in Eq. (1-1). Let t = m*, then dt = 2m dm. 


Our limits of integration remain the same. So we have 

@ @ 

rx) = [ fed = [ m?(=-l)e-™Im dm 
0 0 
ir) 
=2 [ m2=-le-m™ dm, xo Dk 

0 

Problem: Properties of I(x) 


I-4. Establish the fundamental identity (x + 1) = xI°(x). * 
Before proving the identity directly from the Gamma integral for all positive x 


we note that this identity is used to define the Gamma function first for -1 < x < 
0 by writing it in the form I(x) = ['(x + 1)/x, thence for -2 < x < -1 by the same 
formula, and so on for all nonintegral negative values of x. It remains, then, to 
show that I(x + 1) = xI'(x) for every positive x. 

Letting x be any positive number, we write the Gamma integral for the 
argument x + 1: 


te) 


P(x + 1) =| ger —e*dt 


0 


a 
= I t*e- ‘dt. 
0 


Next we apply integration by parts, namely fu dv = uv — fv du, to this latter 
integral, taking dv = e ‘dt andu =": 


M(x + 1) = r(-e~’) 


— [ “(—e-)xt*ldt 
0 0 


, t® 0 @ 
= —lim— + —+ «| go-to "dt, 

twa @ e 0 
The limit indicated in the first term on the right we know to be zero by the 
treatment of the indeterminate form ©/co as learned in introductory calculus, 
using L’Hospital’s Rule (once or twice or several or many times in succession 
according to the size of x). The second term on the right vanishes, while the third 
term is none other than xI'(x). Thus we have 


T(x + 1) = x(x). (I-4.1) 


REMARK. It is often found convenient to apply the fundamental identity in one 
or other of the following forms: 


r(x) = re, (1-4.2) 
P(x) = (x — T(x — 1), (1-4.3) 


ah <3) 


r(—x) = 1x #0,1,2,°°°. (I-4.4) 


Problems: Specific Evaluations of T(x) 
I-5. Evaluate ['(.37). * 


We have merely to increase the argument from .37 to 1.37 via the identity 
I(x) = (x + 1)/x so that we can use Table I-1 where I(x) is tabulated for 1 < x < 


r(0.37) = ———-——- = = —~— = 2.404. 
ae ot 37 x saccade 


I-6. Evaluate ['(9/4). * 


Here we have to decrease the argument from i tod using the fundamental 
identity in the form I(x) = (x — D(x - 1): 


9 D\ni 2 5 saieae - 
r(3) = ()r(3) = (;)ra.25) = 4{-2064) ~ 1.133. 


I-7. Evaluate ['(4.6). * 
This requires three applications in succession of the identity (x) = (x — I)I'(x 
— 1): 


1'(4.6) = (3.6)1'(3.6) = (3.6)(2.6)I'(2.6) = (3.6)(2.6)(1.6)I°(1.6) 
~ (14.976)(.8935) 13.38. 
I-8. Evaluate [(-1.3). 


This requires three successive increases of argument by unity via the 
fundamental identity in the form I(x) = ['(x + 1)/x: 


1.3) = 9), 
ie —1.3  (—1.3(—.3) (—1.3)—.3\.7) 
9086 _ 
= 5730 = 3.328 
I-9. Show that ['(1) = 1. * 


@ 
| |, fe tentdt 
Putting 1 for x in /0 , we have 


r= [oertat 


0 
N 
= lim {| =" 
N-+co 0 
l 
=lim|— a+] 
=}, 


Problem: Properties of I(x) 
I-10. If n be any positive integer = 2, show that 


I'(n) = (n — 1)!. . 


We start with the result of Prob. I-9: [(1) = 1. Then by Prob. I-4 we have I'(2) 
= Td + 1) = (Id = 1. Similarly, by continuing to apply the fundamental 
identity ['(x + 1) = xI'(x), we get 


r(3) = 212) = 2°1 
(4) = 3F(3) = 3°2°1. 


At this point we perceive the truth of the formula we have to establish. To prove 
the formula true we have yet to apply the second stage of the method of proof by 
mathematical induction. Assume the formula true for an arbitrary integer n = 2. 
Then for the next integer m = n+ 1 we have 


Cm) = Tin + 1) = alm) = n(n — 1)! = a! = (m9 — D)!. 


Thus, the formula also holds for n + 1. But we already know from our work 
above that it holds for n = 2, n = 3, and n= 4. Consequently, it must hold for the 
next integer n = 5 and for the next after 5, namely 6, and so on ad infinitum. 


REMARKS 1. It is by virtue of the formula just established that the convention 
of defining and accepting a value for the factorial of zero, namely 0! = 1, came 
to be adopted. For, if we apply the formula formally with n = 1, we have ['(1) = 
(1 — 1)! = O!. (The exclamation point here may be considered, if you will, as 
having double significance.) But we know that (1) = 1. So, we agree that zero 
shall be considered as having a factorial which shall be taken as unity. With this 
convention for 0! we have 


P(n) = (n — 1)!, Reel 2 oy 8s (I-10.1) 


2. Since the Gamma function provides a smooth interpolation function relative 
to the factorials of the positive integers, it is sometimes used as a means of 
defining x! when x is nonintegral, i.e., x! = [(x + 1). For example (3.6)! = ['(4.6) 
= 13.38 by Prob. I-7. 


Problem: Specific Evaluation of T(x) 
1-11. Evaluate (3), * 


Pm ores bh, Peo 
We put 3 for x in Eq. (1-1) and get M4) ih aie ais But we do not see 
any way to evaluate this integral. There is no use trying to integrate by parts 
because the exponent on ¢ is not a positive integer. 
Let us try again. If we change the variable of integration via t = u 


r(4) = |; 2ewdu 

(@) 0 . This looks a little better. The integrand is not as 
complicated as before. But we are still baffled when we try to integrate. What to 
do? We begin at this point to suspect that we may have to resort to some indirect 


method for evaluating P'(3). But what? The following scheme appears to be 
without motivation. Indeed, its discoverer was surely a person of great 
mathematical ingenuity. 

We write our second trial above for !'(4) twice: once with x as the variable of 
integration, then with y as the variable of integration. Then we multiply the 


results: 
rq) = | { ° 2e*ax | | [ ° 2e¥dy |. 


Now, although the right side is the product of two integrals, its appearance 
suggests an iterated integral. Indeed, in this instance we may actually write 


M($) = a | | dy | e-* dx, 
0 0 


because the integral in y yields a mere constant to carry over into the integral in 
x. May we now equate the iterated integral to a double integral? Yes, we may: 


| we get 


r°(4) = 4 | i ened A 
Q 


where Q denotes the entire first quadrant of the cartesian xy-plane. This 
improper double integral over the entire first quadrant is, of course, 


lim | { e~ (+0) 4, 
ee 


where R denotes the rectangular region 0 < x < M, 0 < y< N, and is, therefore 


equivalent to 
jim mm [" E lim im [ evdy |e e-**dx. 


Now, our double integral may likewise be equated to an iterated integral in polar 


coordinates: 
n/2 3) 
r(4) = 4 [ | [ et rdr dé, 
0 0 


which in turn (by the same argument as used before with xy-coordinates) may be 
expressed as a product of two integrals (since the integral in r yields only a 
constant value independent of 8). We now have 


no-{fal 4] 


making 
T(4) = Wz. (I-11.1) 


Motivation for the ingenious scheme of evaluation is now apparent. It was the 
presence of the factor r in the iterated polar-coordinates integral that made the 
integration possible, and that is what suggested the original multiplication 


42 field ee 
whereby we got from e™* toe“) =e" 


Problems: Properties of T(x) 
I-12. Show that if n be a positive integer, then 


ln+?)=— r= DN ""QOOvV™  « 1401 


The argument 7 +4 can be written (2n + 1)/2. If we recall the property of 
Eq. (1-4.3), namely T(x) = (x — 1)'(x - 1) and if we take x = (2n + 1)/2, then we 


have 
2n + 1 2n+ 1 2n+ 1 
i Gas I Ce, a 
ryt ee 


rem re} 


The process of decreasing the argument by unity is repeated for ['[(2n - 1)/2]: 


p(22—1\ _ (22 —3) p/n — 3). 
2 2 2 
So far we have 


ren (EEE) 


We recall that '(4) = V7 ; consequently, we want to repeat the process of 
changing the argument until we reach I'(3). If we take P@), for instance, we 


can write 
r(;5 —>.3.!1/7/!),. 
2 a 2 & Ve 


We see that we obtained !'(4) multiplied by three factors; moreover, this number 
; ; 7 ; 
three is the same integer as occurs in the argument of P'S) when written 


that is, 


D3 + 4). this 3 corresponds to the n of I(n + 4). 


Consequently, we can say that if we start with I'(n + 4) we have to continue 
decreasing the argument by unity n times in order to reach 4. We also observe 
that each time the process is repeated there is another 2 in the denominator. 
Since we have determined that the process is to be repeated n times, we can 
collect the 2’s and write 2”. We then have 


Pn + 4) = 24 = W2n = 3Qn— 5) +++ OMe 


= (I-12.2) 
I-13. Show that, if n be a positive integer, then 
Applying Eq. (I-4.1), we have 
D(n + 3) = (n + OP + 3) 
= tr +d. 
Thus, by Prob. I-12, we have 
Pon + §) = 22+) Gn — Qn — 3) ++ XD V2 
2 Pia 
— (20 + 1)Qn — 1)2n — 3)* + * BDV 


n+l 
I-14. Show that, ifn be a positive integer, 


Applying Eq. (I-4.1) to D(n + $)), we have 
Dn + $) = (n — OPQ — 4) 


2n — 1 
eee Wiel 


Thus, 


ra) => > Tet bp. 


Then, by Prob. I-12, we can write 


hepa 2 8 OOS 


l 2" 
_ (2n — 3X 2n — 5) ° °° 3X17 
— ecm.” "mcmama i 
I-15. If nis a positive integer and x — n # 0, -1, —2, -- -, evaluate 
T(x + n) mn 
I(x — n) 


We apply Eq. (I-4.1) to the numerator of the given fraction: 
Nx+n)=(x+n— D(x +n- 1). 


By repeated application of Eq. (I-4.1) to the numerator, we have 


Deeta)_ (xt+n—I(xtn—2xtn—3)-+(e+n— Wl +n—2) 
I(x — n) I(x — n) 
=(x+n—1)\(x+n—2)°**(x—72). 
I-16. Show that 2-4-6---2n=2'T(n+1).* 
2°4°6+*+2n = (2+ 1)(2+2)(2°3)°++(2+n) 
= 2°! 
= 2"I'(n + 1). 
REMARK. If n — 1 were substituted in place of n, we would have 


2°4+6+++(2n — 2) = 2"1T(n). 
I-17. Show that 


21-nT(2n) . 
T'(n) 
We insert unity in the left side of the given equation in the form 
2°4+6++*(2n— 2) 
2°4+6+++(2n—2) 


1+3+5+++(n—1)= 


We have then 

1+2°3+4> et ++ (2n — 2)(2n —1) 
: _ a Nh 8 ee I GS iy 
1+3+5+++(2n—1) “Gea? Ga 3) ( ) 


The numerator of Eq. (1) is (2n — 1)!, which is [(2n) by Eq. (I-4.1). The 
denominator of Eq. (1) is 2” 'T(n) by Prob. I-16. Thus we have 


21-nT'(2n) 
1 oe . ee — 1 = O_o 
3°5 (2n ) Tm) 
By property (I-4.2) this last equation may be written alternatively as 
“al (2n) | 
1 #3 6S 066 (Om 1) 
oon T To +1) 


fal (2n + 1) = 2*T(n + OT (n +: 21) 
I-18. Show that * for every 
positive integer n. * 


In the right side of the given equation we substitute the value of In + 4) 
found in Prob. I-12. Then we have for the right side 


2°T(n + 4)0(n + 1) 
__ 222m — 1)(2n — 3) +++ 3+ 1y/aT(n + 1) 
ee ee Qn a — © 


Multiplying numerator and denominator of the right side of Eq. (I-18.1) by 
2n(2n — 2)(2n — 4) - - - (4)(2), we have 


(I-18.1) 


2"T(n + $0 + 1) 
_ 2n(2n)(2n — 1(2n — 2)++24-+3+2-1 + Yat 1). 


I-18.2 
2"(2n)(2n — 2)(2n — 4) + + * (4)(2) ‘ 

The numerator in the right side of Eq. (I-18.2) is 
22"(2n)!4/a0(n + 1). (I-18.3) 


The denominator is 2” - 2"n!. If now we write (2n)! = [(2n + 1) and n! = [(n + 
1), then we have for the right side of Eq. (I-18.2) 


22n./aT(2n + 1)P(n + 1) 
2T(n + 1) 


When the factors common to the numerator and denominator are canceled out 
we have remaining the left side of the given equation, thus demonstrating the 
identity. 


REMARK. Using 2nI‘(2n) for [(2n + 1) and nI‘(n) for ['(n + 1) we can write the 
given equation as 


aT (2n) = eer (yen + 5): (I-18.4) 


This is known as Legendre’s duplication formula. (See also Prob. I-15b.) 
It is at times convenient to use this formula in the ratio form 


PQn)_ Tin +9), 
Pn) /n2)-" 


(I-18.5) 


I-19. Show that 


1+3+S+++(2n—1) (n+) 
2°4°6¢**2n)—/n'(n +1) 


* 


Replacing the numerator and denominator on the left by the expressions found 
for them in Prob. I-16 and I-17 and then replacing the ratio ['(2n)/T'(n) by the 
equivalent ratio from Eq. (I-18.5), we have at once the right side of the equation 
to be demonstrated. 


I-20. Show that I(x) is differentiable at every real x except x = 0, -1, -2, -3, - 
ok 


There is, of course, no possibility of differentiability at x = 0, -1, -2, -3,--., 
since the absolute value of I(x) becomes infinite at each of these values of x. 

We consider first only positive values of x for which we have T(x) defined by 
the integral in Prob. I-1. May we apply Leibniz’s rule for differentiation of an 
integral (with respect to a parameter in the integrand when the integral is 
improper, as in Prob. I-1)? For the problem at hand this question means that we 
are concerned with determining, if possible, an interval of values of x for which 
the following equation is valid: 


= [ t*—(log, te-'dt. (1-20.1) 
0 


. 


Let us, first of all, consider the question of convergence of the integral in (1- 
20.1). An examination of the integrand indicates that, for x > 1, we can 
demonstrate convergence of this integral by the following considerations. 
Choosing any positive number b, we write 


[ t*—"(log, t)e-'dt 
0 


b 8 
=| t*-(log, the~ ‘dt +- | t*—"(log, the-‘dt. (1-20.2) 
0 b 


We have, for x > 1, 


lim | t*—(log, pet] =I = lim im| = log, ‘| 


t-+0 
_ im log, “| 


ji-2 


lg L I/t ] by L’Hospital’s 
t-+0 


(1 — x)t-*_} Rule 
= lim [¢?-*] 
l—x t-0 
=Q, x>1. (I-20.3) 


Thus, as t > 0, the integrand not only remains finite for x > 1; it approaches the 
limit zero. 
On the other hand, as t > ©, we have 


z—1l —¢t 
in| ee (log, tye ] = kes "| 
pes t*e—* [00 t 


= ke by L’Hospital’s 
t+o Rule 
= Q. (I-20.4) 


But it is well known that the integral 
«eo 
{ t*e- dt, b>0 (I-20.5) 
b 


is convergent for every x. And since, as we have just shown, the integrand in (I- 
20.2) bears ratio to the integrand in (I-20.5) which approaches a finite limit, 
namely zero, as t > ©, it follows that the second integral on the right in (I-20.2) 
is convergent. The first integral on the right in (I-20.2) was found to be a proper 
integral for x > 1 by virtue of (I-20.3). It follows that the integral in (I-20.1) is 
convergent at least for all x such that x > 1. 

When 0 < x S& 1, the first integral on the right in (I-20.2) is no longer proper, 
since the integrand becomes negatively infinite as t > 0. But direct application 
of the definition for convergence of such an integral shows, in the usual manner, 


that this integral is convergent for 0 < x S 1. Accordingly, we find that the 
integral in (I-20.1) is convergent for every positive x. We will, however, content 
ourselves with the convergence of this integral only for x= 1. This restriction, 
as we Shall see, will make it relatively easy to establish validity of application of 
Leibniz’s rule for such values of x. 

Choosing any x > 1 and taking Ax so that |Ax| < x — 1 and tentatively assuming 
existence of the indicated limits, we have 


aE _ tig AP 
dx ween Tk 


= lim fe | [ * p2tOe-le-tdy -{ teat || 
Ar-+0 (AX L Jo 0 


os) pzt+4z-lp-t _ [@-le- t 


= lim ——_—_______— qj 
Az—+0 Jo Ax 
. re) A (t#-le—*) 

= lim —~___—- df 
Ax+0 Ax 


[eb 
_ lim 9. | 


with x* somewhere between x and x+Ax. It will be recognized that the 
replacement of A,(t*'e) by the derivative (with respect to x) of tf ‘le™ 


evaluated at (x*, t) was made by application of the Theorem of the Mean for first 
derivative. 


Evaluating the partial derivative of te at (x*, t), we have 


ar 0 
— = lim t**— (log, t)e-*dt 
mt (log, t) 


= a a | t**—(log, the-*dt + [ t**-\(log, peat |. (I-20.6) 


We observe that x* — x as Ax — 0, since x* is always between x and x + Ax. 
If now a positive € be arbitrarily assigned, we can take b so large that the 


second integral on the right in (I-20.6) will differ by less than e/ 2, 
simultaneously for all x*, from the integral 


[ t*—l(log, te~*dt. 
b 


With b so chosen, we find then that the first integral on the right in (I-20.6) will 
differ, for all Ax sufficiently near zero, from the integral 


b 
[ t®-1(log, t)e-tdt 
0 


by less than e/ 2. since the function 


0, f= 0 
fx) = eile the-', tO, 


is continuous and hence uniformly continuous for 
l<x% StS xe Os fa db. 


It follows that the limit indicated on the right in (I-20.6) does exist for every x > 
1, which is to say that I(x) is differentiate for x > 1 and that, for x > 1, the 
derivative dI’/dx is given by (I-20.1). 

And now we can readily show that I(x) is differentiable also for x S1 except, 
of course, at xX = 0, -1, —2, -3, - - -, by making use of the characteristic identity 
(I-4.2), namely 


P(x) = axe +1). 


Since we have shown that I(x) is differentiable for x > 1, it follows that (x + 1) 
is differentiable for x > 0. And 1/x is certainly differentiable for all x > 0. 
Consequently, the product (1/x)'(x + 1) is differentiable for all x > 0, which is to 
say that I(x) is differentiable for x > 0. 

For x negative we recall that I(x) is defined by successive extrapolations by 
way of the formula I(x) = ['(x + 1)/x, first to the range —1 < x < 0, thence to the 
range — 2 < x < —1, and so on. Accordingly, we find by repetition of the 
argument used in the preceding paragraph that I(x) is also differentiable at every 
nonintegral negative x. 


REMARKS. 1. The Gamma function is continuous at every x except 0 and the 
negative integers. This is an immediate consequence of the differentiability of 
T(x). 


2. The second derivative I'"(x) is found in similar manner to exist for all x 
except zero and the negative integers. For x positive it is found that 


(x) = [ “Plog, t)? e~'dt. 
0 


We observe that I(x) is positive for every x > 0, since the integrand is positive 
for all t > 0. Consequently, the curve y = I(x) is concave upward for all positive 
values of x. 


I-21. Prove that [(x) - + 0 as x — 0 through positive values and as x > + 00 
also that (x) becomes alternatively negatively infinite and positively infinite (as 
shown in Fig. I-1) at the negative integers. * 


We know that ['(1) = 1 from Prob. I-9; also that ['(x) is a continuous function 
for all positive x by Prob. I-20. From Prob. I-4 we have I(x) = ['(x + 1)/x. Now, 
letting xO through positive values, we merely have to observe that the 
numerator of I(x + 1)/x approaches unity, namely I'(1), as x > © while the 
denominator of the fraction is approaching zero as limit. Thus, ['(x) > + © as x 
=> oor, 


To prove that I(x) + «as x-> +o we note first that the particular sequence 


(1), [(2), T3), T(4), - - +, 1m), - + +, does have the property we are trying to 
establish because ['(n) = Ge = 1)! By Prob. I-10. Our task, however, is to prove 
that (x) becomes positively infinite for all positive sequences xX, X>, X3, °° °, in 


which x, > +0 asn — oo, We shall do this by establishing a property of the 


Gamma function indicated by Fig. I-1, namely, that the derivative of I(x) is 
positive for all values of x beyond a certain x. The graph indicates such a place 
between x = 1 and x = 2. We find it convenient (as well as sufficient) to 
demonstrate the positiveness of the derivative for all x > e + 1, where as usual e 
denotes the natural base 2.71828 ... for logarithms. 

The property to be proved will follow at once from the fact that for x > e + 1 
the [’-function always increases and takes on successively the factorial values 2!, 
3!, 4!, S!,---, n!, +++, as x equals respectively, the integers 3, 4, 5, -- -. From 
Prob. I-20 we take the derivative of I(x) and write it as the sum of two integrals: 


1 © 
I’(x) = [ t*—l(log, the~*dt + | t?—(log, the ‘dt. 
0 l 


Let us call these two integrals A and B respectively. We choose any x > e + 1. In 
A we let p denote the positive exponent x — 1. As t > 0 we find by L’Hospital’s 
Rule that the indeterminate form ¢? log ,t approaches zero. So, at t = 0 we assign 
the value zero to our integrand in A. Since log, t is negative for 0 < t < 1 while 
the other two factors are positive, we see that A has a negative value. We shall 
appraise this negative value and show that it is outweighed by the positive value 
of B. For 0 <t < 1 we have 


|t? log, t e~*| < |t? log, t| 


because e < 1 in that range of values of t. Consequently, 
|) | ffl | 
{ t?(log, allie < i] t? ied 
0 | JO 


But when this last integral is evaluated, using integration by parts and 
L’Hospital’s Rule, we find its value to be — 1/(p + 1). 

We turn now to examination of B in which the integrand is positive over the 
whole range 1 et oo. Thus, B is positive. Moreover, we have 
B>C=[" (og, the~tdt 

Je , where, as before, we put p for x - 1, 
remembering that we fixed upon any x > e + 1. The integral C is easily appraised 
C>[°re-tdt 
as follows. First of all, v6 because log, t > 1 for all t > e. 
Applying integration by parts to this last integral together with L’Hospital’s 
Rule, we have 


C> eve* + } e~*nt?—dt. 


We do not try to evaluate this last integral. We merely note that it has a positive 
value. Thus we find that C > e? ©. If now p > e, that is if x > e + 1, we have C 
greater than 1 whereas the absolute of integral A is less than unity. So, the 
derivative I'(x) is positive for all x > e+ 1. 

Do you wonder how we knew in advance to take x > e + 1 ? Well, let us 


confess it: we did not know in advance. But we felt from a look at Fig. I-1 that 
we ought to be able to prove I(x) to be positive for all x greater than some one x. 
So we started on our proof and as we got along with our analysis of integral B 
we kept our eyes open and finally we saw that the proof would complete itself 
easily by taking that x to be > e + 1. 

Finally, to show that I(x) becomes alternately negatively infinite and 
positively infinite at the negative integers, we merely have to take the result of 
the first part of the present problem, namely that (x) +0 as x —> 0*, together 
with the Fundamental Identity (x) = ['(x + 1)/x which is used to define (x) for 
X negative. 


REMARK. Since I(x) > +0 both as x > 0 and as x > + © and since the curve 
y = I(x) is concave upward (as was observed in Prob. I-20) for all positive x, it 
follows that I(x) attains a single minimum as x ranges over all positive numbers. 
This minimum occurs between x = 1 and x = 2, as indicated in Fig. I-1. 


Problem: Specific Evaluations of (x) 
I-22. Find the value of ['(1.15) given only the following data: 
T(1.1) = .9514, T(1.2) = .9182, T(1.3)=.8975. * 


Ordinary linear interpolation will give the value of [(1.15) equal to .9348. In 
Table I-1 it is seen that the value is given as .9330. Even though the curve is 
shallow on the range from x = 1 to 2, linear interpolation is not as accurate as the 
following method of interpolation which is treated in detail in the branch of 
mathematics called the Calculus of Finite Differences. 

Let y(x) be the function to be evaluated. 


Let y, = I(1.1) = .9514, Let x, = 1.1, 
ye = (1.2) = .9182, x =1.15. 
ys = I'(1.3) = .8975. 


Let h denote the equally spaced difference between 1.1, 1.2, 1.3. The 
following formula from the Calculus of Finite Differences is applicable. 


(x — x )(Y2 — Yi) 


Wx) = Wi + ; 
4 &— WEA Moe = 28 FD vee. 
Thus, 
T(1.15) ~ .9514 + (.05)(—.0332) 4 (.05)(—.05) (.0125) 
; 2(.01) 
= .9514 — .0166 — .00156 


2 


.9332. 


This result differs from the entry to be found in tables by .0002. 
I-23. Compute (1.2) approximately by means of the asymptotic expansion 


logig P(x) ~ .3991 + (x — 4) logis (x) 


l ] l 
=A [tig ears | 


which, although not convergent for any x, has the property that the error 


committed in taking a partial sum is numerically less than the last term retained. 
ok 


We have 
log, I'(1.2) & .3991 + (.7) logy, (1.2) 
— .4343 E om —_ + TaN | 
(12)(1.2)  (360)(1.728) 
= 9.9629 — 10, 
whence 


P(1.2) & .9181. 


REMARKS. 1. The four-place entry for (1.2) in Table I-1 is .9182. 
2. All the entries in Table I-1 can thus be computed by use of the asymptotic 


expansion given above. Retention of the term —1/1260x° will provide four-place 
accuracy. 


Problem: Infinite Product Expression of T(x) 
I-24. A fundamental formula, due to Euler, for ['(z) states that 
L1e1°2°3**e(n — 1) 
Ge) ein. eee «6 
@) noo 2.2 + 1)(z2+2)°**(z+n—1) ( ) 


The limit on the right exists for all real and complex values of z other than z = 0, 
-1, -2, -3, - - -, and equals the value given by Eq. (I-1) when z is real and 
positive. From Euler’s formula (I-24.1) derive Weierstrass’s formula 


l ® - 2 \ o-s/n - 
ro 711 +Z)e ac (I-24.2) 


n=1 


where C denotes Euler’s constant, namely, 


n-> © 


dn (ute k seedings) 
z°3 n 


First we write the fraction in (I-24.1) as 


n—1 n—1 
] k l l 
“I; +k — -[] Zz (I-24.3) 
k= 1 tnt 1+ k 
If, now, we put n —- 1 = m, we can write (I-24.1) as 
r@ =! lim (m+ 1¥ | [|— », 2z%0,-—1, —2,~:: 
Z m--o Zz 
Bi b= 


k 


This last equation is equivalent to 


m 


- —_ H —z log -(m+1) - x 
77 tae lim | I] 1+ (1-24.4) 


kewl 


In order to get from (I-24.4) to (I-24.2) we use a rather unusual way of 
expressing unity, namely, 


m—1 


tity yl - 
1 = lim et +n) Te (I-24.5) 


m—-2D 


k=l 


which is readily seen to be true because the right side telescopes into nothing 
lim e?7/™ 

more than m-+s0 

Multiplying the left side and the right side of (I-24.4) each by the corresponding 

side of (I-24.5), we get 


11 1 m m—1 
1 (L454 5te++ +5 —log,m+1))z 4 : 
: arg m i 
—— = zlim e A ET L ail 
T(z) m0 k 
Qtbetee he A toeimen)e] oe 
=zlim] e ‘lime m+ 


_T PV ee ee 

‘lim 1+ -—je &-lime”. 
k mc 

k=1 
If you wonder where the extra two limits here, namely, lim e ’/(m+1) and lim 
e”/™ came from, look very sharply and you will see that an extra factor e”/("*) 
was put in the first limit and also that, in combining the two products we had to 
put in an additional factor e@’”) in the second product. These two had to be 
counterbalanced by multiplying by e?/"*) and e?/”. 

The first of our four limits in our last equation we see to be e© where C is 
Euler’s constant. The second and fourth limits are both unity at every finite z. 


The third limit does exist for every finite z. So, we have Weierstrass’s formula 


oe Cz = Z —z/n 
ia TI (+2) ‘ 


n= | 


OBSERVATION. We were careful to combine the two products in our last step 
before using the theorem 


lim (A,A, nue § A,,) = lim A, : lim A, ee lim Aas 
m-—>co m-—+co moo m->co 
because the product 
Zz 
l = 
Me +i) 
k=1 


does not converge in general as m — ©. For instance, when z is taken at unity, 
this product diverges to infinity as m — ©, 


Problem: Integral Expressions of B(x, y) 


I-25. Show that the Beta integral 
1 
[ m1 — t)*—dt 
0 


defines a function of x and y as real arguments when and only when x and y are 
both positive. * 


When x and y are both greater than unity, the integral is a proper Riemann 
integral because the integrand is then a continuous function of forO StS 1. 

If x < 1 or if y < 1 or if both x and y are less than unity, then the integral is 
improper because at least one of the factors 1, (1 — t)”"! becomes infinite at an 
endpoint of the interval 0 St S 1. Let us examine the case when x and y are 
both less than unity. The other two cases are handled in a similar manner and are 
even a bit simpler to analyze. We write 


1 c 1 1 
t-(1 — tr)’ "dt = — dt 
[ ( ) { pi-=z (1 oe t)i-¥ 


1 l 
—_—_ ___—_ ff, 0 ie 
+ ih ji-z (1 a t)i-v ia 


The second fraction in the integrand of the first integral on the right is 
continuous for 0 St Sc < 1. Consequently, the first integral on the right is 
convergent when and only when the integral 


p fi-« 


is convergent, namely, when and only when 1 - x < 1, that is, when x > 0 and 
only when x > 0. In similar manner one finds that the second integral on the right 
is convergent when and only when y > 0. We conclude, therefore, that the 
integral on the left is convergent when and only when x and y are both positive: 


1 
Bee i= [ e-Ul— pdt, x>0, y>O. (125.1) 
0 


Problem: Properties of B(x, y) 


I-26. Show that B(y, x) = B(x, y). * 
By the definition (I-25.1) we have 


1 
Diy, 5X) [ wl — pd, y>0, x>0. 
0 
Upon changing the variable of integration by taking 1 — t= s, we get 
0 1 
B(y, x) = — } (1 — s)*—'s*—!ds = { s*-l(1 — s)¥—1ds, 
I 0 


which is the same integral as in (I-25.1) even though a different letter now 
represents the variable of integration. Thus, 


B(y, x) = B(x, y). 
Problem: Integral Expressions of B(x, y) 


n/[2 
B(x, y) = { 2 sin?*—! 6 cos?¥—! 6 dé 
I-27. Show that 0 
We start again with (I-25.1). Let t = sin* 9. This makes dt = 2 sin 0 cos 6 dé. 
As t ranges over the interval of integration from t = 0 to t = 1 we may have @ 
ranging over any interval on which sin @ increases continuously from 0 to 1, say 
0 =0 to @= 7/2. Then (I-25.1) is transformed into 


* 


2/2 
B(x, y) = [ (sin? 6)*-1 (cos? @)¥-! 2 sin @ cos @ dé 
0 


n/{2 
LS [ 2 sin?*-! 6 cos?¥-! 6 dé. 
0 


I-28. Show that B(x, y) can be expressed as an integral whose interval of 
integration is from zero to infinity. * 


The problem first of all is to seek a change of the variable of integration, t = 
= i ‘eK — t)yd0 

f(u), so that as t, in the integral B(x, y) © courses through 
the interval zero to unity, the new variable u will vary continuously and 
monotonically from zero to infinity. We also require the relation t = f(u) to have 
continuous derivative for all u = 0. Since we have to stretch the interval 0 St < 
1 out to the interval 0 S u < «©, we see after a little reflection that a fractional 
formula will do the trick: 

Let t = u/(u + 1). Then 


dt = 1 l-—-t= I . 
du (u+1)? uti 
Then (I-25.1) becomes 
9) u*—1du 
B = a, > 0, > 0. I-28.1 
(x, y) (u + 1 x y ( ) 


Properties of B(x, y) 
I-29. Show that 


QMO) « 
B(x, y) = T(x +») 


When confronted with this problem it is but natural for one to ask, “How 
would one suspect a relationship between the Beta function and the Gamma 
function?” Well, that is why Prob. I-28 preceded this problem. Having learned in 
Prob. I-28 that the Beta function can be defined by an integral over the interval 0 
to + o, we at least begin to suspect the possibility of a relationship to the 
Gamma function. The very next thought that comes to our minds is concerned 
with the kind of relationship that might exist and with a search for a means of 
establishing a suspected relation. But it is not easy to get started. In fact, it seems 
to us that the relation would be more likely to result as a by-product of 
experiment with the Gamma integral somewhat along the following line of 
thought. 

In (I-11) we hit upon the idea of multiplying M3) by (3) and changing the 
product first to an iterated integral, thence to the equivalent double integral in 
rectangular coordinates, thence to polar coordinates, and finally to a product of 
integrals. Let us ask ourselves, “If that scheme was successful in evaluating the 
product of P(4d)P4), might we not expect it to yield something useful not only 
for a particular such product but also for the general product ['(x)'(y)?” At any 
rate it is worth trying to see what happens. 

We start with the product ['(p)I'(q) instead of I'(x)I'(y), because we shall find 
it convenient and familiar in doing this problem to use the letters x and y as 
variables of integration both in single integrals and in a double integral taken 
over a quadrant of the cartesian; xy-plane. Then by Prob. (I-3) we have 


I(p) = 2 [ x?P-le-28dy, riaiag i yra-le-vidy, 
0 0 


whence by multiplication 


(p)l(q) = 4[ [Care ar | | [" seete-rdy | 
0 Jo 


Now the right side here is a product of two integrals, except for the factor 4. But 
its appearance suggests the following line of thought. 
The double integral 


| [arpeteremeenaa 
we 


in which Q denotes the entire first quadrant of the cartesian xy-plane, though 
improper, is seen to be convergent by considering it as the limit of the double 
integral over a closed rectangular region R for which 0 SxS,M08 y S Nas 
M and N both — o, The double integral over R can be evaluated by the iterated 
integral 


M N 
[ x*9-le-2" dx [ y-le-v"dy, 
0 0 


But the integral in y here has an integrand free of x and the limits of integration 
are free of x. So the integral in y will yield merely a constant to carry forward 
into the integral in x. Thus the iterated integral is equivalent to the product 


M N 
[fore || [rere | 
0 0 


whose limit as M and N both — o is the product of integrals on the right side of 
our equation above which we set up for I'(p)I'(q). We conclude, therefore, that 


r( p)T(q) =— | | x2P-1y2a-le—(z*+v*) J 4 | 
Q 


The exponent on e here suggests the use of polar coordinates: x* + y* =r?,xX=r 


cos 9, y=r sin 8. Then we have 


l(p)l(q) = 4 | | sin??—! 6 cos?¢-! 6 e~r29+2¢-2 4 


m/2 co 
= i 2 sin??-! @ cos**-! 6 dé [ Qy2Pt2a-lpe—r8 gp 
« 0 


Now by the same argument that we used with xy-coordinates we can replace the 
iterated integral here by a product of integrals: 


m2 = 
I'(p)T(q) = || 2 sin??-! 0 cos22-1 6 a | | 2 r2(p+a)—lp-r? ar |. 
° 0 


By Prob. (I-27) and Prob. (I-3) these last two integrals are recognized 


respectively to be B(p, q) and ['(p + q). Finally, then 
T(p)lq) = Bip, I (Pp + 9), 


whence, upon replacing p and q respectively by x and y and dividing both sides 
by I'(p + q), we have 


P(x)PQ) 
B(x, y) = T+ y) (I-29.1) 


REMARK. It can be shown via (I-29.1) that 
B(x, y) = Bx + 1, y) + BO, y + 1). 
For we have 


Px+)PO)_ _aF@IQ) x 
Txt+ti+y) (+ylat+y x+y 


by Eg. (I-29.1) and Prob. I-4. In similar manner we find that 


Bx, y + 1) = 7 Bt, »). 


Bx +1, y) = B(x, y) 


Therefore, 


B(x +1, y) + Bx, y + 1) = Br, yl + a5} 


The sum in brackets in the last equation equals unity. 
I-30. Evaluate B(p, 1 — p) when p is any positive number less than unity. * 
os) u*3du 


Taking x = p withhO <p<1andy=1-pinvo ich LCE oe Eq. (1-28.1), 
we get 


ala set ae, (1-30. 1) 
0 


What do we do now? If the interval of integration were from — © to + 0% we 
might be able to evaluate the resulting integral by the usual method of contour 


integration on the plane of the complex variable z = x + iy, where i= VJ. 


Well let us make the interval of integration stretch from — % to + o by the 
transformation u = e*, which puts x at — % when u = 0 and puts x at + % when u 
is at + oo, Noting that du/dx = e*, we have 


B(p, | ee ee |G 1. (1-30.2) 
— = Xx, < — is “IU. 
@i-p=| Se p 
To evaluate this last integral we consider the integral 
e”* dz 
’ =X ly, 
; +e al 


taken in the positive sense around the rectangle C lying on the complex plane 
and having its vertices at z = —R, z= R, z= R+ 2ni, z= —R + 271. The integrand 
is analytic everywhere on the complex plane except at z = +i, +73i,---. At each 
of these points the integrand has a simple pole. Our contour encloses just one 
such point, namely z = mi. To verify, for instance, that the integrand has a simple 
pole at z = mi we have but to write out the Taylor series expansion for the 
denominator in powers of z — mi 


L+e=0+(-NE—mi) 4+ 5 @— at 
= (z — ni)G@), 


where G(z) is analytic at z = mi with G(mi) = — 1 # 0. Thus, the denominator 1 + 
e” has a simple zero at z = mi. And, since the numerator e?” does not vanish at z = 
mi, the integrand has a simple pole there. Accordingly, the residue of the 
integrand at z = mi is equal to the value e?™ of the numerator there divided by the 
value there of the derivative of the denominator, namely e™ = —1. Thus, the 
residue at our lone pole within the contour is —e?™. Then, by Cauchy’s residue 
theorem we have 


edz 
p= Fa — if. p Prt 4 
> i = 27i(— e?7*) 


We now write this contour integral as the sum of four line integrals, one along 
each side of the rectangle. Then we compute the sum of the limits approached by 
the four integrals as we make R — o, Since we are holding the width of the 
rectangle constant at 27 all the while that we are stretching the length beyond all 


bounds, there will always be just one pole of the integrand within the contour. 
Consequently, the sum of the four limits, provided we show that each of the four 
limits exists individually, must be —27tie?™. 

The integral along the base of the rectangle, where z = x, has as its limit the 
integral on the right in Eq. (I-30.2). 

The integral going from east to west along the top of the rectangle, where z = 
x + 27i, becomes 


—R ppze2pni dx _, __ glen R ez A 

R l + evernt opel -+ e* 
Hence, the limit of the integral along the top is —e??™ times the integral in Eq. (I- 
30.2) 

The integral taken upward along the right side of the rectangle where z = R + 
iy from y = 0 to y = 27 is appraised as to its absolute value by the well known 
appraisal theorem which says that the absolute value of an integral along a curve 
C of a continuous function of z does not exceed the product of the length of C by 
the maximum of the absolute value of the integrand on C For the integral along 
the right side of the rectangle we thus have 


f 2” oP Reipy 
l _ Ti ae 
Since the power of e in the denominator of the fraction on the right side of this 
appraisal is greater than the power of e in the numerator inasmuch as 0 < p < 1, 
we conclude that the limit of the appraisal as R — + o is zero. Likewise one 


finds that the limit of the integral along the left side of the rectangle is also zero. 
Adding together the four limits, two of which vanish, we have 


—1 


: +2 ePrz ; 
(1 —ermy{ _* gy — — dniernt, 
eage § Spee 
whence by Eq. (I-30.2) 


fie jo 


— O<p<l, gq=I1-p. 
Now we multiply numerator and denominator of this result by -e-P”/2i and we 
find that the new denominator, which is now under 7, is none other than sin pz in 
the Euler exponential form. At last we have our evaluation, namely 


B(p, 1 — p) = 


meee O<p<l. (I-30.3) 


Problem: Properties of I(x) 


I-31. Apply the fundamental identity ['(x + 1) = xI(x) and its variant [(-x) = 
[1 - x)((-x) and the identity B(x, y) = [(x)'(y)/T(« + y) together with B(p, 1 - 
p) = n/sin pm, 0 < p < 1 to show that 

I(p)TU — p) = = p nonintegral. ° 
sin pr 


The reason for the restriction that p be nonintegral is, of course, evident. An 
integral value for p could not be used in the denominator of the formula to be 
established, for the denominator would then be zero. 

We start with 0 < p < 1 and apply Eq. (I-29.1) together with Prob.I-9: 


Mp) — ?)_ a, 1 
I(p +1—p) (p, 1 — p), 
r(p)Pa — p) = os O<p<i. 


Next, taking h = p + 1 and using Eq. (I-4.1) and Eq. (I-4.4) in conjunction with 
the result just obtained, we have 


D(A)T(L — A) = Pp + I)I(—p) 


= pI(p)- 


— 


sin pr 
ey, . 
~ sin(h — 1)r 
—a 


—sin hr 


7 


a , 
sin Ar 


(1 — p) 
a 


ae a ae 


Similarly one shows that the formula holds for 2 < h < 3 and then by 
mathematical induction for every positive nonintegral h. 
Starting again with 0 < p < 1 and taking now h = p — 1, we get in the same 


manner as before 


Ard — 4) = 


7 


sin Ar 


’ —1<hA <0. 


Again, as before, one finds that the formula holds for -2 < h < -1 and then by 


mathematical induction for every negative nonintegral 
Finally, we conclude that 


Ip) — p) = 


7 
sin pr 


is true for every nonintegral p, positive or negative. 


Problem: I"'(1) = Negative of Euler’s Constant 


I-32. Show that 


© ot __ g-at 
log, x = [ ieee See 
0 t 


h. 


x Se 


(I-32.1) 


and then from Eq. (I-32.1) obtain 
(1) «= —y, (I-32.2) 


where y denotes Euler’s constant, namely 


y aim | 1+ 5 +5 +00 +5 — log, |. “ (I-32.3) 
n-+co 2 3 n 

The denominator of the integral in Eq. (I-32.1) vanishes at t = 0. But by 
L’ Hospital’s Rule we find that the integrand approaches the limit x - 1 ast > 0. 
We therefore assign this limit value x — 1 to the integrand at t = 0, thereby 
making the integrand continuous for t = 0. 

Examination of the integral in Eq. (I-32.1) for convergence in the manner 
employed in Prob. I-1 shows that the integral is convergent for every positive 
value of x, thus defining a function of x for x > 0. But how do we see that it 
defines the function log, x? One way of answering this question is to show that 


the derivative of the integral is 1/x, which is done by differentiating the integral 
with respect to x by Leibniz’s Rule for differentiating under the integral sign as 
in Prob. I-20: 


a a oe —t _. gat 
df et—est of a (I-32.4) 
0 


ax 


dx | t i t 

oO —zt 

_ [ lew dt (I-32.5) 
. a 

1 t=N 

— lim 1 (I-32.6) 
N-o xe i=0 

wae (1-32.7) 
A 


So, the integral in Eq. (I-32.1) equals log, x + C, where C is a constant. To 
find C we evaluate the integral with x = 1, getting zero because the integrand is 
then identically zero. Thus C = 0, and our integral in Eq. (I-32.1) does equal log, 
Xe; 

Another way of establishing Eq. (I-32.1) is to start from the equation 


t i e“'dt, u>0, (I-32.8) 


which is apparent from the right side of Eqs. (I-32.5) and (I-32.7). Integrating 
both sides of Eq. (I-32.8) from u = 1 to u = an arbitrary positive x, we get 


i * di - | | eva | du, (I-32.9) 
1 1 0 


log, x = {| e-“tdA, (1-32.10) 
R 


where R denotes the rectangular plane region comprised of all the points (u, ft) 
for which t>0 and for which 1SuSSx or uSxS31. 

We may evaluate the double integral in Eq. (1-32.10) by an iterated integral in 
which the order of integration is reversed from the order in the iterated integral 


in Eq. (1-32.9): 
log, x = [ ° | i] “etd lat (1-32.11) 
0 1 


i 8) = t 
= [ a at, (1-32.12) 
0 


assigning the value x — 1 to the integrand when t = 0, as in the first paragraph. 

Now to the second part of our problem: to show that the derivative of I(x) at x 
= 1 is the negative of Euler’s Constant. Since we wish to evaluate the derivative 
of I(x) for a particular x, it seems that a natural point of departure is the integral 
formula for the derivative I(x) established in Prob. I-20: 


(x) = { ” (log, t)t?-1e-tdt, (1-32.13) 
0 

(1) = [ ” (log, the-tdt. (1-32.14) 
0 


The next step is perhaps not so apparent nor so easily motivated. But its 
exploitation will indicate how to proceed to our goal. It is to replace log, t in Eq. 


(1-32.14) by the integral expression for log, t as established in Eq. (I-32.1), 
namely, 


Do-tt _._ p~tu 
loge [ <i iy (1-32.15) 
0 


Thus, Eq. (1-32.14) becomes 


P a © o-u = et . 
(1) = [ | [ ae dt. (1-32.16) 


And now, as we did in the first part of the present problem, we may replace 
the iterated integral in Eq. (1-32.16) by a double integral over the first quadrant 
in the tu-plane and then replace the double integral by an iterated integral in 
which the order of integration is reversed from what it is in Eq. (1-32.16): 


(1) = [ sl [ (—— e-ye-tat | (1-32.17) 
0 LJo u 
= [ \e* [Veetar— 7 t%e- (utl) egy “. (1-32.18) 
0 


The integrals within the brackets are respectively ['(1) and I'(1)/(u + 1) by 
Prob. II-3. But (1) = 1 by Prob. I-9. Accordingly, Eq. (I-32.18) becomes 


4 _ oe I — e~u - 
r= [ : Gs e )au (1-32.19) 


wherein we assign the value zero to the integrand at u = 0, for this is the limit 
value which the integrand (by L’Hospital’s Rule) approaches as u > 0. 
And now we have 


rl) = — in| (¢ - [a a w- [5 2 = | (1-32.20) 


Since the limit on the right in Eq. (1-32.20) exists, namely I"(1), and is 
approached as n and h vary simultaneously and independently with n — oo and h 
— 0, we may and we will letn — o through the sequence of positive integers: 


= 1,2,3,°°°. 


We will also take advantage of the appraisal 
u n 
0se*— (1 — “) S e“u?/n (I-32.21) 
n 


established in Whittaker and Watson’s Modern Analysis (4th ed.), page 242. 
This allows us to write 


m= (1 _ 4) +R, OSRSe2)n. 


Making this replacement for e“ in the second integral in Eq. (I-32.20) and 
evaluating the third integral, we get 


"| -(1 7) 
(1) = — lim SS ee log, n + log (h + 1) 


h u 
n 
h 


h-0 


u 


(I-32.22) 


Each of the three terms in the braces in Eq. (1-32.22) approaches the limit zero 
ash > Oandn — o, Accordingly, Eq. (1-32.22) reduces to 


_= ( 1 — =) | 
(1) = — lim Ete —log.n | (1-32.23) 
nx A 


To simplify the evaluation of the integral in Eq. (1-32.23) we let u/n = t. Then 
we have 


Pd) = —tim| [ -—o=* Jar log. 
h-0 
= — tl Ce ann 


(I-32.24) 


The first integral on the right in Eq. (1-32.24) is readily evaluated by letting 1 
—t=w. Thus, 


(1oG amy [ay 
0 t l1—w 


1 
= [Ct wt wt ee way 
0 


The second integral on the right in Eq. (I-32.24) looks as if its value might 
approach the limit zero as h > O while n — »., Accordingly, we shall try to 
appraise this integral rather than actually evaluate it. Applying the binomial 
theorem to (1 — t)", subtracting the unit terms and then replacing all negative 
terms by their absolute values, we get 


hin) —(] — p\n hin = 
o<[ Oa <| a] et np 4 MO 
0 


free pnmt4+ e jae 


The integral on the right in this inequality equals 


2! + 


(De, 0-0-9 


3! 


de 
which, for n > 1, is seen to be less than 


ht+hPt+RPoee' 4+ A 4+ p= 


_ (a — A), 
a 
an i [ Act — ry — h) | mel 


. It follows that 
hin, __ __ s\n 
im 1-d—-™m, = 0. 


no J0 


h--0 
Thus, Eq. (1-32.24) now becomes 


M(1) = — lim | +5+35+ ssf 1 — log,n] = —y. (1-32.25) 


REMARKS. 1. An approximate value for Euler’s constant A is .5772157. 

2. We can generalize the result of this problem by taking x = n = a positive 
integer = 2 in Eq. (1-32.13). Then paralleling the steps taken in Eqs. (1-32.14) 
through (I-32.25), we find that 


I'(n) _ 
T(n) 


1 1 l 
bE S43 ft n = 2, 3, 


This ratio I’(n)/I'(n) is, of course, the derivative of log, ['(x) at x = n. Evaluation 
of I"(n)/T(n) for n = 2, 3, .. . is carried out in Prob. I-33. 


Problem: Logarithmic Derivative of (x) for Positive Integers 


I-33. The logarithmic derivative of I(x) is often denoted by w(x) 


gg mt 


ee 5 | re) |= 5 (1-33.1) 


Evaluate W(n) where n denotes a positive integer =2.* 
Starting with the formula for I’(x) in Eq. (I-20.1) and carrying through as in 
Prob. I-32, we get 


I“(”) = [ ° (log, x)x"—e-*dx (I-33.2) 
i) 


4) OD p-t __ p-azt 

= { [ [ at | prlig-md (I-33.3) 
0 0 t 
re) « _ 7 oo dt 

_ { | | (e-t — e-t2)x"-1¢ “ax | (I-33.4) 
0 0 f 
oo . i a) Bon: on _— dt 

={ E | x"-le-zqx -{ xn-le neds —-+  (I-33.5) 
0 0 0 f 


As in Prob. I-32 we observe that the first integral within the brackets in Eq. (I- 
33.5) is ['(n) by Eg. (1-1) and that the second integral within the brackets is 
T'(n)/(t + 1)" by Prob. II-3. Taking out the constant factor (nx), we find that Eq. 


(I-33.5) becomes 
_@ 
I'(n) -{° t 7G —(t ake cr | dt, (I-33.6) 


assigning the value n — 1 to the integrand at t = 0, as in Prob. I-32, inasmuch as n 
— 1 is the limit which we find (by L’Hospital’s Rule) to be approached by the 
integrand ast > 0. 

Our integrand, except for the exponent n on the binomial t + 1, is the same as 
the integrand in Eq. (1-32.19). This suggests that we transform our integrand so 
as to follow through with the steps taken in Eqs. (I-32.20) through (1-32.25). So 
we change Eq. (I-33.6) of the present problem to 


Wn) -[° E (“i ~ ris) - (| 7 os =) dt (I-33.7) 


a | 1 1 o_] 1 
= = a SS a A 
Lee ca) “tf, ri e) dt 
(I-33.8) 


It is permissible to write the integral in Eq. (I-33.7) as the sum of the two 
integrals in Eq. (I-33.8) because in Prob. I-32 we established convergence of the 
second integral in Eq. (I-33.8) and found its value to be I"(l) = —y. Since the 
integral for w(n) in Eq. (I-33.6) is convergent and since the second integral in 
Eq. (I-33.8) is also convergent, it follows that the first integral in Eq. (I-33.8) 
must be convergent. Eq. (I-33.8) becomes 


ae ] ] 
n=—yt+] -| ——~ ———]a. [-33.9 
wn) = —y SCs TF) a 
The integrand in Eq. (I-33.9) is undefined at t = 0. But we find by 
L’Hospital’s Rule that the integrand approaches the limit n - 1 as t — 0. So we 
assign this value to the integrand at t = 0. To simplify the evaluation of the 
integral in Eq. (I-33.9) we let t+ 1 = b. Then 


e 1 
ss 1 ot 33.1 
y(n) al mail; ja) (1-33.10) 
s/o ee 
_ tf 1-33.11 
v+| il - ) ap (1-33.11) 
=-v+f s(t + BMS 4 oe 4 b+ Mab (1-33.12) 
1 
— [ot toe ++ + onde, (1-33.13) 
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We have thus transformed the integral in Eq. (I-33.9) into a form where we 
can carry out the integration. The result is seen to be 


1 
2 —1 


where n denotes any integer =, y(n) denotes the logarithmic derivative I'(n)/ 
I'(n) and y denotes Euler’s constant: 


I 
Kael bot tke boa 86 
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TABLE I-2 FORMULAS 


I(x) = I " t?—e-*dt, Sheen BE 
0 


I(x) = iy 2u2*—le-“"du, xD, 


1 1 a2—l 
I(x) =[ log (3) dy, a =O. 
0 


e+) +1) 


I(x) = x # 0, —l, —2, 700 


T(x) =(x —DI(x-—1, x #0, —1, —2,°-- 


M1 — x) 
—X ; 


I(— x) = xt 0, 1,2," 


I(n) = (n — 1)!, n= 1, 2, 3,°°**, with the convention 0! = 1. 


1 1°3°5+++(2n— 1)\V/z 
r — SOC a —_- >" = “ee 
(n+ 5) an n £23, 


Px) — x) = x #0, +1, +2, +3, °°° 


sin x7 


nt =()v2en + h, n=1,2,3,°5+,0<2 <7. 


c (* oo *) 
in tte-"dt — : 
0 


cpa” a>-—l, b>0, c>0. 


1 
B(x, y) =| t7-1(1 — r)’—"dt, a=, x>C. 
0 


n/2 
B(x, y) -{ 2 sin?*-! @ cos?¥-1 6 dé, >, y> 0. 
0 


foe) ut- 
B(x, y) -[ wt pe x> 0, yo 0. 
_ TTY) 
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B(x, y) = Bly, x). 
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- ’ ee ee lel 
Sin X7r 


B(x, 1 — x) = 
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APPLICATIONS OF THE GAMMA 
FUNCTION & THE BETA FUNCTION 


INTRODUCTION 


In this chapter we present a modest selection of worked out problems 
involving applications of the Gamma and Beta Functions to (1) the evaluation of 
certain definite integrals, (2) the development of Wallis’s infinite product for 
1/2, (3) the derivation and application of formulas for certain geometrical and 
physical magnitudes, (4) the derivation of Stirling’s approximation formula for 
n!, and (5) the application thereof to a few problems in probability. 


Problems: Evaluation of Integrals 


II-1. Show 


ch(4+1)/c 


r(@ + ") 
[ (eit ae St, 
0 


where b and c are positive constants and a is a constant such that a > —1. * 
Let bt© = x, from which we can write various powers of t: 


xi/e xa/e 8 x (e-l)/e l bxt/e- 
olin pie’ ita pa/e’ é = h(e-1)/¢ set te-1 _ plic 
Also cbt® ‘dt = dx. Then 
sii 1 \dx 
t*}cb 
xi/e-l 


We note that the change in variable did not change the interval of integration. 


Hence, 
oo mele e-2 xi/e-l 
{e-dt = lt 5 —— AX 
0 0 bale chile 
By rearranging the integrand and taking the constants out in front of the integral 
sign we get 


tte-*dy — (@t+l| x ° etd, 
ch ° 
v0 0 
The integral on the right hand side we recognize to be I'[(a + l)/c] by Eq. (1-1). 


II-2. If n is a nonnegative integer and p is a positive constant, show that 


[ t"p-*dt — : n! * 
0 “ (log, py 


We recall that pt = (e!°8)* = e- Co8-P)t, Thus 


@o @ 
[ pdt = [ t"e-(loeeP ty, 
0 0 


We can now apply Prob. II-1, taking a =n, b= log, p, c = 1: 


[ret = eae = Toner 
by Eq. (I-10.1). 
II-3. Show that 
TT) 
(a+ 1)" 


Let t= (a+ 1) 'y. Then dt = (a + 1) ‘dy. Thus we have 


@ 
[ t"-le- (atl) tgt — n>0, a>-—l. * 
0 


[Pete eonea = ["1c +. 1)y}"e-“(a +- 1)—"dy 
0 0 


= (a+ 1 ["ytedy 
0 


I'(n) 


a——— hy Be. (1-3). 
a+b y Eq. (I-1) 


wo 
[ e-**dx. * 
II-4. Evaluate J0 


This is the probability integral. Writing the integral as 
8) 
[ x°e-*dx 
0 


and using the result of Prob. II-1 with a = 0, b = 1, c = 2, we find that 


eee ely 
e-"dx — a 


9 ch@thic (2)18 


But. I'(3) = V7 by Prob. I-11. Consequently, the value of the integral is 
V2/2. 

It is worth noting that if the interval of integration were — © to + %, then the 
result would be V7 


is *) 
[ xte-#! dy, * 
IL-5. Evaluate J/0 


Using the result of Prob. II-1 with 4 = $ b=1, = 4 we find that the 
value of the integral to be evaluated is 


eberie” ~~) (1) 


2 


ew = ar(5). 


Then by Prob. I-6 we can change the argument to a number between 1 and 2. 
Thus the value of our integral is 


6) (CEO) 


From Table I-1, (1.5) & .8862, so that our result reduces to the numerical result 
34.9 to the nearest tenth. If we take (3) = (4)P'() by Prob. I-6 and replace 
I'(4) by V7 by Prob. I-11, we find the exact value of the integral to be 


3154/77/16. 
1 ] 3 
[ »*(Io8, :) dx. ” 
0 x 


II-6. Evaluate 
Let log, (1/x) = t. Then 1/x = e', x = e' dx = e ‘dt. The interval of integration 
changes: when x = 0, t = © and when x = 1, t= 0. Then we have 


I 1\3 0 
[ x (108. :) dx =| t?(— e-**)e-'dt 
0 x a 


is 
= [ Pest, 
0 


Applying Prob. II-1 with a = 3, b= 3, c = 1, we get 


as the value of the given integral. 


II-7. Show that 


. 1\" Tn + 1) 
: See. Aa = = 3 * 
{ "(Ios. ;) dx ( per m> n> 


The method of solving this problem is the same as in Prob. II-6. 

Let loge (1/x) = t. Then 1/x = e', x=e 4, x™=e'™, dx = —e ‘dt. As in Prob. II- 
6, the interval of integration changes. We note that the negative sign in the 
integrand is removed by reversing the limits of integration. Then we have 


| n re) 
[ x"(Iog,~) dt ms [ fMe- (m+) tp, 
0 x 1) 


Evaluating the integral on the right by Prob. H-1 with a=n, b=m+1,c=1, we 
find the value of the given integral to be'(n + I/(m + I)"* 1. 


II-8. Evaluate 
aaa 
o (1 +2)? 
We have only to apply Eq. (I-28.1) with u = t, x - 1 = 5, andx + y = 9. This 


makes x = 6 and y = 3. Accordingly the value of the integral before us is B(6, 3) 
1'(6)1(3) 

which by Eq. (I-29.1) equals I'(9) ; and this by Eq. (I-10.1) equals 

512! 1 

8! 168. 


2 xP—-ldx 


II-9. Evaluate [ Lf *, where 0 < p < 1, in terms of the Gamma function. 


* 


We can evaluate by Eq. (I-30.1). Accordingly, we have 


xP dy sO =p)... _ 
(FS -30. 1-9 - OP = nora -) 


by Probs. I-29 and I-9. 


II-10. Show that 


[ cds mend HE + “P(e _a + )} 
o(m+xy ob P(e) 

a>-l, b>0, m>0, c>(a+4+1)/b. * 
Let x° = m tan?@. Then m + x” = m sec20, (m + x?)° = m¢sec2°@. x = m"” tan26, 
dx = smi tan @/>)-l6@sec?6d0 


x1 = mab tan2”/>9, 


Then 


be n/2 a 2a 
2 _ mtan’@2 1 2 1p ap 
i (m + xr/e - m’sec?°6 b waeaw sec dé. 


at+l_,. m [2 
m b 2a+2 x o¢~2at2 _1 
0 


b 2sin © O@cos 6 6 dé. 


Prob. I-27 applies: 


ie fe and whe 1 
b b 
_ Ae = a+ 1 
x= b > yr c— b 


a+ 1 a+] 
| b Jr(e b 
'(c) 


a>-l, b>0, m>0O, ie 


by Prob. I-29. 
II-11. Show that 


ee dw save (ani - SE) 
n n 


where the constants m, n, a are such thata > 0 andn>m+1>0.* 


Let w" = a tan2@. Then w = a!" tan2/"0, from which w™ = a™” tan2™/"9 and dw 


= a¥/"(2/n) tan?’)-1@ sec2@ d 0. When w = 0, @ = 0 and when w = &, 9 = 1/2. So 
we have 


rs) n/2 
yf | em tantng Jat (*) tan?/"-16 sec?6d@ 
dw = | ee ee: ./ cee 
ow-+a 0 atan?@ +a 


(II-11.1) 


The denominator becomes a sec?@. The constants are all collected except for 
the number 2 and are taken out in front of the integral sign. The other terms are 
combined or are canceled out. Thus, we have for the right side of Eq. (II-11.1) 


1 n/2 2(m+1)_, 
| 2tan ” 6d6, 


which may be written as 


1 i 2(m+1) 41 _2(mt1) 5 
ee 2sin * @cos *” 6dé. 
na("—™-1) /n 0 


We recognize this last integral as the Beta integral in trigonometric form, as was 
established in Prob. I-27. Letting 2x — 1 and 2y — 1 equal the exponents of sin 0 
and cos @ respectively, we get x = (m + 1)/n and y = 1 -— (m + 1)/n. Thus, the 
given integral equals 


l l D((m + 1/m)Pd — [mn + I/n) 
ane y) = na(—m-1) /n (1) 


] 


oe na"—™-1) /n 


T((m + 1]/n)PQ — [m + 1]/n) 
by Probs. I-29 and I-9. 

Problems: '(4) = V*™ 

B(p, q) = [ 7? 9 sin??—19 cos?e-10 d@ 


II-12. Use the definition to show 
* 


rq) = vn. 
We let P = 7 = 4. Then we have 


1 1 /2 
a; ;) — [ 2 sin®°@ cos°@ dé 
0 


But 


by Probs. I-29 and 1-9. 
Then we have 


II-13. Apply the formula ['(x)C(1 — x) = 7/sin x7 to evaluate I'(4). 
Let * = 4. Then we have 


(-“ 


REMARK. This way of evaluating I(3) is indeed much shorter and simpler 
than either of the two previous ways used in Prob. I-11 and I[I-12. But in all 
fairness we must admit, on the other hand, that the derivation in Probs. I-30 and 
I-31 of the formula applied here in II-13 was neither short nor simple. 


Problems: Evaluation of Integrals 
orf 


Se. *x 
II-14. Evaluate ib Vcosé dé. 


Inserting unity in the integrand in the form of 2/2 and sin°@ we have 


7/2 ] n/2 
[ vVcos 6 dé = : [ 2 sin°6 costé dé. 
0 


* 


We can now apply Prob. I-27 with 2x — 1 = 0 and 2y - 1 = 1/2. 
Thus, 


[“ veosé do =| Ba,» 
q 2 


_ arm : 
= TG) by Prob. I-27 


_ val) ; : 
— “OrG) by Prob. I-11. (II-14.1) 


From Prob. I-31 we have 


rare = —e = V2, (II-14.2) 
whence 
r(@) = ars 


Moreover, by Eq. (I-4.1) 
D(a) = 41). (II-14.3) 
Substitution in (II-14.1) from (I-14.2) and (II-14.3) yields 


n/2 2n)3/2 
cos 6 d= OO. 
| ‘ai ineye 


REMARKS. 1. The integral to be evaluated in this problem can also be evaluated 
as an elliptic integral as follows. 


Let 6 = 2t. Then cos @ = 1 — 2 sin?t. And we have 
n/2 ee a wit ES Vy 
Veos 0 d0 = 2 | V1 — 2:sin’? dt. 
0 0 


Now let v2 sin ¢ = sin p. Then 


V2 cos t dt = cos¢ dd 


dt — C8 P49 cos ¢ db 
V2cost V2V1— sin’ 
cos ¢ dd 


~~ V2V1i—4Fsin’s 
Accordingly, 


n/2 — n/2 2 dd 
Veosb db = Va {” —SOse ae __ 
[ ne [ V1 — 4sin*4 


in — sin? _1—sin’¢ © 
aT; V1—4sin*¢ 

v3 (" O- 2(1 — 4 sin’) — 2(1 — } sin’) — 1 | 
~ V1 — $sin*d 


= V2[2E(V4) — K(V4)], 


where E(V}) denotes the value of the complete elliptic integral of the second 
kind with modulus v4 and K( V4) denotes the value of the complete elliptic 
integral of the first kind with modulus 4 


("vein 6 dé — re Vcos 6 dd. 


1/2 


(t — 1*)*-"dt, x0, " 
II-15. Evaluate /0 


(a) The value of this integral evidently depends on choice of x. In other words 
the evaluation of this integral will yield us an integration formula available for 
all such integrals in which the exponent appearing in the integrand is greater 
than —-1. The given integral may be written as 


1/2 
[ 7-11 — t)?-"'dt. 
0 


In this form it looks like the Beta integral (I-25.1) except for two things: (1) the 
second exponent is not y — 1 but is the same, namely x — 1 as the first exponent, 
(2) the interval of integration extends only to = 4 instead of to t= 1. When we 
ponder these two facts in conjunction with each other we become aware of the 


consequence that 


1/2 1 
[ po-l] — 1 "“dt = I (1 — t)*—dt, 
0 1 


/2 


because, as t ranges from $ to 1, the values taken by the product of t! and (1 - 
t)<! are the very same values as are taken by the product of (1 - t)*! and ¢! 
when t ranges from 0 to 4. It follows that 


1/2 1 1 
[ (t — f*)*""dt — - [ 7-1 — t)*""dt 
0 2 Jo 


_ 5 Bl, x) by Eq. (1-25.1) 


— TT) 


ar by Eq. (I-29.1). 


In the alternative solution (b) another approach is employed. 


(b) Alternative solution. Let t® — t = —u/4. By completing the square we get 
t=+(1—u)'?/2+4 we take $= —#H1—4)?+4. Then 
dt = (1 — u)"*/"*du. whent = 0,0 =0:™ $ uy =1. Then 


1/2 2)2-14 1 /y\2-1 ] i 194 
[ (t — f°) =| (7) 4\ —u) u 


1 f 
=—] u* (1 — u)-/*du. 
«| d-9 
Now let u = sin?@. Then du = 2 sin 6 cos 6 d@ and (1 - u) “7 = (cos 6) 1. 
When u = 0, 0 = 0; when u = 1, 8 = 7/2. And the given integral becomes 


a/2 2/2 
za | sin?*-26(cos 8)-(2 sin 8 cos 6 dé) = 2s, [2 sin®?*—18cos°@ dé 
0 0 


2i-22 


= “e B(x, 4) 


_ 2-8 1(x)V 0 
2T(x + 1/2) 
by Probs. I-27 and I-29. 


If we equate this result to the value obtained in solution (a) for the integral of 
the present problem, namely ['(x)'(x)/2T'(2x), we find that 


D(2x) P(x + 1/2) 


T(x) 2)-224/ar . 


which establishes Legendre’s duplication formula as given in Eq. (I-18.5) not 
only when x is any positive integer, as was done in Prob. I-18, but when x is any 
real positive number. 


II-16. Evaluate in terms of the Gamma function, all arguments being between 
1 and 2: 


Let x° = sin 9. Then x* = sin?0, dx = (1/2) sin-’*0@ cos @ d@. The interval of 
integration changes: when x = 0, @ = 0 and when x = 1, 8 = n/2. Then 


. "l2(sin 8) sin-1/20 cos @ dé 
a WePiaiean | oe ee 
[ - ali [ 21 — sin%®)/3 


ce 
on [ — sin!/2@ cos!/3@ dé 
po 2 


1 ) by Probs. 
4 (3) I-27 and I-29 


N 
ee or 
| 
— 
“3 
Fee 
| Ww 
a 
or 
OER 
Wind 


This integral can also be evaluated by use of Prob. II-17, which is a 
generalization of the present problem. 


[ * x(a — x°)4dx 
II-17. Evaluate /0 where a, b, c, d are constants witht a > 
Oce>O.b>-Ld>-Lbtcd>-1.* 


This integral certainly looks like the Beta integral in disguise. We penetrate 
the disguise by letting x° = a° u, which makes the given integral equivalent to 


1 b+1 | 
a taal u¢ (1 rs u)*du. 


0 


The new integral is just what we expected: the Beta integral. Applying Eq. (I- 
25.1) and Eq. (I-29.1), we get 


erear(°t") I'(d + 1) 


c_ y+c)\d = c 
so liens dase hee 
c 


. (II-17.1) 


(b + cd + pr 
0 


2 
i x*(2 — x)8dx. * 
II-18. Evaluate /0 


We have merely to apply (II-17.1) with a = 2, b = 2, c= 1, d= 13. We find at 
once that the value of the integral is 


2T(3)P(14) 4096 


161(16) +=«105 


II-19. Evaluate 
* xdx . 
o W(1 — x4) 


This integral, like the integral in the preceding problem, is quickly evaluated 
by application of the formula obtained in Prob. II-17. We have a = 1, b=5,c = 


4e=™ ~—f making the value of the integral to be 


vis 
14\7(7 

3 6 
This is as far as we shall go here. To get a numerical result, one would apply 


(I-4.2), to replace ['(§) by alg ), then use Table I-1. 


REMARK. The following integral, namely 


{ | = 

5} | 

0 Vi—xn 

where n denotes an arbitrary positive integer can also be solved via Prob. II-17, 


taking a = 1, b=0, c = I/n, d = 1/2. It may be of interest, however, to show how 
this integral can be transformed into a Beta integral: 


Let x!" = sin?9. Then x = sin2"0, dx = 2n sin2”"!@ cos@ d@. The interval of 
integration changes. When x = 0, 0 = 0 and when x = 1, 0 = 71/2. We have, then, 


1 dx 7/2 
{ —____ = n| 2 sin?"-1@ cos°6 dé 
0 V1 — xin 0 
= nB(n, 4) by Prob. I-27 


— OA) by Prob. I-29 


~ Tm + 4) 

_Ta+ v7 : 

= Ta 4h +h by Eqs. (I-4.1) and (I-11.1) 
2 ° 4 ‘ 6 eee 2n 


ee a . 1-19. 
i-3°5°**(n—1) by Prob. I-19 


I = { * a2? Cos hx dx 
0 


II-20. Evaluate , ab #0. * 


We differentiate with respect to b by Leibniz’s Rule: 


Al { : fl, bas a [ “pt 


In the problem at hand this formula holds even with x, = 0. Then we have 
= . 
Pao [ ex" __ x sin bx)dx. (II-20.1) 
0 


If the use of Leibniz’s Rule for differentiation of an integral did not occur to 
you in trying to solve this problem do not be dismayed. Knowing when to use 
this technique requires considerable mathematical experience. In the solution of 
this problem you should see how and why this technique works. Then you may 
find yourself in a position to try it in similar situations. 


Now integrate by parts: { udv = uv — [ v du. We take 
u = sin bx, du = bcos bx dx; 


e-a* 2 


2a" 


. 


dv = — xe~-*="dx, v= 


Then we have 


5-(S3- oe -["§ e-va"(h ee bx) 4, 
(B) 


The expression marked (A) turns out to be zero; and when we take the constants 
out in front of the integral marked (B), we see we have the very same integral we 
started with. Thus, 


— =——| e-*8* cos bx dx = — wal (II-20.2) 


Eq. (II-20.2) may be written as dI/I = —b db/2a’, whose solution is seen to be 
f= kev. (II-20.3) 


Our problem will be solved as soon as we can determine the value of k. This we 
can do as follows. We observe in Eq. (II-20.3) that if we take b = 0, then J = k. 
But when b = 0, then we have 


I ={ e- 2d 
0 
= { x"e-*"'dx 
0 


T@) 
— (ey — = ~(Y7/2a by Probs. II-1 and I-11. 


Thus we have K = /7/2a ; and our problem is solved: 


if e~ #2" cos bx dx = (4/7/2a)e—**/4", 
0 


REMARK. Justification for application of Leibniz’s Rule in Eq. (II-20.1) may 
be made by arguments quite similar as those used in Prob. 1-20. 


[ (x — a)™(b — x)"dx 


II-21. Evaluate Ja /~m-= Ln =L. boa 


The form of the integrand suggests the possibility of transformation to the 


basic Beta integral. To effect such a transformation we need a change of variable 
x = f(t) which will change the interval of integration from a SbtooSrt81. 
Accordingly, we let x — a = (b — a)t, which makes b — x= (b — a)(I — t) and dx = 
(b — a)dt. Then we have 


{ "é — a)™(b — x)"dx = [ Ie — a)t]"[(b — a1 — d]}(6 — a)dt 
a 0 


1 
= (b — aymtn4 [ (1 — )rdt. 
0 


The transformed integral is the Beta integral as in Prob. I-25 withx- 1=m 
and y — 1 = n. Its value, therefore, is B(m + 1, n + 1). Expressing the Beta 
function in terms of the Gamma function by Eq. (I-29.1), we have 


qyntndl T'(m + ln + 1) 


b 
[ @— ane — dr = Tim +n +2) 


I]-22. Evaluate the integrals 


x i> @] 
{ e- #208 490-1 sin(t sin dt, [ e~t205 97-leos(¢ sin 4)dt, 
0 0 


" " 
2 2 


We observe that the restriction b > O is made to insure convergence of the 
integrals, for if b were zero or negative the exponent of the factor t?! of the 
integrands would be S-1 thereby causing the integrands, as t > 0, to become 
infinite “like” 1/t with p = 1, making the integrals divergent. The observation 
just made does not, however, apply to one exceptional situation, namely when 
¢ = 0 Then the factor Sin(? Sin 4) in the integrand of the first integral is zero 
for all t, making that integral convergent and worth zero for all b. 

The restriction — 7/2 < ¢ < 7/2 is made also to insure convergence of the 
integrals. In that range of values of ? the cosine of is positive, making the 
exponent on e in the integrands negative. If the exponent on e were positive, then 
as t > + 00, the absolute value of the integrands would become infinite no matter 
what the exponent of the factor t?-!' would be, thus making the integrals 


b> 0, <¢< 


divergent. Similar reasoning shows convergence when the exponent on e is 
negative. 

Since the value of each of these integrals depends on choice of b and choice of 
? keeping b and ? restricted as just explained, we shall designate them with 
functional notation like this: 


G(b, 4) = [  e-te0s 470-1 sin(t sin d)df, 
0 

H(b, 4) = [ * e- #605 870-1 cos(t sin d)df. 
0 


Now that we have convinced ourselves of the need for the restrictions on b 
and ? together with realization of convergence of the integrals when b and ? are 
so restricted, and have expressed the integrals as functions of their parameters, 
we cast about for some means of evaluating the integrals in terms of known 
functions. Surely G(6, $) and H(4, $) must be related to each other somehow, 
for they differ only in the third factor of the integrand. And their third factors are 
related, being sine and cosine of the same argument respectively. Presuming, 
then, that there is a relationship between G and H, let us try to squeeze it out of 
the relationship between sine and cosine. We think first of the identity sin¢x + 
cos*x = 1. But that does not look very hopeful. We cannot see how to use its 
connection with the two integrals. On the other hand the derivative relation 
between sine and cosine looks hopeful inasmuch as we can differentiate G and H 
with respect to either parameter, since each integral is uniformly convergent for 
all pairs (6, $) that lie on any closed region taken within the open two- 
dimensional region — 7/2 <$< 2/2,b>0 we get 


— = (le perio %[— sin(t sin ¢)]t cos ¢ 
0 


+ [cos(t sin ¢)]e—*S ¢t sin ¢} dt. 


We suspect that 0H/0¢ is related to G. But 94/8 has two parts in its integrand 
added together. Now if we can express G with a two-part integrand we may find 
out something. A little reflection shows that this would come about as a result of 


integration by parts: 


p? 


G= te ?sin(f sin |; 


ee a) ere 
i -| b di f sin(t sin ¢)} dt 


A a ‘ , 
= zero — P [ t? is %[cos(f sin ¢)]sin 
0 
+ [sin(t sin ¢)]e~*°°5 4(— cos 2) dt. 
And there we have it! Comparison of 0H/0¢ with G shows immediately that 


dH/ad = — bG. 


In exactly the same manner one finds that 0G/0¢ = bH_ Cut of these two 
first-order differential equations we can get a second-order differential equation 
in H alone, like this: 


0H 

—=-—bG 

od ' 

CH 0G 
—— CS — —< — , bH, 
ad? on a 

2 
OH + 5H = 0. 


So when b is held constant H must be such a function of # as to satisfy the well- 
known equation for simple harmonic motion. It follows that 


H = Asin bd + Bceos bd + f(b) 


where A and B are constants and f(b) is a function of b alone. In order for the 
second-order differential equation to be satisfied identically in b and $ 
[identically, that is, for value pairs (b, $) satisfying b > 0, — ml2<$<a4/ 21, 
we must have f(b) identically zero: 


H = Asin b¢ + Bcos bd. 


To determine the constant coefficients A and B, we first take p = 0. Then 


this last equation becomes 
«o 
[ e~*-ldt = B, 
0 


which ies that B = ['(b) by Eq. (I-1). To determine A, we use the relation 
0H|a¢ = — BG. 


Ab cos b¢ — Bb sin bf = — bG, 


which, when $ = 0 gives us 
=— b[e e~*t’-\(zero)dt = 


A =— 0. 
We have now 4 = I'(6) cos b¢. To get G, we use the relation 


0H 
ae SR, 
ap 


T'(b)[— b sin b¢] = — bG 


whence @ = ['(6) sin b¢. Our problem is solved. Let us display the solution, 
expressing G and H as originally given: 


[  e-teos 4/-Igin(t sin ¢)dt = T(b)sinb¢, b>0, — “ <0< > 
0 


[ e-*°°5 $7>—Icos(t sin ¢)dt = T(b)cosb¢d, b>0, — “ <0< 5" 
0 
II-23. Evaluate 


@o 
cos t dt, 0<5 <1, 


——, 


[Cerin de, O-<b <i. * 
0 


Let us first check the restriction in range imposed on the parameter b. Because 
of the unceasing oscillation, as t > 0%, between —1 and 1 of the factor cos t or sin 
t, we evidently require the exponent b - 1 to be negative in order to make the 
magnitude of oscillation of the integrand decrease toward zero as limit as t > ©, 
When this is done, either integral taken over an interval t = h to t = », with h > 0, 
is convergent, as may be seen by considering the integral as a sum of an infinite 
series of alternating positive and negative terms (areas between the t-axis and the 
arches of the curve y = t°-!cos t or y = t?"!sin £) such that each term is less in 
magnitude than its immediate predecessor and the limit of the n th term is zero 
as n — oo, Then, for convergence of the given integrals we must have b - 1 < 0, 
that is, b < 1. 

We must yet examine each integral taken over an interval t= 0 tot=h>0O 
when b < 1. The factor cos t in the integrand of the first integral becomes unity at 
t = 0. So, that integrand is “like” its first factor t?-! as t > 0. Consequently, the 
cosine integral taken over an interval t = 0 to t= h > 0 converges when and only 
when b —- 1 > — 1, that is, when b > 0. Our conclusion, then, is that the cosine 
integral as given from t = 0 to t = © is convergent when and only when 0 < b < 
dis 

The situation presented by the sine integral taken over an interval t=0tot=h 
> 0 is a little different. We let b - 1 = -c where c > O. Then we write the 
integrand like this: 


From here on the analysis of the situation proceeds as in the preceding 
paragraph, since the ratio sin t to t approaches the limit unity as t > 0. Our 
conclusion is that the sine integral is convergent when and only when we have 
both b < 1 and c — 1 < 1, that is, when — 1 < b < 1. However, we shall evaluate 
the sine integral only for 0 < b < 1 because we want to consider the two integrals 
together in the light of Prob. [I-22 where we found that we had a common 
interval of convergence for the two integrals concerned. 

In Prob. II-22 we found the integrals to be convergent for all positive values 


of b when — 7/2 <<¢ < 7/2. Ip the present problem we do not have the 
factor e~* °° $ (with — m2<o< 7/2) to outweigh t?-! as t > o, That is 
why we now require b < 1. But inasmuch as the integrals of Prob. II-22 become 
those of the present problem when o= m/ 2, we see that the results of Prob. I- 
22 hold not only for ~ 1/2 < < 2/2 when b is any positive number but 


also for ¢ = 2/2 when 0 < b < 1. Accordingly we have 


[ t?-1 cos t dt = I'(b) cos (bn/2), O<b <1, 
0 
[ " P- sin t dt =T(b)sin(bn/2), O0<b <1. 
0 


1/2 
[ tan”é dé, 0.2 ks 1. * 
II-24. Evaluate, /0 
We have 


a2 1 72 
[ tan”é d@ — -— [ 2 sin*6 cos—"6 dé 
0 2 Jo 


1 f/At+1 —A+1 
si or —— . I-27. 
54 5 5 ) by Prob 


We observe that each of the arguments (h + 1)/2 and (— h + 1)/2 lies between 0 
and 1, also that their sum is unity. Accordingly Eq. (I-30.3) is applicable with p 
= (h + 1)/2. This gives us 


n/2 
oT a 
6. Jk | 
sin T 
0 2 


7 


. fhrn ot 
2 sin(F + 5) 


II-25. Show that 


{2 
{ sin2"+16 dé — 
0 


We have 


a2 ] (7 
[ sin?"+! @ dé — > [ 2 sin?"+4 @ cos® 6 dé. 
0 0 


This is the Beta integral, as shown in Prob. I-27. Letting 2x — 1 and 2y — 1 equal 


the exponents of sin 6 and cos @ respectively, we getx=n+1and¥ = 2. Thus 
we have 
8 l l 
[ sin?"+1 9 dd — — Bin+ 1,— 
0 2 2 


_10@+prq) : 
=3~ Toa gy _ by Probs. 1-27 and I-29 


However, 


ie 9) = Ts3-+Ss¢'(Qn+)v7 by Prob. I-13; 


Qn+l 
and 
tei) =. a by Prob. I-16. 
Thus we have 
n/2 1[2-°4--++(2n) Qnt+i 
nF dp) | ee. ee 
[ — 5 an lmeseanelO 
2+4+++(2n) 


“Page 


II-26. Show that 


sig’ 1+3+++(2n—1)/z 
8D _ ——__—_7 —}, - _ 
[ sin 2-4-+(n) (5) ee ie ee 


We have 


n/[2 . l a/2 . 
[ sin?" 6d? — 5 [ 2 sin?" 6 cos® 6 dé. 
0 


0 


This is the Beta integral, as shown in Prob. I-27. Letting 2x — 1 and 2y — 1 equal 


the exponents on sin @ and cos @ respectively, we get * = +2 and Y = 3. 
Thus, we have 


l l 
Tin +-j)r{— 
n/2 1 1 1 l ( 3) (3) 
2n 9 dé — — soa RE foc |S, Sees A ae 
[ sin a(n +; 5) (3) 


2) (n+ )) 
by Probs. I-27 and I-29. 


From Prob. I-19 we have 


I 
r(n +5) 1+3+5+++(Qn— Iva 


Ta+1 2+4-++(2n) 
Therefore, 
n/2 1°3°5***(2n—1)/a 
Oe 6 A ee nant os Be -_ coe 
[sin EE OEY eT (5) n=l, 2, 3, 


II-27. Show that 


nf/2 2-408 
oe) 6 OG ne ee 
i om 1-3-*+(m—1) 


We have 
w/2 1 fr 
[ sin?"-! @ dé — — [ 2 sin?"-! @ cos® 6 dé, 
0 2 Jo 


We apply Prob. I-27. Letting 2x — 1 and 2y — 1 equal the exponents on sin 6 and 
cos @ respectively, we getx=nand¥ = 4 Thus we have 


: vo) 
n)T{ — 
sin’"-1 6 dé — 5 Bn 5) = (5) *. (II-27.1) 


2 l 
‘ r(n -f- 5) 


From Prob. I-12 we have 
1 1°3*5°**(Qn—1)\/7 
| 2 ee 
¢ + 5) 2n 
From Prob. I-16 we have 


ria) = 2242822 * Qn — 2) 


Then, substituting these values for ['(n) and Pin + 4) in Eq. (II-27.1), we 
obtain the equation that was to be demonstrated. 


Problems: Infinite Product Expression of m/2 


II-28. Show that 


n=1 


This is known as Wallis’s product for 7/2. We observe first that the notation 
on the right side of the equation denotes an unending product (also called infinite 
product) of factors in which n = 1 in the first factor, n = 2 in the second factor, 
and so on ad infinitum. The infinite product in question may also be written 


Ug Rea (2n)? _— BZ) (AA , O() | 
(2n —1)(2n +1) (D3) BE) OM’ 


If now we write only a part of the whole product, namely 


22 +42 +62 +++ (2n)? 
32 + 52+ ++ (2n — 1)°(2n + 1)’ 


we observe some resemblance of this expression to the expressions involved in 
Probs. I-25, I-26, I-27. This resemblance gives us the clue to the proof. We 
note first that, for 0 < 0 < m/2 and for every positive integer n, we have 


sin™+! § < sin™ 0 < sin™— 6. 


It follows that the integrals of such powers of sin 0 over the interval 0 Sos 
m/2 will be unequal in the same order: 


n/2 m/2 | n/2 | 
[ sin?*+! @ d@ < [ sin?" 6 d@ < [ sin2"-! 6 dé. 
0 0 0 


Then by Probs. II-25, II-26, II-27 we have 
2°4***(2n) eg OETA eed O_o" SEZ) 
L*.a1""* (ae 1D 2*4* «Qn 2 1*3* A— 1) 


Upon multiplying each term of the threefold inequality by the reciprocal of the 
first term we get 


[23s © *\(2n — 1)*(2n + I) _ an + 1 


l 
an 22+ 42+++(2n) 5) an 


Now as n — ©, the fraction on the right approaches unity as limit. And since 
the term in the middle is always between unity and the fraction on the right, it 
follows that the middle term is forced by the squeeze play to approach unity as a 
limit. This in turn means that the fraction multiplying 7/2 in the middle term 
must approach 2/7 as limit, that is, the reciprocal of the fraction multiplying 7/2 
must approach 71/2 as limit as n —> ©: 


7 im [ 2+2°4°4>+ > (2n)(2n) 
2 nwo lLl°1:3°3°°**(2n — 1)(2n + 1) 
If, now, we cast away the first factor in the denominator and group the remaining 
factors in pairs, we get 
ae ee 
2° nol 1 *3 3°5 5°7 = (2n—1)(2n 4+ 1) 


which is seen to be what we set out to prove. 


I-29. Get an approximation for z via the product of the first several terms of 


_4nt x 
4n? — | 
n=] 


Let us take, say, eight terms. Then we have 


#4 16, 26 Oh, IO 8 1S 2m 
2~3 15 35 63 99 143 195 255 
Carrying out the multiplication on the slide rule, we get 


nm = 3.05. 


Not so good! We must admit, then, that Wallis’s product for 7/2 is a slowly 
convergent one, requiring many terms even for accuracy to two decimal places, 
when a partial product is taken as an approximation for 77/2. 


Problems: Evaluation of Certain Geometrical Magnitudes 


II-30. Express in terms of Gamma Functions the area enclosed by the curve 
xbic 4 yble = qb/c where a is a positive constant, c is a positive odd integer, b is a 
positive, even integer. Apply your resulting formula to compute the area 
enclosed by the curve when the exponent b/c is 2/3. * 

Before carrying out the computation, we pause to observe that the family of 
curves represented by the given equation has as one of its members the familiar 
four-pointed star or asteroid x22 + y2/3 = q?/3, Indeed, whenever b < c, we have 
such a concave star with four sharp points (cusps). On the other hand when b > 
c, the curve is convex; and when c = 1 and b is a large even integer the curve is 
almost a square. In any case the curve is symmetric to both coordinate axes, so 
that we shall compute only that part of the area which is in the first quadrant and 
multiply the result by 4 to get the whole area within the curve. 


Thus we have 
Area = 4 | | dA, 
R 


where R denotes the region in the first quadrant bounded by the curve and the 


coordinate axes. We set the double integral equal to an equivalent iterated 
integral: 


& 
b 


4. imu) 
A=4 { dx| dy. 
0 0 


To evaluate the integral in y we make the change of variable 
c c\ ©-3 
y= avo, dy = o( 5) dy. 


While we are at it we may as well make the same kind of change in variable for 
x 


c 
x = ayel>, dx = o( 5 ue 


These changes in variable carry with them, of course, corresponding changes in 
limits of integration, so that we get 


oH Py l—u 
A= ee ucl>ldy i ye/>dy, 
0 


Carrying out the integration only with respect to v, we have 
c\ Pf) 
4=40(2) ("rsa — wend 
0 


Here we observe that the resulting integral is none other than the Beta integral, 
so that 


r(<\r(£ 41 
c b b 
= 4 te ES by Prob. I-29. 


We can obtain a neater form for our formula upon replacing 


c c../C 2c 2c ,,/2c 
r(5 -+- ? by 5t(5) and nF + 1) by =F) by Eq. (I-4.1). 


Then 


A _76)") nD (II-30.1) 
@) 


Applying this formula to the asteroid when b = 2 and c = 3, we have 


3\__/3 
"(3)F(3) 
2) \3) 7/3 3am 
A eee — 2 = — 

TG) (5) os 
by Eqs. (I-4.1), (I-10.1), and (I-11.1). 


II-31. Apply the results of Prob. [I-30 to the curve x7? + y?° = a9, * 
This is an “almost-a-square” curve where the common exponent b/c is a fairly 
large even integer. By Prob. II-30 we have 


4oor(2\r( 2 
20/ \20 l 
+ (2) | — a 
ior( 1 1] 20 
10 
~ 4 | (-9735)(.9735) 
=| 9514 - 
The quantity in brackets to four figures is .9961. Thus, we have 
A = 4a’. 


II-32. Show that if the exponent b/c in Prob. II-30 be a positive even integer 
2m, the enclosed area A approaches the limit 4a* as m > oo, * 


This result is what we naturally expect from consideration of the shape and 
position of the curves of the family x2" + y? = a*™. We have from (II-30.1) 


"(an)" (an) 
lim A = a? lim A= 


m+ m->2 mi) 
m 


Applying (I-4.1), we get 


lim A = a’ lim 


mo m-—+co 


] | 
mde 
m-* 


mr (-. re 1) 
m 


= 4a°T(1) = 4a? _ by Prob. 1-9. 


Problem: Evaluation of Integrals 


II-33. Compute in terms of the Gamma function the value of 
[| xm—lyn-lq 4 
“A where A denotes the region of the cartesian xy-plane bounded 
by the coordinate axes and that portion of the curve (x/a)P + (y/b)? = 1 which lies 


in the first quadrant, each of the letters m, n, p, q, a, b denoting a positive 
constant. * 


This problem, except for the restriction that A lie in the first quadrant, is a 
generalization of Prob. II-30. When 0 <m< 1 or 0<n<_1 or both, the integral is 
improper in that the integrand becomes infinite along a coordinate axis (or along 
both). But if neither exponent is as much negative as minus one, the integral is 
convergent even when improper. If we were to allow one or the other or both of 
the exponents on x and y to be more negative than minus one, the integral would 
not be convergent. That is why we require m and n to be positive. If we were to 
allow p or q or both to be negative, region A would not be limited but would 
extend infinitely far off. 

If a or b or both were negative, there might not be any part of the curve (x/a)? 
+ (y/b)4 = 1 lying in the first quadrant. On the other hand the constants m, n, p, q, 
a, b might be such that the integral could be taken over an area covering four 
symmetric portions, one in each quadrant as in Prob. II-30. 

At any rate we shall confine the present problem to the first quadrant and shall 
even omit most of the details of the solution since the details will parallel closely 
those of Prob. II-30. 

To begin with, we have 


| [yaa = ie (c) | x tyPldy, 
0 0 
A 


As in Prob. I-30 we make the following change of variables: 


x = ay!/? and y = byte, 
dx =a- S u'/?—du and dy = b> . yl/a~ldy, 
q 


which results in 


mhn 1 
[ [ayaa = — al um/P-1(] —_ u)"/%du 
q 0 


aay a(=" + 1) by Prob. I-25 
pqn \p 


r(™ =r(*) 
a™b" q P/a \q by Probs. 
pq n r(" a, : 4 1) I-29 and I-4. 


Thus the solution of our problem is 


J (i xmalyn-ig4 _ ao" GY) i, . (11-33.1) 
mR +5 +t) 


+241) 


Problem: Evaluation of Certain Geometrical Magnitudes 
II-34. Compute the area A in the first quadrant bounded by the coordinate 
axes and the curve y = (1 — x)’. * 


Letting R denote the region whose area we are to compute, we have 


- J [aa = i) xy"dA, 


which means that our problem is a special case of Prob. [I-33 with m = 1, n= 1. 
In order to ascertain the values to be taken for a, b, p, gq, we must write the 


equation of the curve y* = (1 — x)? in the form x + y*”? = 1. Thus we have a = 1, b 
=1,9 = 3. Applying Eq. (II-33.1), we have 


== by Probs. I-9 and I-4. 


Problem: Evaluation of Integrals 
II-35. Compute in terms of the Gamma function the value of the integral 
Pre, it xh-lym-lzn-lgy 
R where R denotes the region of space bounded by 
the coordinate planes and that portion of the surface (x/a)? + (y/b)4 + (z/c)K = 1 


which lies in the first octant, each of the letters h, m, n, p, q, k, a, b, c denoting a 
positive constant. * 


The solution of this problem will naturally proceed along the same lines as the 
solution of Prob. II-33. We have 


w— (‘ef DOF ay i [-O'-OT 


To effect this formidable-looking integration we change the variables in this 
manner: 


1 
x=auP, y=bvr, z=cwt 
1 1 1 


dima ye ay; H—hlal Hp. ehh ai, 
P q k 


This simplifies our iterated integral to 
ahcn (1 a Iw ™_s l-u-v  ™ 4 
H= orc u? du va dy w* dw, 
Pqk Jo 0 0 


which immediately becomes upon integrating with respect to w 


_ abc" k 

pqk n 

Here we can get a further simplification by taking advantage of the fact that u 

is held constant while the integration with respect to v is carried out. We do so 
by letting v = (1 — u)t with 1 — u considered constant for the time being. This 


makes dv — (1 - u)dt. Thus we transform our iterated integral into another 
iterated ae which, as in Prob. I-11 is equivalent to a. product of integrals: 


ro [fe— aaa de 


wus “a (l—u— v)* dy. 
0 


a’b™c"k -/h m n 
B »—+1 . (I-25. 
“pak (C74 F+1)e ( E +1) by Eq. (I-25.1) 
h\ ,/m n 
ry - ri — jr - 
__ ab™c” C) (=) () by Probs. I-29 and I-4. 
pqk e+ t+ et 1) (II-35.1) 
Pp q_ik 


Problems: Evaluation of Certain Geometrical Magnitudes 


II-36. Letting R denote the region in the first octant bounded by the coordinate 
planes x = 0, y = 0, z = 0, and the surface (x/5)!* + (y/6)*? + (z/7)°4 = 1, apply 
Prob. II-35 to compute 

(1) the volume V of R, 


(2) the mass M of a solid of density D=Vx*yz occupying R, 
(3) the moment of inertia I, of a homogeneous solid occupying R, 


(4) The coordinates of the centroid (%, Ys 2) of R. * 
The constants a, b, c, p, q, k of Prob. [I-35 are the same for all the triple 
integrals involved in the four parts of the present problem: 


For (1) we have 


Ba | [ae |] ener 


which means that we take h = 1, m= 1, n= 1. Thus, using Eq. (II-35.1), namely 


h m n 
vine CG) 
pak a+ +et 1) 
pP q_ik 
we get 
__ MOK) _——_— PETE!) _ 
(1/2)(2/3)(3/4) P(2 + 3/2 + 4/3 + 1) 


_ (1)(/#/2)1 (4/3) . 
“a (29/6)(23/6)(17/6)(11/6)1'(11/6) — si 


i | | | xyletav. 
R 


Here h = 5/2, m = 7/2, n = 3/2. So for the mass we get 


_ _ 546873 P(S)(21/4)P(2) 
(1/2)(2/3)(3/4) PS + 21/4 + 2 + 1) 


For (3) we have, with D= Vxt¥z 


I, = | | i (?+y)DdV= | | | xtytztdV + | | | xdytztdv. 
R R R 


We recall from Prob. II-35: 


=| [ [yeay. 
R 


For (2) we have 


7 3 5 9 1 
h—1=,andh—1=>, m—\1=;andm—1=;, Tae 
Thus 

a 526272 1(9)0'(21/4)T(2) , 5460-72 1(5)1(33/4) (2) 
‘~~ (/4) —-1(69/4) (1/4) T(65/4) 


For (4) we have 


rem | | fx vs~ | fran mom] | wm 


The volume V has already been computed in part (1). For ¥ we have 


t= [| [ oar 
R 


Here h — 1 = 1; hence, h = 2,m-1=0, andn-1=0. Thusm=1,n=1. 
Then 


ge — 1 OOD) PA@LGB/2)04/3) 
Ve (1/4) I'(47/6) 
Similarly we find y except that in this case h = 1, m= 2, n= 1. For Z h=1,m= 
1,n=2. 

Reduction of the results for parts (2), (3), and (4) to an approximate numerical 
value may be carried out, as was done in part (1), via Prob. I-4 and Table I-1. 


II-37. Compute the area A enclosed between the x-axis and one arch of the 


curve y = sin® x, * 


We have 


r 2/2 
A= | sint x dx = 2 | sin® x dx 
0 0 
n/2 
=| 2 sin® x cos® x dx 
0 
n/2 
=| 2 sin® 6 cos® 6 dé 
0 


9 1 
= Bi -, - . 1-27 
(5 ;) by Prob. I-2 


“(3)"(a) 
Ft by Prob. I-29 


= —— by Probs. I-4, I-10, I-11. 


II-38. Compute the area A enclosed by the oval 


y? — 1 = = 
1+ x* 

We observe that this curve is bounded by the lines x = + 1 because y* would 
be negative for |x| > 1. Similarly, by solving for x’, one finds the curve to be 
bounded by the lines y = + 1. The restriction on x suggests the following change 
of variable. 


Let x? = sin t. Then 2 Vsin t . Because the curve is symmetric to 
both coordinate axes we may compute the area in the first quadrant and multiply 
by 4. Then we have 


“2 (1 —sint 1 cost 
A= 4{ ydx=4 [ 7S dt. 
1+ sin t ae Jain? sin tf 
In the radical of the integrand we multiply the numerator and denominator by 1 
— sin t. Then 


4=2(" ee cos t dt 
. cos*t +/sint 


= i. (sin-!/? ¢ — sin*/? ft) dt 
0 


[2 dt a/2 ; 
=2i —5>— 2 sin!/? ¢ dt. 
o | 4osin’/* ¢ 0 


The second of these two integrals is proper, but the first is improper. Now we 
know that the improper integral must be convergent because we know that the 
area A is finite, since A is entirely contained within a square of side 2. However, 
it is not without interest to demonstrate here, on its own merits, the convergence 
of the improper integral. We write 


nl dy nl2/ ¢ \1/2 | P 
=. a =i. 
o sin'/?¢ o \sint/ 


The ratio t/sin t approaches the limit unity as t > 0. This makes the integrand to 
be “like” 1/t? as t > 0 with the consequence that the question of convergence 
[PP at/sin®? ¢ "dee 
of 0 hinges upon the convergence or divergence of /0 
But we know that this last integral is convergent because the exponent on t is 
less than unity. Therefore, the integral in question is also convergent. 
Now we insert the factor cos? t which enables us to recognize the integrals as 
Beta integrals: 


n[2 w{2 
A= [ 2 sin-)/? t cos® t dt — [ 2 sin!/? t cos® t dt 
0 0 


1 1 : 
= B(} 5) — (5 5) by Prob. I-27 


wl 


RO MENO 
= /,| —-— ———+ by Probs. I-29, I-11, and I-4 


= 2.85 by Table I-1. 


II-39. Find length of lemniscate p* = a? cos 26 via the Gamma function. * 


This curve is a figure-eight with the x-axis as its axis of symmetry and with its 
double point at the origin. Since this curve, by symmetry, has an equal length in 
each of the four quadrants, we can compute the length in the first quadrant only 
and multiply the result by 4. The points where the curve intersects the x-axis at 
the origin are those for which the argument of the cosine is an integral, odd 
multiple of 7/2. For the portion in the first quadrant we can take 0 < 6 < 7/4. 


The length of the curve in polar coordinates is 


~([+@)T"@ 


From p? = a* cos 20 we find 


dp\? _— a* sin? 20 
dé} ~— a cos 20 
Then 


1 n/4 2 sin? 29\1/2 n/4 
55 [ G cos 20 + ———— ae ) do — [ a cos—1/? 26 dé, 
0 0 


By a change in variable we can transform this last integral into a Beta integral. 
Let 20 = t. The interval of integration is now from 0 to 7/2; hence, 


n/4 a n[2 ; 
[ acos~!/2 26 dé = 5 [ cos~!/? ¢ sin® ¢ dt. 
0 0 


The length in the first quadrant is then a/2 + 1/2B(t, 3) by Prob. I-27. The 
length of the entire lemniscate is 4 times this, namely, 


- ~ 5. 1-4 
3 4_/7 , 
ry = = = I-11. 
(j (a) 


Problems: Evaluation of Certain Physical Quantities 


o(1\,/1 5\ 
ray ha)h a) 44P(g)v7 by Probs. I-29, 


II-40. A particle of mass m on the positive x-axis is attracted toward the origin 
by a variable force such that the product of the magnitude of the force by the 
distance from the origin is a constant k. The particle starts from rest at x = L. 
Determine the time required for it to reach the origin. * 


We start from Newton’s Equation F = ma, wherein the force F and the 
acceleration a are vectors having vanishing components in all directions except 
along the x-axis. Equating these components along the x-axis, we have 


k_ ax 
: ae 


We interchange the sides of the equation and multiply both sides by dx/dt and 
integrate 


(F) 

dx\? 

( *) =—k \at] dt 
x 

L 


= — k log, x + k log, L. 


We note that the derivative of (dx/dt)* is 2(dx/dt) (d*x/dt*). We observe that 
the last equation makes the velocity dx/dt = 0 when x = L in accordance with one 
of our boundary conditions. 

We solve the velocity equation for dx/dt, taking the negative square root 
because the motion is in the negative x-direction. Then we separate the variables, 


and integrate: 
m (° L\-1/2 
t= — Jel (108 =) dx. 


This looks bad at the moment with respect to integration. But when we look 
back in Chapter II we find a close resemblance here to Prob. II-7, so much so, 
that all we need is a simple change of variable, namely x = Lu, to give us 


m 1 1\-1/2 
r= 1/2 | w(t08.7) du, 


whence by Probs. II-7 and I-11 we obtain 


To check dimensionality we may take t in seconds, L in feet, k in foot-pounds, 
— weight in pounds 
and ti(‘(‘ét a ee t/ SC? 


II-41. Compute the period T of vibration of a simple pendulum swinging to 
and fro in a 180° arc. * 


We take the coordinate axes as shown in the diagram so that, as the pendulum 
P swings, the polar angle @ varies between — 7/2 and 7/2. The polar coordinate r 
= OP remains constant. 

As usual we let g denote the acceleration caused by the earth’s gravitational 
force and let W denote the weight of pendulum P. We naturally consider the 
potential energy P.E. of P to be zero when P is at its lowest position, namely, 
when 0 = 0. Then the value of P.E. 


at any time equals the product of W by the height h reached by P at that instant: 
P.E. = W(r — rcos 8). 


The kinetic energy K.E. at each instant is given by 
mv? 1 =( si) 
= r—]|- 
dt 


As P swings, the total energy remains constant: P.E. + K.E. = C. This fact 
provides us with the differential equation of the motion: 


l dé 
Wr(1 — cos 6) + = sea) = = 


To determine C we take the time t = 0 when @ = 77/2, observing that P is then 
momentarily at rest, making d6/dt = 0 when t = 0 with 6 = 7/2. This makes C = 
Wr. So our equation of motion is 


dé\2 
(5) — cos #@= 0. 


Now as P swings back and forth, d6/dt is at times negative and at times 
positive. But we can compute the period T by computing the time of the swing 
from 6 = 0 to 6 = 7/2, and multiplying the result by 4. This allows us to use only 
the positive square root when we solve our last equation for d@/dt. We get 


Jz db = cos?/? 8, 
2g dt 
i ws of cost @ db, 
2g 
= 
= 4,/ a 
22 Jo 
ry fl 
= 2/ Ff 2 sin°@ cos—!/2 6 dé 
22 Jo 
= /2p(1,1\ by prob, 1-27 
g \2’4 eens 


2 
cos—!/2 @ dé 
2 


7 5)P(a) 
oo AA) Nt by Prob. I-29 


_ (5 )ar(3) 
ff ar _\e/_ M81 thy Prob. 4. 


Then, from the values in Table I-1, we find that 


T= 7416, [F 
g 


I-42. Evaluate the radiation density integral 


sa vdv 


Let us do more here. Let us recall whence comes the formula we are to 


evaluate. The point of departure is the number dz of waves in a small frequency 
range between v and v + dv which are contained in a certain volume V as 
calculated by Rayleigh and Jeans: 


theses lls (1I-42.1) 


3 
where c is the speed of light. We take this in conjunction with Planck’s quantum 
principle that radiation is emitted intermittently in bundles of integral multiples 
of a fundamental amount: 


E = kT, (II-42.2) 


where k is the gas constant per molecule (Boltzmann’s constant) and T is the 
temperature. Planck then showed that the average energy of an oscillator in 
equilibrium at temperature T is 


_ € 
a 


(II-42.3) 


Planck further specified that the energy quantum € be proportional to the 
frequency of the oscillator according to the following equation: 


<= h, (II-42.4) 
Vv 


where h has been found to be a universal constant (Planck’s constant). Equation 
(II-42.3) can now be rewritten using the value of € from (II-42.4). 


a (II-42.5) 


Now we multiply the left side and right side of (II-42.1) by the left and right side 
of (II-42.5) respectively and divide by the factor V. 
Then we have as equation for the energy (radiation) density: 


Edz  8nh{ dv ] 


7 <3 ro (II-42.6) 

ekT — | 
For convenience we let the left side of (II-42.6) be denoted by 4 Then the 
radiation density for the entire spectrum from the very small through the very 


large frequencies may be taken to be given by 
_ 87h [? vedv 
eer oe aes 
ekT — | 
Now how to evaluate this integral? Well, the fact that the interval of integration 


is from v = 0 to v = © suggests the possibility of involvement with the Gamma 
function. This hope is strengthened by the fact that if it were not for the —- 1 in 


(II-42.7) 


em 
the denominator the integral would be J0 where m = h/kT. 
As an initial step, then, let us try the transformation e—"” = x and see what 
happens. We then have — mv = log, x, dv = — (1/m) dx/x. As v runs from zero to 


infinity, x varies from 1 to zero. We get 


fait : is ly ] 
a) ae Se l—x 


It looks as if we have not made any progress. But if we look back a bit in 
Chapter II we see that our integral now differs from the integral 
I 
x™(log, 1/x)" dx 
I (log. 1/x) in Prob. II-7 only in that the fraction 1/(1 — x) takes the 
place of the factor x. This gives us the clue to our next step. We recall the 
expansion 


] 


Fagg re el BPS aol REN SS. 


dx. (II-42.8) 


Denoting the constant before the integral in II-42-8 by C, we have 


j=@ | | | (08.2) ‘. »( log.) + s*(loee) $e a 


We are confronted with this question: May we integrate this infinite series 
termwise, that is, term by term? If we may, our problem is solved: by Prob. II-7 
with n = 3 we get 


1 ] 1 
s= CTO ttt |: 


The series here is indeed convergent: it is a convergent case of the p-series 


l ] l 

ee -+- —s. oe Ee. S a ee 

\y * (ar * oP , which is convergent when and only when p > 1. 
Inasmuch as the p-series converges to a finite value for every p > 1, its sum for p 
> 1 defines a function of p, named after Riemann and called the Riemann Zeta 
function: 


1 ] 
eyes Sep cociias et tty Rsk, 


The Riemann Zeta function, like many others including the T-function, has 
been extended into the realm of complex arguments where p = x + iy with x and 
y real and i = — 1. In this extended realm it is found that the p-series is 
convergent for all complex p having real part x > 1. 

Apparently, then, all we have to do to finish our problem is to look up the 
value ¢(4) in the tables of the Riemann Zeta function. There we find (4) = 14/90, 
making 


¢ = CT(4)E(4), 


that is 


o= i hi —_——., since I'(4) = 3! by Eq. (I-10.1). 
iE 3h 
We shall not be content, however, with our solution of this problem until we 
have justified that step where we integrated an infinite series of functions 
termwise. As a result of the termwise integration we got a convergent series of 
constants. But even that did not prove that the sum of the series of integrals is 


ry 1 
log,— 
the same as the integral of the function x] 1 — X which is the sum of 
the series of functions that we integrated termwise. To prove 


1 1 3 1 1 3 1 1 3 
[ (108,") dx + [ +( loa...) dx + [ »4(lozy) dx +--: 
0 x 0 x 0 x 
i 1 3 1 
= [ite 
0 x 1—x 


| 

log,— 
we shall express the function x} 1—Xasa finite series in powers of x 
with a remainder term: 


3 3 3 
(1o8.") =e (108.2) + +( log," +°°° 
xj/il—x x x 


3 3 
2-1( log.) + 7 {ions} 
x l1—x x 


and then demonstrate somehow that the integral of the remainder term 
approaches the limit zero asn > ©, 
Our task then is to appraise the integral 
2 1 
log,* — 
x 
ee 


oLl—-x 


in terms of n. Our first thought is to compare this integral with the integral of x”. 
But this does not seem feasible because the function enclosed by the brackets 
becomes infinite as x > 0. To obviate that difficulty we write the integral of the 
remainder term like this: 


x log,’ 


a. x*-! dx. 
0 1 — x 


The situation appears now to be favorable, for we find via L’Hospital’s Rule 
that the function now enclosed by the brackets approaches zero as limit as x > 0 
and as xX — 1. Moreover, the bracketed function is positive for 0 < x < 1, and an 
examination of its derivative shows that it has a single maximum between x = 0 
and x = 1, occurring where log, x = 3(x — 1). We need not try to compute this 
maximum. It suffices for the argument we have in mind to know that it exists. 
Let us call it M. 

We can now make a suitable appraisal of the integral of the remainder term: 


1 l 1 1 1 
log,3— x log,3— M 
* | x"dx = —__ * | x-1dx < | Mx" dx = —, 
oLIl—x 0 1—<x 0 n 


which shows at once that the limit zero is approached by the integral of the 
(165) i- 
log,— 
remainder term occurring when x} 1—Xxi, expanded in a finite series 
of powers of x, thus proving that our termwise integration was valid. 


Problems: Approximation of n! for Large Integers 


II-43. Show that, when n is a large positive integer, the magnitude of the 
difference between log, (n!) and (n + 4) log.n —n i, given with a good 


approximation (the larger the n, the better) by log, (n!e"/n"*"/7), * 


This exercise and the next two, taken together, constitute a development of 
Stirling’s formula for the factorial of a large positive integer: 


lim [(27)!/2n"+1/2e—"/n!] = 1 


Observing that log, (n!) = log, 2 + log, 3 +--+ + loge n, where we have left 
out log, 1 which is zero, and comparing the area under the curve y = log, x from 
x = 1 to x =n, rn integral and = 2, with the set of majorant rectangles each of 


n 
log, x dx < log, (n! 
base unity, we see that I be Be ( ) Likewise, by comparing the 


area under y = log, x from x = 2 tox =n + 1 with the set of underlying rectangles 
each of base unity, we find that 


Log, (n!) < { 
1 


nt 


+1 
log, x dx. 


Evaluating these two integrals and combining the inequalities, we have 
nlog.n—n-+1 < log, (nm!) < (n+ 1) log,(n+ 1) —n. (II-43.1) 


We now revamp the expression (n + 1) log, (n + 1): 


(n + 1) log, (n + 1) = (x + 1) log, ke T 7) 
= (n+ 1) | tog, n + log, ¢ + ‘| 


= nlog,n + log, n + log, (1+ =) 


1 
+ log, (1 + :) 
n 
We have in mind to appraise the difference between log, (n!) and the arithmetic 


average of the two outside members of our inequality (II-43.1). This average is 
readily seen to be 


rloun— n+ Hons [! 4 Lon(1 +2) 


] “* 

4 = log, ( ee ;) i (II-43.2) 
2 n 

Upon scanning this average we see that there is not much point, when n is large, 

to retaining all the terms thereof, because the term + becomes of less and less 


Niee. (1 + =| 
significance as n is taken larger and larger, as does the term ny 
whose value is close to zero when n is large. Take a look at the last term in (II- 
43.2) and you will see that it approaches $ log, €, namely +, asin — o, So, we 
discard these three terms in brackets as being of less and less significance as n is 
taken larger. Accordingly, we consider the difference 


E,, = log, (n!) — (x log.n—n+ 5108.) 


= log, (n!) — log, (n") + log, (e") — log, (n'/?) 


nie" 
nnti/2 | 


= log, 


II-44. Show that 


lon 
lim| | = V2zr. * 


QUESTIONS. How to start? What and where is the connection between 7 and 
such an expression as n!e"/n"*!/*? An answer: We have already found in Prob. 
II-28 how to express 7/2 as the limit of an unending product. Let us see if we can 


modify that product into a form whose limit is V 2m and then show that the 
expression n!e"/n"*"/? has the same limit as n > ©. 


We recall that the Wallis formula 


(II-44.1) 
n=1 


in Prob. [J-28 can be written 


im { atl al 7 
n>o |] 1*3°**(2n—1)] 2n+1 2 
It follows that 


li een Geo = Vie. (I- 
lim [3° a1) Gra pe = 2Vn/2 = V2n. (II-44.2) 


Our task, then, is to prove that n!e"/n"*"* has the same limit, as n > ©, as has 
the expression enclosed by the brackets in (II-44.2). We proceed as follows. 
Let P,, = nle"/n™*"*, Then P,,? = (n!)*e2"/n?""1; and P.,, = (2n)!e2"/(2n)2"* 2, 


whence 


P,.2 _ (nt)?2?" (2n)}/2 
Ps 2n 7 (2n)! hes | 


_ 2°4+++(2n) V/2n 
~ -1+3+5++*(2n—1) 


Now we begin to see the desired connection. The first fraction on the right in (II- 
44.3) is the same as the first fraction on the left in (II-44.2). The second 
fractions, although different from each other, are readily seen to be such that the 
limit of their ratio as n > © is unity. It follows at once, therefore, by (II-44.2) 
and (II-44.3) that 


(II-44.3) 


fai 
lim 5- = 2m. (I1-44.4) 
n->co ~ 2n 
lim P, = V20 
We almost have the desired result, namely, n-2 . It only takes a 


little adroit maneuvering with P,* and P,, as follows. In the first place we 
observe that if P,, has a limit as n — o, then P,, approaches the same limit 
because P,, is merely a later value of P,, itself. We will proceed on the 
assumption that P,, does approach a limit n > o. (This can be verified, for 
instance, by examining the difference log, P,.,; — log, P,, in such a way as to 
show that log, P,, approaches a finite limit as n> oo, whence it follows that P,, 
does likewise.) Then we have 


lim P,, lim P,, 


lim Pa = Tim P, 


n-ro 


~ (lim P,)? 
jim Pon 


lim (?,2) 


lim Pon 


P,* 
= lim | — 
no Len 


= 4/2n. 


II-45. From Prob. II-44, where the limit (as n— 00) of the fraction n!e"/n"*1/ 
was shown to be V 2m, deduce the conclusion that the factorial of a large integer 


n is well approximated by (n/e)" V 2m. * 


From the result proved in Prob. [I-44 we have at once 
i n'e” | 
A err | = 
nwo Lnnti/2>/ Dar : 


, n! ] ; 
PP SS = 1, 
nro Le~"*n" V nV 2m 


Since the limit of the ratio within the brackets is unity, it follows that when n is 
large the value of the ratio is close to unity (the larger, the closer) so that 
numerator and denominator differ by only a small percentage of either. In other 
words, the denominator furnishes a good approximation for n! when n is large: 


n 


(2) vaen ~ nl. (1I-45.1) 


The left side of (II-45.1) is known as Stirling’s (approximation) formula for n!. 


— (ntyjun 
mh —— 

II-46. Determinen+0 7% .* 

This problem clearly does not lend itself to any immediate application of 
L’HospitaFs Rule. We shall have to do something with the expression before us 
in order to get it in shape for application of L’ Hospital’s Rule, which says that, if 
f(n) and g(n) are two differentiate functions of real variable n both of which — 
asn > o, then 


na = 
no g(n) n->oO g (n) 


Clearly the stumbling block in proceeding lies in n!. What to do with it? Answer: 
Try Stirling. Make use of the fact that 


! 
lim ———_—— = 1. 


n->cO n Pics 
—) V2an 
e 
By multiplying the numerator and denominator of the expression given in the 
n n 


- 27n 
problem by \€ we have then 


jn Ph ljn 
(n ri in : n! (") V 2nn 


lim ——~ = lim {} 7-3 _\/ a 
n-+co n noo (*) / Inn n 
e 
n 1j/n 
(5) V 2nn 
= (1) lim = 


! 
= lim = (Onn | 


n-+co 
ir 
= — lim (2mn)'/?", 


Now we can apply L’Hospital’s Rule. Let y = (27n)'/2". Then log, y = (log, 
2mn)/2n. And 


log, 2 
Sa — te 
id 
. 2a : oe a 
= lim 7s by L’Hospital’s Rule 
nao 
== (), 
lim y = & = | 
Hence, n-- . Consequently, 
(mn!) 1 
n+o “i 7 e@ 


II-47. Appraise the relative error committed when Stirling’s formula 


( ) V/ 2nn 
€ is taken as approximation to 10!, to 50!, to 100!. Also, compute 
these factorials approximately via Stirling. * 

We apply here the connection between Stirling’s formula and the Gamma 
function, namely the asymptotic expansion 


Qn xt ] l 
los To) ~lo,| [S| 4+ Ose to x>0, 


in which we have used the wiggle sign ~ instead of the equality sign because the 
alternating series indicated is divergent for all x. But it does have the property 
that any partial sum thereof for x > 0 differs from log, (x) by an amount which 


in absolute value is less than the last term of the partial sum. So, for factorials of 
integers we have the appraisal 


log, (n!) = log, ['(n + 1) by Prob. I-10 
= log, nI'(n) by Prob. I-4 


= log, n + log, I'(n) 


ans logsn + top, /2* 2] + 55 


= tos. v2m(2)" | + 55 


The error in this last equation is less than 1/12n. We observe that the expression 
in brackets in this last approximate equation is none other than Stirling’s 
formula. Let us denote Stirling’s formula by S: 


S= vinn(?) 
e 


!) — = E<— 
log, (n!) — log, S = E, 0< Sr 


Thus we may write 


Then it follows at once that 


Replacing e = by its Maclaurin series in powers of E, we get 


2 3 
EP ae, 
at 63! 
which shows at once that R < E. But we already have E < 1/12n. We conclude 
that, when n! is approximated by S, the relative error committed is less than 
1/12n. 

We can now quickly appraise the desired approximate errors as well as 
compute approximately the requested factorials. Here are the results in tabular 
array: 


R=E-— 


SE ym pele 
S=y¥ ani 
10 3.63 x 10° less than 0.84% 
50 3.04 x 10° less than 0.17% 
100 9.33 x 10197 less than 0.09% 


500 1.22 x 1018 less than 0.002% 


Two Problems in Probability 


II-48. A class of 100 students line up at random in a row. Compute 
approximately via Stirling’s formula, the probability that they will line up from 
left to right in the order of ranking in the class from valedictorian to the lowest. * 


The number of different orders in which it would be possible for the class to 
line up from left to right in a row is 100!. The probability of falling into line in 
order of class standing from left to right is 1/(100!). 

By Stirling’s formula we have 


so that 
100 \100 
100! = (—— 
00 (srs) / (27)(100) 
Computing the right side by logarithms or slide rule, we get 
100! = 9.3 x 10197, 


] 
The probability requested is approximately 9.3 x 10%’, 


To put the matter mildly, we remark that their chances of getting in line in the 
order described is rather small. But it could happen! 


II-49. Compute approximately the probability that, if a succession of 1,000 
picks of one card each be made from a full bridge deck at random (that is, the 
picked card is replaced each time and the deck reshuffled between picks), the 
number of Jacks drawn will not be more than 100 nor less than 50. * 


We observe first that this problem can be solved exactly by elementary 
formulas as follows. If the probability of success for every individual 
independent trial be p, then the probability P(x) of precisely x successes in n 
trials is 


n! 


P(x) = nC,p*(1 — p)"-* = x(n — x)! 


p*(1 wes py**, 
where ,,C, denotes the number of combinations of n different things taken x at a 


time. It follows from this that when n trials are made the probability of X 


successes with *1 SS x S Xz js the sum of probabilities of mutually exclusive 
events given by 


Zs sy 


PS) = > Catt — p= > St ett — ar 


2=2, r=2, 


In the problem at hand we would get the solution exactly by computing 


100 

1000! 1 \2/12\1000-# 
> suo — x)! (53) 3) 
z=50 


But who would want to do that for the sake of exactness ? The next best thing to 


do might be to use Stirling’s approximation 7” ~™4/2nM for m! from Prob. 
II-45 for each of the factorials involved in the summation. But that still leaves us 
51 terms to add together after computing each term approximately by Stirling. 
This objection causes us to ask: If Stirling’s compact formula gives a good 
approximation for the long product of factors involved in factorial n when n is 
large, might there also be obtainable a compact approximate formula for the 
summation 


A= > a air — a 


ZT 


such that the ratio of the approximate formula to the exact formula P(X) 
approaches the limit unity n > %? 

This question has been answered affirmatively by the De Moivre-Laplace 
theorem in the following manner. Since we are asking that the number of 
successes be somewhere on a relatively small spread of numbers as compared 
with a rather large number of trials, it is reasonable to think that the probability 


P(X) might be given with good approximation by the area under an appropriate 
portion of the standard normal distribution curve 


y= com = uo 


as compared with the area A under the whole curve from t = — © tot = + », In 
fact we can even omit the comparison, inasmuch as the area under the whole 
curve is unity. For we have by Prob. II-1, with a = 0, b = 1/2, c= 2, 


= —— e~ (7/2) dt == 2 ——— e(-#/2)q¢ 
I / 20 0 / 20 


| 

fy Ge 
3 () = | by Prob. I-11 
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Thus the whole area represents certainty in probability theory, namely unity. We 
should expect, then, that we might have 


= & |] 
P(X) = |’ —=e-?Podt, 
(¥) I eg 


where t, and t, depend somehow on n, x, and Xp. 
That actually is the essence of the content of the De Moivre-Laplace theorem 


which is derived from the summation formula for P(X) I by replacing each 
factorial therein by its Stirling approximation. 
The De Moivre-Laplace theorem: 


P(X) | = edt = Ot) — Ot) 


where 


x; — mp X_ — mp + 1 ‘ 
Le Ss) EE SS O(t) =| ——e-'/)dt; 
‘ vnp(l—p) * Vnp(l — p) 0 V2a 


moreover, with t, and t, held fixed, 


Olt) — (4) _ 
an PR) 


We observe that the function ®(t) involved in the De Moivre-Laplace theorem 
is an incomplete Gamma function with a coefficient. 


If we put t7/2 = u we get 


O(t) = = "s ——y7Ne-" dy = eas “) _ ALE 4 
/2rJo V2 V/2nr f2 \2 2afa AZ 27" 
where yv(, u) is the incomplete Gamma function. (See introduction to Chap. I.) 


Putting x, = 50, x» = 100, n = 1,000, P = 73 in the formulas of the De 
Moivre-Laplace theorem and using the tabulated values of ®(t) we get 


50 — (1,000)(1/13) 
/(1,000)(1/13)(12/13) 


100 — (1,000)(1/13) 

* ~~ V(1,000)(1/13)(12/13) 

(t,) =—O(— 1,) = — (3.19) ~ — 0.4993, 
(t;) = (2.74) ~ 0.4969. 


The probability of picking between 50 and 100 Jacks in 1,000 tries is 
approximately 


: = 


2.74, 


P(X) = P(t.) — P(t) 
~ 0.4969 — (— 0.4993) 
= 0.9962. 


The result, which is close to unity, indicates that the chance of success is an 
excellent one. 


REMARK.The function ®(f) is related to the error function 


eT ae 
erf(r) me : edt. 


One finds that 


erf(t) = 20(V2 2). 


A Problem in Heat Flow in a Straight Wire 


II-50. A long, straight wire lies in the positive x-axis with one end at x = 0. 
Except for the end x = 0 the wire is kept thermally isolated after having been 
given initially at time t = 0 a. continuous, positive temperature distribution f(x). 
The end at x = 0 is maintained at temperature zero. If the length of the wire is so 
long as to be considered infinite for the purpose of the problem and if the initial 
temperature distribution f(x) is, moreover, bounded for all x, determine the 
temperature distribution T as a function of position x and time t: T = T(x, t). 

Solve the problem also for the case where the initial temperature distribution 
for x > 0 is a positive constant C. * 


The differential equation to be satisfied by T = T(x, t) is known (see, for 
example, Rainville, Elementary Differential Equations, Macmillan, 1958) to be 


oT CT 
nA, — hats 
Ct Ox? 


(II-50.1) 


where a is a constant, namely the diffusivity. It has been found that in heat-flow 
problems a solution for the temperature T can often be obtained as a composite 
of particular solutions, each particular solution being a product function of the 
form FG where F is a function of time alone and G is a function of the space 
coordinates only. In our present problem such a particular solution of the product 
type for Eq. (1) is 


T(x, t) = FG = F(t)G(x). (II-50.2) 


For such a solution we have 


Eq. (II-50.1) then becomes 
GF’ = a FG". 


Since a # O and since the problem is such that neither G nor F will be 
identically zero we may divide by each of these three, obtaining 


tf ni, (II-50.3) 


Since F'/F is independent of x while G’/G is independent of t, it follows that 
each of these two ratios must be a constant. Letting k = (1/a)(F'/F) and 


integrating, we get 
log, F = «kt + loge, 
F = ce**t 
where c is a constant. 


The constant k cannot be zero, for this would mean that the temperature T(x, i) 
= FG = cG(x) would hold constant at each point x of the wire with passage of 
time contrary to the physical set-up of the problem which is such that heat will 
leave the wire at the end x = 0 where the temperature is being maintained at zero. 
Nor can k be positive. A positive k would call for an increase of temperature 
with increasing t at each and every point x on the wire. This could happen only if 
heat would come into the wire at x = 0. This, too, is contrary to the conditions of 
the problem. We conclude, therefore, that k must be taken negative. 


Taking k = —A? with A # 0, we find from Eq. (II-50.3) that 
G” + YG = 0, 
for which the general solution is 
G=c,sinAx+c,cosdAx, 


where c, and cy» are constants. Then the product solution assumed in Eq. (II- 
50.2) becomes 


T(x, t) = e-#4"t(4 sin Ax + Bcos Ax), 


where A = cc, and B = cc». In order to fulfill the boundary condition T(0, t) = 0 
we require 


0 = Be-A", 
which means that B must be zero. We now have 
T(x, t) = Ae~@A* sin Ax. (II-50.4) 


The function T(x, t) defined in Eq. (II-50.4) will satisfy Eq. (II-50.1) for any 
choice of the constants A and A. It will also meet the boundary condition T(0, t) = 
0. But a single such function T(x, t) will not satisfy the initial condition T(x, 0) = 
f(x) except in the special case where the initial temperature distribution for x > 0 


is of the form f(x) = A sin A. Nor can we hope to compose a solution via an 
infinite series of particular solutions of the kind defined in Eq. (II-50.4) except in 
the case where f(x) is periodic, since the wire is taken as infinitely long. 

There remains the possibility of composing a solution via an integral as 
follows. We consider a family of solutions 


A(A)e~24*t sin Ax 


in which there shall be a member of the family for each nonnegative real number 
A and in which, as indicated, there is to be determined a value for A 
corresponding to each A. We then superimpose, so to speak, all such solutions in 
an integral 


T(x, t) = [ A(A)e~#A** sin Ax dA (I1-50.5) 
0 


and see if we can satisfy the initial condition T(x, 0) = f(x) as well as Eq. (II- 
50.1) with such a composite function. 

Assuming for the moment that the function A(A) can be so determined as to 
permit differentiation of the integral in Eq. (II-50.5) with respect to the 
parameters x and t, we find by Leibniz’s Rule for differentiation under the 
integral sign that T(x, t) as defined in Eq. (II-50.5) satisfies Eq. (II-50.1). There 
remains to see if we can determine A(A) so that T(x, 0) = f(x). This requires that 


[ ~ A(A) sin Ax dd = fx. (1I-50.6) 
0 


We can satisfy the demand made upon A(A) by Eq. (II-50.6) as follows. First, 
*f(x)dx 


we restrict f(x) to be such that the integral \, is convergent. Next, we 
define f(x) for all negative x by taking f(— x) = — f(x). Then we consider the 


Fourier integral of f(x): 


fx) = | 


/0 


g(A) cos xA dA +- [ h(A) sin xd da, 
0 


where 


£00) = =|") 00s 44 db, WO) = ~ | fe) sin 24 a 


(See, for example, Kaplan, Advanced Calculus, Addison-Wesley, 1952.) 
Since we have built f(x) into an odd function, it follows that g(A) vanishes and 
that 


hd) = 2 [ “f(d) sin Ad dé, (I1-50.7) 
T Jo 
making 
Core [ ” H(A) sin xd dd. (II-50.8) 
0 


Comparing Eqs. (I-50.7) and (II-50.8) with Eq. (II-50.6), we find that Eq. (II- 
50.6) will hold if we take 


AQ) = i) = 2 i fd) sin 6 dé. 
T Jo 


Thus, we have obtained the solution for our problem: 


T(x, t) = = | 


0 


° | [ * e-aA*tf($) sin ras) sin Ax da. (II-50.9) 
0 


The solution as presented in Eq. (II-50.9) may be revamped somewhat. We 
may write 


T(x, t) = : | i e~2A*t#(d) sin Ad sin Ax dA, 
Q 


where Q denotes the entire first quadrant of the $A plane, considering % and das 
rectangular coordinates, and where dA denotes element of area. This double 
integral over Q is equivalent to the iterated integral 


Tix, t) = 2 [ ° | I "COM sin db iw an| fd) dd. 
7 Jo 0 
(11-50. 10) 


Moreover, we have 


sin Ad sin Ax = 5| eos [a — »| -— COS KG + »| i 
Then by the formula obtained in Prob. I-20, namely 
{ * e-2? cos bd dd = ve enim, 
0 2a 


we find that Eq. (II-50.10) becomes 


1 2 f($)| e-G-*)*/4at _ e-(b+2)*/4at | dp, t>0 
2 Twat 0 
T(x, t) = 
fx), t=0. (II-50.11) 
Although our solution as given by Eg. (II-50.11) was obtained under the 
| fae 
hypothesis that F($) is such that the integral J0 is convergent, we 


observe that the integral in Eq. (II-50.11) is convergent if I(P) be any function 
which is continuous and bounded for all positive %. This follows from the fact 
that, as p mai © the exponentials in the integral decrease like e*e* k> 0. 
We suspect, therefore, that our solution in Eq. (II-50.11) holds when f(x) is any 
function which is continuous and bounded for all positive x. And this is found to 
be so: differentiation of T(x, i) for t > 0 as defined in Eq. (II-50.11) partially with 
respect to ¢ and twice partially with respect to x shows that T(x, t) satisfies Eq. 
(II-50.1). 

In particular then, we may apply the solution presented in Eq. (II-50.11) to the 
particular solution in which the initial condition is 


0, x= 
ix; 0) = 
> 0; x>0 


where C is a constant. Since in this case the factor (¢) = C in theintegrand 
may be taken out in front of the integral, it seems likelythat the solution may be 
written in simple form by transforming theexponents. Writing the integral in Eq. 
(II-50.11) as the difference oftwo integrals, we transform the first integral by 


letting (¢—x)*/4at=w? This makes $=X+UV4at and 


dp = /4at du. Similarly, we transform the second integral by letting 
(¢ + x)?/4at = Vv’ Then for t> 0 we have 


T(x, t) = = | | edu — [ ea 
V ™\ J —xivaat IR ECT 


rie x/Vaxt 
V7 Jo 


Thus, for our solution of the particular case we have 


e~“" du. 


x/V4at 
2c je" edu, i>, 
T(x, th = (V7 
(II-50.12) 
Cc. f= 0, 


when C is a positive constant. 


We observe that the upper right side of Eq. (II-50.12) can be expressed in 
terms of either the function ®(¢) or the function erf(f) as defined in Prob. II-49. 
Thus, for t > 0, we have 


T(x, t) = C erf(x/4/4a1) 
= 2C®(x/1/22!). 


Also, as in Prob. II-49, we may express our solution of the particular case in 
terms of the incomplete Gamma function by letting u* = w. Doing so, we get for 
t>0O 


Te, ) = —& { se 
, /7 Jo 


= Sie x?/4ta). 


REMARK.The constant k to which we equated each side of Eq. (II-50.3) is 
sometimes referred to in textbooks as the separation constant. Determination of 
the character and/or the value of the separation constant by appropriate methods 
is made also in problems in Chapters IV and VI, wherever product solutions of 


differential equations are involved. 


3 


LEGENDRE POLYNOMIALS 
INTRODUCTION 
Legendre’s differential equation is 
(1 — x2)y” — 2xy’ + n(n + ly = 0 (IIT-0.1) 


where y’ and y” denote the derivatives dy/dx and d*y/dx* respectively and n is a 
constant. It may also be written as 


d 
pra [a _ xy | + n(n + lby = 0. (III-0.2) 
Legendre’s differential equation is a particular case of the equation 


»,! e. J 
(1 + Ax#)y” + ~ (8 + CxF)y’ + =a (D + Ex®)y = 0. 
(IIT-0.3) 
If in this last equation we take A = -1, B= 0, C= -2, D=0, E=n(n+ 1), and H 


= 2, we get Eq. (IIH-0.1). Other particular cases of Eq. (II-0.3) include Bessel’s 
equation 


xy” + xy’ + (x? — p*?)y = 0 (III-0.3a) 
and Gauss’s equation (the hypergeometric equation) 
x(1 — x)y" + [y—(a + B+ 1)x]y’ — «By =0 (II-0.3b) 


as well as equations having as particular solutions such special functions (see, 
for example, Rainville, Special Functions, Macmillan, 1960) as Hermite 
polynomials, Tchebicheff polynomials, Jacobi polynomials, and Laguerre 
polynomials. 


If we let ¥ =COS¢> then Eq. (III-0.1) becomes transformed into a 


trigonometric form of Legendre’s equation, namely 
y” + (cotan d)y’ + n(n + ly = 0 (IIT-0.4) 


where now y and y” denote dy/d$ ang Fy|d¢? respectively. 

The constant n in Legendre’s equation we shall call the index and shall refer to 
Eq. (IH-0.1) or any equivalent form thereof as Legendre’s differential equation 
of index n. It is shown in textbooks (see, for example, Franklin, Methods of 
Advanced Calculus, McGraw-Hill, 1944) that Legendre’s equation (III-0.1) has 
solutions of a first kind 


y= C1 — Me 4 et a a | 


i. aE ae wet} 3 
4 @—Nnt an 8 .— j (III-0.5) 


valid for |x| < 1, Cp and C, being arbitrary constants. 


Equation (III-0.1) also has solutions of a second kind expressible in infinite 
series (convergent for |x| > 1) of negative powers of x. 

Legendre’s equation (III-0.1) has especial importance when the index n is a 
positive integer or zero. Consider the family of equations 


(1 — x)y” — 2xy’ + n(n + ly = 0, n=0,1,2,°°-. (III-0.6) 


For each member of the family there is the general solution of the first kind 
given by Eq. (IH-0.5). For each number n of the set 0, 1, 2, 3, - - - one of the two 
series in brackets in Eq. (II-0.5) reduces to a polynomial of degree n. Choosing 
the coefficient before the other bracket to be zero and determining the coefficient 
before the polynomial so that the polynomial has the value unity at x = 1, we get 
the particular solution of Legendre’s equation of index n known as the Legendre 
polynomial P,(x). 

The process just indicated for obtaining the family of Legendre polynomials 
from Eq. (III-0.5) leads to the formula 


Cay [wie TP 
PaO) = analy [> 20n— 1)" 


ma r= 2S) 2 est minligih 
+ 2-4>(@n— 1)QQn— 3)” + Fh 
(III-0.7) 


where F denotes the final term. F is a constant when n is even. F is a constant 
times x when n is odd. It is to be observed that P,,(x) contains only even powers 


of x when n is even, only odd powers of x when n is odd. A compact formulation 
of Eq. (II-0.7) is 


1 (— 1 *Qn — 26)! - 
P(x) = yn eng cel xn-sk (III-0.8) 


k=0 


where N = n/2 or (n — 1)/2 according as n is even or odd and where, as usual, the 
factorial of zero is taken as unity. 
A formula for P,(x) even more compact than that given by Eq. (III-0.8) is 


Rodrigues’s formula 
iC D*| —1y (III-0.9) 
2"n! 


where the operator symbol D” denotes n" derivative. 

The Legendre polynomials are often called by other names. One such 
alternative designation is spherical harmonics or zonal harmonics. This stems 
from the fact that the Legendre polynomials provide the ingredients for solutions 
of Laplace’s equation V*V = 0 where the function V of space coordinates is 
required to take on boundary values of restricted type on zones of a spherical 
surface as well as be harmonic (have continuous second-order partial derivatives 
and satisfy Laplace’s equation) interior to the sphere. 

Yet another name for the Legendre polynomials is Legendre coefficients, 
which is used because of a characteristic property of the family—a property 
which brings the whole family into play at once. It is the fact that, when the 
function 


W(h, x) = (1 — 2xh + A)? 


is expanded in Maclaurin’s series in powers of h, the coefficient of h” is, for 
every n, the Legendre polynomial P,(x). The establishment of this property is 
our problem No. 1 in this chapter. W(h, x) is called a generating function for the 
Legendre polynomials. 

The family of Legendre polynomials enjoys a number of characteristic 
properties and mutual relationships. The establishment and exploitation of these 
properties and relationships constitute the chief concern of the exercises and 
problems in this chapter. 

A list of the Legendre polynomials of degrees 0 through 10 as well as a table 
of values of P,(x), n = 1, 2, 3, 4, 5, 6, 7, for 0 S x S11 will be found at the end 
of this chapter. There is also a sketch of the curves y = P,(x), n = 0, 1, 2, 3, 4, for 
-18 x81. 


Problem: Coefficients in Expansion of a Generating Function 


III-1. Show that, when W(h, x) = (1 — 2xh + h?)?) is expanded in a series of 
the form 


Wh, x) = Vox) + Vilx)h + Yolx)h? + 27 * + Ynl(x)h™ + °°, 


the following are true of the coefficients of the powers of h: 
(a) y,,(x) is a polynomial of degree n, 


(b) y,@) = 1, 
(c) y =y,(X) is a solution of the Legendre equation 
(1 — x?)y” — 2xy’ + n(n + Dy = 0. 


In other words show that for n = 0, 1, 2, 3, -- - we have y,(x) = P,,(x) where P,,(x) 


is the Legendre polynomial of degree n as defined in the introduction to Chapter 
Ill. * 


The expansion may be obtained via the formal binomial expansion: 


Wh, x) = 14+ (xh _ RP) + (3) (5) (5, )exr _ Ry 


i; (3) (3) (3) (53) (xh — AP +++,  (M-1.1) 


An inspection of Eq. (II-1.1) shows that when every integral power of the 


expression 2xh — h* is expanded and then like powers of h are collected, the 
coefficient of h” will be a polynomial in x of degree n. This is seen to be true 
because the expansion of (2xh — h*)™, where m is any positive integer, will be 
such that the power of x in the term (2xh)” is the same of that of h, namely m, 
while the power of x is less than m in each of the other terms where the power of 
h exceeds m. So we have 


Wh, x) = 1+ xh + (5 x2 — 5) + y(x)h3 


free ty (xan tree (III-1.2) 


where yo(x) = 1, y1(x) = x, yo(x) = $x? — $ and y,(x) is a polynomial in x of 
degree n, thus demonstrating part (a) of our problem. 

We should, however, be honest here and admit that we have assumed the 
validity of Eqs. (III-1.1) and (II-1.2) for some (as yet undetermined) interval of 
values of h together with an interval of values of x. On the other hand, if we do 
not for the moment concern ourselves with the question of convergence of the 
series in these equations, then we surely can say that, when the series on the 
right in Eq. (II]-1.1) is rearranged into the series on i:he right in Eq. (III-1.2), the 
coefficient y,,(x) is a polynomial in x of d egree n. 

But in order to effect a demonstration of part (b) we find it advisable to show 
that the series expansion of W(h, x) in Eq. (III-1.1) is valid, when x = 1, for an 
interval of values of h. When x = 1 we have 


W(h, l= — 2h + h?)-@/) — (1 — h)> 
=14+ A+R 4+ A+ eee +f tees 
(III-1.3) 


valid for - 1 < h < 1. Each coefficient in the right side of Eq. (III-1.3) is unity. 
So, if we can show that Eq. (III-1.2) holds for - 1 < h < 1 whenever x is taken as 
any number having |x| S 1, we will have shown that every polynomial 
coefficient y,,(x) in Eq. (II-1.2) has the value 1 when x is 1. 


First, we take x = — 1 and find that 
Wh, —1) = (1 + 2h + h?)-@M= (1 4+ Ah) 
=1-—A+ FA? —f8 +--> 


which is valid for - 1 < h < 1. Next, let us take an h such that 0 < h < 1 and hold 
it fixed for the moment while we examine the character of W(h, x) for this fixed 
h as x varies from — 1 to 1. We see at once that W(h, x) varies from (1 + h) + to 
(1 — h)!. Moreover, W(h, x) varies monotonically, always increasing from (1 + 
hy) + to (1 — h)+, because the partial derivative 0W/0x = h/(1 - 2xh + h?)** has 
the same sign as h. Consequently, when x is taken between — 1 and 1, we have (1 
+h)! < W(h, x) < (1 - h)!, which we may write as 


Wh, x)=(1— 6h), [6] <1. (III-1.4) 


Similarly, we find this appraisal, Eq. (III-1.4), to be true when - 1 <h < 0. Thus, 
for 0 < |h|<1,-1Sx S1 we have 


Wh, x)=(1— 6h), || <1 
= 14+ Oh+ Oh? + +++ +4 Orhn tere, 


All in all, we have found that our a (111-1.2) holds for all pairs such that h and 
x such that-1<h<1,-1Sx81. (We have not actually considered the case 
h = 0 because when h = 0 we see at once that Eq. (III-1.2) holds, since it reduces 
to 1 == 1.) We may conclude, then, that every polynomial coefficient y,(x) in 
Eq. (2) has the value 1 when x = 1. 

It remains to demonstrate part (c). This will follow from the fact that W(h, x) 
satisfies the equation 


ow ow 
ae | te T+ A — x —=0, (Il-1.5) 


which can be verified by direct substitution or can be shown to hold by virtue of 
the following considerations. If h be taken as denoting distance r from the origin 


of a point in space and x be taken as denoting cos > where is the spherical co- 
latitude coordinate, then W(h, x), by the law of cosines, represents the reciprocal 


of the distance of an arbitrary point from the point where ¢ = 0 r=1.Sucha 
reciprocal distance is known to be a harmonic function of the variable 
coordinates involved and so satisfies Laplace’s equation, which in terms of r and 
x (where * = COS $) reduces to Eq. (III-1.5). (See, for example, Franklin, 
Methods of Advanced Calculus, McGraw-Hill, 1944.) 

Let us represent Eq. (III-1.5) in operator notation: 


e - d é 
| hs +(1— x52 + 2ha — 2x5 | W=0,  (III-I.6) 


and apply the operator shown in Eq. (III-1.6) to both sides of Eq. (III-1.2). By 
virtue of the convergence properties which we established for the series on the 
right in Eq. (III-1.2) we may apply the operator shown in Eq. (III-1.6) termwise 
to the series in Eq. (III-1.2). We observe that when this operator is applied to a 
term y,(x)h", it yields h” multiplied by a polynomial in x, namely 


[ (nd — Tyn(x) + (1 — x*)yK(x) + Anya(x) — Qxyn(x) | A 


But when the operator is applied to both sides of Eq. (III-1.2), the left side of the 
resulting equation is identically zero by virtue of Eq. (III-1.6). Consequently, the 
coefficient of each power of h must vanish in the resulting power series on the 
right: 


n(n — 1)y, + (1 — x*)ph + 2ny, — 2xy), = 0, 
that is, 
(1 — x*)yn — 2xypn + n(n + 1)Yn = 0. 


But this last equation is none other than the Legendre equation of index n with y 
=y,- Thus the polynomial y,(x) is a solution of the Legendre equation 


(1 — x*)y” — 2xy’ + n(n + ly = 0. 


Recapitulating, we have 


Wh, x) = (1 — 2hx + h2)-1? => P,(x)h", — |h| <1, |x| <1. 
n=0 (III-1.7) 
Problem: Recurrence Relations 


IfI-2. Show that the Legendre polynomials P,(x), P;(x), Po(x), °°, Pa) > +: 
are such that for m = 2 every P,,, (x) is related to its two immediate predecessors 
by the formula 


mP,,(x) = (2m — 1)xPp—(x) — (m — 1)Pp_Ax).  —* 


The result we are looking for can be obtained from the expansion obtained in 
Prob. III-1, namely 


W = P(x) + Pi(xdh + Py(x)h? + °° (IIT-2.1) 
where 
] 
~ VIER thx 


First, we observe that 


ow ee 1 ios — (3/2) —_ 
—— all +h 2hx) (2h — 2x) 
__@= hw 
1 + h? — 2hx 
whence 
ie = 2hx) _ (x — AW =0. (II1-2.2) 


Next, we differentiate termwise with respect to h in the series in Eq. (III-2.1), 
obtaining a series which converges to OW/dh for |h| < 1, |x| S 1 by the well- 
known theorem on termwise differentiation on its interval of convergence of a 
power series in nonnegative integral powers of h: 


Ow 
Sp = Pil) + Dah + BP ADK + 8+ + + Pasa +o, 
(I11-2.3) 
Substituting in Eq. (IH-2.2) from Eqs. (III-2.1) and (II-2.3), we get 


(i+ — 2hx)| Pi(x) + 2PAx)h +++ -+ (n — 1)Pp-y(x)h"? 
+ nP,(x)h"™ T (n + 1)Pn+1(x)h" a [2 | 


— (x — AD] Pix) + PyXDh + ++ + Pra + Paar tee] 
= 0, 


which upon multiplication followed by collection of terms in like powers of h 
becomes 


| Pax) = xP,(x) | + [ 2P4(x)—2xP,(x) _ P,(x)—xP\(x) |h soma 


+ [2+ Passa) — Qn + I)xP,(x) + APpx(x) fa” + +++ = 0. 
(III-2.4) 
Since the series in Eq. (III-2.4) converges everywhere on the interval |h| < 1 


when x is taken as any number on the closed interval |JC| S 1, the bracketed 
coefficients in Eq. (III-2.4) must vanish for each x on the interval |x| S 1: 


P,(x) — xP,(x) = 90, 
(n + 1)Prti(x) — (2n + 1)xPp(x) + nPra(x) =0, ni. 
If in this last equation we let n + 1 = m, we get 


mP,A(x) = (2m — 1)xPm—(x) — (m — 1)Pm(x), m22 
(III-2.5) 
Eq. (III-2.5) expresses equality of two polynomials of degree m for all x on the 
interval |x| S 1. It follows that Eq. (I[-2.5) must hold for all x, since it is a well 


known theorem of algebra that, if two polynomials of degree m are equal for 
more than m distinct values of x, they must be equal for all values of x. 


Problem: Laplace’s Integral Expression of P,,(x) 


IlI-3. Verify Laplace’s integral formula for the Legendre polynomials: 


P,(x = =|" + vat = cos oyna, n=0,1,2,3,°°°. * 
JO 
(III-3.1) 


In contrast to the transparency of Rodrigues’s n'" derivative formula it does 
not seem to us immediately apparent how Laplace’s integral formula came to be 
discovered. However, if we grant knowledge of the Legendre polynomials as 
coefficients in the expansion given in Eq. (III-1.7) then perhaps it does not seem 
too farfetched to arrive at Laplace’s formula via inquisitive experimentation with 
the expansion (III-1.7) as follows. 

The expression 1 — 2xh + h? lends itself quite readily to being written as sum 
or difference of two squares: 


1 — 2xh + h? = (1 — xh)? + (AV/1 — x?)? = (1 — xh)? — 
(hv x? — 1). (III-3.2) 


If we choose the latter, namely the difference of two squares, we may write 

l 
fy = -— —— 5). 
Ve_ hi @=1—xh, b=AaAvVx Li, 
But what have we gained ? And why the difference of two squares rather than 


the sum? Well, if we happen to be astute enough at this point to recall the 
integral formula 


* de 7 
—___— > —_____ bl, 
C-Faa +/ at — b? a> |p| 


(1 — 2xh +h) = 


then we see that we may write 
A dé 
l =e 2xh + h? ~1/3 = ={ os 
( ™ Jo (1 — xh) — hV x? — 1 cos 8 
(III-3.3) 


In Prob. III-1 we found that the left side of Eq. (III-3.3) could be expressed as 
a power series of the form 


bo + bh t+ bh? ++ + bt teee 


where the coefficients b,, are the Legendre polynomials. We found the series to 


be uniformly convergent for - 1S x S 1, |h| SH < 1; and we made use of a 
consequence thereof, namely termwise differentiability, to establish recurrence 
formulas for the Legendre polynomials. But now in the present problem we seek 
an expansion valid for some interval of values of x having |x| > 1 because of the 


radical V x? — 1. We also require sufficient restriction on h, when we take 
values of |x| > 1, so that we may expand the integrand 
[(l — xh) — (hV' x? — 1) cos 6]* on the right in Eq. (III-3.3) in an infinite 
series which will be termwise integrable over 0 Soesnun. If, then, we can 
validate our previous expansion Eq. (III-1.7) to meet these new requirements, it 
begins to look as if we can arrive at Laplace’s formula via expansion of both 
sides of Eq. (III-3.3) in power series of the form by + b,h + byh h? +--+, both 
convergent on an interval |h| > hg when x is taken to be any number such that 1 
S)x|S Xo. Let us see if we can establish such an interval |h| > ho after making a 
choice of Xo, Say Xq = 2. 

In order to expand [1 — (2xh — h*)]-“’? in an infinite series, we require |2xh — 
h?| > 1, which will be the case if |h| |2x — h| > 1. This latter inequality will 
certainly be met for all x having |x| S 2 if 


[A] (4 + Al) <1, 
+4 |h| +4<5, 
|Al < V5 —2. 
Thus we may say that the expansion in Eq. (III-1.7) converges for 
lA] < V5 — 2 when xj & 2. 


So much for the function on the left in Eq. (III-3.3). Now we consider the 
integral on the right in that equation and observe that its integrand may be 


written as (1 — u)~* = [1 — (xh + hv x? — 1 cos a Recalling that 


QI—w#t=1lt+utw+uteoretu"ters, [ul <l, 
(III-3.4) 


we see that our integrand in Eq. (II-3.3) may be expanded in a series as in Eq. 
(III-3.4) if we have 


|xh + hV x? — 1 cos 6| <1, 


|h| |x + Vx? — 1 cos 6] <1. 
This last inequality will be fulfilled provided 
|A\(|x| + Vx? — 1) <1, 


since |cos 6| 1 and since the absolute of a sum cannot exceed the sum of the 
absolutes. And now if we take any x such that 1 s |x| S 2, we will have 


|xh + hv x* — 1 cos a, < B forall values or euch that 


|A| (2 + V3) <1, 


! 
h =2-— v3, 
Wl <O4v3 


Thus the series expansion in Eq. (III-3.4) where 4# = xh + hv/x? — 1 cos 6, 
will converge uniformly for 0 S @ Sm when we take any x and h such that 1 S 


x) S 2, [A <2-—vV31 nay, therefore, be integrated termwise over 0 S49 


<n. We note here that V9 —2<2— V3 my place of Eq. (III-3.3) we 
may now write 


> Patsy - > [ "(xh + hVx2 — 1 cos 6)"d8, 
w 0 


n=O n=0 


or 


> n(x)h" = SE (i (x + Vx? — 1 cos ayo |i (III-3.5) 


n=O 


valid for 1 S |x| <2, |Al <hy= v5 — 2 
Since the series on the two sides of Eq. (III-3.5), regarded as Maclaurin series 
in powers of h, converge to the same value (for each choice of x such that 1 s |x| 


S 2) on the common interval |h| < v5 — 2 it follows that coefficients of 


like powers of h must be equal to each other for all x such that 1 = |x| S2: 


P,(x) = = [@ + Vx? — 1 cos 6)"d8, Ls ix Ss 2, 
7 Jo 
n= 0, 1,2,3,°°°. (ITI-3.6) 


Inasmuch as the function of x, call it h,(x) defined by the integral on the right in 
Eq. (III-3.6) equals the Legendre polynomial P,,(x) for every x having 1 S)x|S 
2, we may presume that H,(x) is none other than P,(x) itself. However, let us 
give the argument to validate this assumption. It is as follows. We observe that 


when the integrand (¥ ++ V x? — 1 cos 6)" is expanded: 


(n — 1) 


—_— n 
x" + nx"! Vx? — 1 cos + 7 


mee) x"-3(4/x2 — 1)8 cos? 0 


xn-2(/ x2 — 1)? cos? 6 


oe 


+ s+++ (Vx? — 1)" cos" 8, 


each term having an odd power of Vx? — 1 also has an odd power of cos 0. 
The integral of each odd power term from 8 = 0 to @ = 7 will therefore vanish. 
On the other hand, each term having an even power of cos 0, whose integral 
consequently does not vanish, is multiplied by a polynomial in x. Thus the 
function 


i ee 
H,(x) = -| (x + Vx? — 1 cos 6)"d6 


is a polynomial of degree n. And since it equals P,(x) for more than n distinct 


values of x, namely for the infinitely many values of x having 1 => |x| S 2, we 
conclude that H,(x) is P,(x). Laplace’s integral formula Eq. (III-3.1) is thus 


established. 


Problems: Determination of Specific Legendre Polynomials 


IlI-4. Obtain the Legendre polynomials P(x), P,(x), P(x), P3(x) from the 
series solution (IIJ-0.5) of Legendre’s equation. * 


To obtain P(x) we first take n = O in (IH-0.5). Then we choose C, = 0. This 
gives us a family of constant solutions, namely y = Co, of Legendre’s equation of 
index n = 0. Finally, we choose Cp = 1 and we have P(x) = 1. 

To get P,(x) we take n = 1 and Cy, = 0. This gives us y = Cx. 
The polynomial of this family which equals 1 at x = 1 is obtained by choosing C, 
= 1. Thus P,(x) = x. 

To get P>(x) we take n = 2 and C, = 0 and then choose Cp so that y = 1 at x = 

1. We first get 


y= Of ‘ 8 = C(I — 3x). 


Then to make y = 1 at x = 1, we require 


1 = C,(1 — 3) 
1 
ee 
. 2 


Then we have P,(x) = — (1/2)(1 — 3x) = 3x?/2 - 1/2. 
Similarly, P3(x) is found by taking n = 3 with Cy = 0: 


(2)(5) 5 
y= Gl x as = | = C(x — 3): 


To have y = 1 at x = 1 then requires C, = — 3/2 with the result that P(x) = 5x°/2 
all: 


IlI-5. Obtain the Legendre polynomial P,(x) from Rodrigues’s formula 


I a [(x? oe 1)"}. x 


2"n! dx” 


P,(x) = 


We have 


P(x) = mai - v*| 
| 


=— — fp = 6 — 4,2 

394 Di 4x® + 6x* — 4x? + 1) 
— l —_ 2 
mae (1680x* — 1440x? + 144) 


= 5 (35x — 30x? + 3). 


III-6. Obtain the Legendre polynomial P.(x) from the formula (III-0.8), 
namely 


N 


_ ASS Din = 24) 
P,(x) = > k\(n — k)\(n — 2k)! ’ 


k=0 
where N = n/2 or (n — 1)/2 according as n is even or odd. * 
Since n is odd, namely 5, we take N = 2 and get 


| (— 1)*(10 — 2k)!x5-2* 


PIN = 35) IG — BIG — 2b! 
k=0 


Then taking k = 0, 1 and 2 we have 


P(x) = 10!x> 8x 6!x 
a 321 OI515! 11413! * 21311! 


= 5(63x° — 70x* + 15x). 


IfI-7. Obtain the Legendre polynomial P,(x) directly from Legendre’s 
equation of index 4 by assuming a polynomial solution of degree 4. * 


We assume a Solution of the form 


y=axt+ b+ cx*+dx+¢ (III-7.1) 
for the equation 
(1 — x*)y” — 2xy’ + 20y = 0. (III-7.2) 
This requires that 
(1 — x?)(12ax? + 6bx + 2c) — 2x(4ax® + 3bx? + 2cx 4+ d) 
+ 20(ax* + bx? + cx* + dx + g) 
= 0, (III-7.3) 
that is, 
(20a — 20a)x* + (8b)x* + (12a + 14c)x? 
+ (6b+ 18d)x + (2c + 20g) =0. _ (III-7.4) 


The polynomial on the left in Eq. (III-7.4) will vanish identically if and only if 
every coefficient vanishes. This requires b = d = 0, c = — 6a/7, g = —c/10; but 
leaves a arbitrary. We thus find that Eq. (II-7.1) has a family of polynomial 
solutions of degree 4: 


6 6 
<i.) a” eo fi 
y o( aX + x) (III-7.5) 


We require now that y shall equal 1 at x = 1, which means that we require 1 = 
8a/35, that is a = 35/8. This makes c = — 15/4 and g = 3/8. Thus we have 


Pix= “(35x4 — 30x? + 3). 


III-8. Obtain the Legendre polynomial P,(x) by application of the recurrence 
formula 


nP,(x) = (2n — 1)xPp-(x) — (1 — 1)Pr-2(x) 
assuming that P,(x) and P.(x) are known. * 


We have 


6P,(x) = 11xP,(x) — S5P,(x), 


ais ea 8) af, 08 


whence 
Pi= geix® — 315x4 + 105x2 — 5). 


I1I-9. Obtain the Legendre polynomial P(x) from Laplace’s integral formula 


bien! [ "(e+ V2 = 1 cos 4)". * 
7 Jo 
We have 


Pjx) =! i "(x + VxF=T cos $)*dp 
T Jo 


‘is “{ (x? + 2x4/x? — 1 cos ¢ + [x? — 1] cos? d)dd 
) 


= -| > + 2xV/x? — 1 sin d + (x? — v(5 + we “t) 


, dies 
5 s| 3 4+ (xt — De | 
= 56x" — 1). 


Problem: Rodrigues’s Expression for P,,(x) 
IlI-10. Verify Rodrigues’s formula, namely 


P,(x) = rnil| = yr} n= 0,1,2,3,°°°, (III-10.1) 


where P,(x) denotes the Legend re polynomial of degree n and D"[(x? — 1)"] 


denotes the n™ order derivative d"[(x? — ])"J/dx", it being understood that the 
derivative of order zero D f(x) = f(x) and that 0! is taken to be unity. * 


The case of n = 0 is verified at once, for we have 


a . | oe — | =1=Pyx) by Prob. III-4. 


For n > 0 we apply the binomial theorem and get 


. ‘ (— 1)*n!x2"-2* 
wi "| -ir|= aa : [> ea Sar |: 
(I1I-10.2) 


Since the powers in the summation are all even, when we differentiate the 
summation n times we find that the resulting summation yields vanishing terms 
for k > n|2 when n is even and for k > (n — 1)/2 when n is odd. Thus we have 


wnt pl — | 


_ ASC 9G = 28)0n = 2k = 1) + (n= 2k + Dae 
7 =>, kin — 1)! 


k=0 


(III-10.3) 


where N = n|2 or (n — 1)/2 according as n is even or odd. 
The collection of factors in the numerator of each term of the summation in 


Eq. (III-10.3) suggests that we multiply numerator and denominator of the k” 
term by (n — 2k)!. Doing so to each term of the summation, we get 


(— 1)*@n — 2k) xe 
aha ip De ea k(n — k) (a — 2)! 


= P,(x) by Eq. (III-0.8). (III-10.4) 


This formula is named after Olinde Rodrigues, French mathematician, 1791- 


1854. 


Problem: Expansion of a Given Function in Legendre Polynomials 
IlI-11. Prove that any given polynomial 


F(x) = Gox* + Cx? + Cg toe + Gxt CG, 
can be expressed as 
H(x) = AnPa(x) + An—1Pn-1(%) + An-2Pn-2(X) 
+ +++ + A,P,(x) + AoPo(*), 


where the coefficients A,, A,, °* *, Ag are constants and the 
functions P,,(x) P,1(x), °° *, Po(x) are the Legendre polynomials of respective 
degrees n,n-1,---, 0. * 


First we take P,,(x) and multiply it by such a constant A, so that the coefficient 
of x" in the resulting polynomial A,P P,(x) is C,. The coefficient of x”! in 
A,P,,(x) is zero, since by Eq. (III-0.7) the powers of x appearing in P,(x) are all 
even when n is even, all odd when n is odd. Next we take P,,_,(x) and multiply it 
by such a constant A,,_; so that the coefficient of x"! in A,_,P,-1(x) is C,_. Thus 
the polynomial T,(x) = A,P,(x) + A,-7P,-1(%) is such that the coefficients of x” 
and x"! are respectively C,, and C,_}. 

Now we add to T,(x) such a multiple of P,»(x), call it A, »P,->, that the 
coefficient of x"? in the polynomial T,(x) + A,->P,-9(x) is C,-». Thus the 
n-2 


coefficients of x", x""!, x"-? in the polynomial 


T,,(x) + A,-2P. ~2(x) = A,,P,(x) + Ay-yP. ~(x) + An-2P ~2(x) 


are respectively C”, C™!, C™?. Continuing in this manner by successive 
additions of appropriately multiplied Legendre polynomials of lesser degrees, we 
finally obtain a polynomial of degree n whose coefficients of the respective 
powers of x are precisely those of H(x), thus obtaining 


H(x) = A,P,(x) + Mik enishoe) +- eRe ey 4+o++- 
+ A,P,(x) + ApPo(x) 


EXAMPLE. We find that when the steps set forth in the foregoing demonstration 
are carried out with respect to the polynomial 


H(x) = 2x* — 6x* + 5x? + 10x — 4, 


we obtain 


H(x) = 3 oP A(x) — ZPA(x) + 5 = Px) +3 =P,(2) — Pal x) 


taking the Legendre polynomials P,(x), P3(x), P(x), P;(x), Po(x) from the list at 
the end of this chapter. 


Problem: |P,,(x)| 1 for-1 Sx S1 


III-12. Show that on the interval - 1 S x S 1 the absolute value of every 
Legendre polynomial does not exceed unity: 


—1sP,(x) $1, x! SI, nw (0, 1, 2,3,°°°. * 
(IIT-12.1) 


The property of the Legendre polynomials indicated by the inequality (II- 
12.1) is suggested by a glance at Fig. III-1, where the property is seen to hold for 
the first few Legendre polynomials. In this connection we remark also that, once 
(IH-12.1) is established, it will follow that max [P,(x), - 1 SxS 1), namely 
unity, is attained by every P,(x) at x = 1, since P,(l) = 1 for every n by the 
definition of the Legendre polynomials given in the introduction to Chapter III. 

The question is: How to proceed with the proof? One possibility for procedure 
that comes to mind is the following. Since we hope to prove that, for-1 SxS 
1, the values taken on by P,,(x) are never in excess of unity nor less than — 1, this 
thought taken in conjunction with the fact that P,,(x) is an even function when n 


is even suggests that we try taking x = cos 0 and find some convenient means of 
expressing P,,(x) in terms of cos @ in a way which will reveal the truth of (III- 
12.1). Such an expression does not seem easy to find. One way of surmounting 
the difficulty here is a way that is often fruitful: it is to have recourse to the 
complex variable, even though we are dealing with functions of a real variable. It 
turns out that we can take advantage of the Euler expression for cos 0, namely 


cos 9 = (e!9 + e)/2, wherei = V— I. 


In the expansion (III-1.7) we take x = cos 6 and h = z, where z denotes the 
complex variable and @ is real. We have 


(1 — 2z cos 8 + 2*)-/? = [1 — z(e? + e-) + 29)“ 
=< (1 __ ze*9)-1/2(] __ ze) -*/3, 


For. |z| < 1 each of the factors on the right may be expanded in a series: 


L*3 | Be ak 
id Ct . — oO 25210 z3e3t8 4 oe, 
oars L + 52 2-4 ° 72-46 
2 2°4 
1-3°5,5 310 4... 
345° ~C"=C 


For |z| < 1 the formal product of these two series gives a series expansion for (1 
— 2z cos 9 + z*) "*. It follows then by the expansion in Eq. (III-1.7) that the 
coefficient of z” therein is P,,(cos 8): 


L*3*5 ¢>*(8— I) 
| a CT nid —nid 
P,(cos @) wisi one + e-*) 


2n 


- = "ele + e-(n-2)i9) 


-f- 


1-3 2n(2n — 2) 


- Avie (n—4)i@ —(n—4)i@ oer 
5-4 Gn = Nin = 3) bli )+ 


a 
+ C(e>#? + a) | 


where the final term in the brackets is such that b = 0 when n is even, b = 1 when 
n is odd; and the coefficient C is as follows. 


1°3*5S***(n—1) (2n)(2n — 2)(2n — 4) +++ (n + 2) 


ame YE RT (2n — 1)(2n — 3)(2n — 5)***(n +1) 
neven, (III-12.2a) 

ca l3 5st @—2)_ (2n)(2n — 2)(2n — 4) +++ (n + 3) 
2+4°6+++(n — 1) (2n — 1)(2n — 3)(Qn — 5) ***(n +2) 


n odd. (III-12.2b) 


Since e!9 + e = 2 cos @, we find that 


P,(cos 6) = ee a | cos nO 


1 
ot. 


Ay, oe 700s (n _ 2) 


4. pfs Agnes — 2) 5 008 (x — 4) 


2+4(2n — 1)(2n — 3 


diese C cos v0 |, (IIT-12.3) 


where b and C are the same constants as in the previous paragraph. Every 
cosine in this last equation has a positive coefficient. It follows, therefore, that 
the maximum possible value for P,,(cos 8) can occur when and only when all the 
cosines are unity. For the range 0 S 9 Sn which we selected to correspond to 
the range - 1 S x S11, the maximum of P.(cos @) will occur at 8 = 0, which 
means that max [P,,(x), — 1 x S x S 1) occurs at x = 1. Since P.(1) = 1 for every 
Legendre polynomial, we have 


max[P,(x), —1lsSxsS1)=1, n= @1.2,3,°°°. 


The minimum possible value for P,,(cos @) can occur when and only when all 
the cosines in Eq. (III-12.3) are -1. When n is odd, every cosine in Eq. (3) 
equals — 1 at 9 = n Thus, we find that min[P,,(X), - 1 S x 3 1], n odd, occurs at 
x = — 1 and must equal — 1, because P,(— 1) = — P,,(1) by Eq. (II-0.7) when n is 


odd. Since — 1 is thus the minimum value possible that can be taken by any P,,(x) 
on the interval -1 Sx S11, appraisal (III-12.1) is established. 
REMARKS. 1. WHEN n is even, a study of the structure of the right side of Eq. 


(III-12.3) shows that not all the cosines therein can equal — 1 simultaneously. 
The minimum of P,,(x) for - 1 S x S 1 is therefore not -1 when n is even. The 


minimum value on - 1 S xB 1 for P.(x) and for P,(x), for example, are as 
follows. 


min{[P,(x) —lsxs1jJ=-— 1/2 at x = 0, 
min[P,(x) —1Sx S51) = —3/7 atx = +V3/7. 


2. An alternative way of writing Eq. (III-12.3) is 


2n)! 1: 
P,(cos 6) = Set 2 cos n@é + jas 2 cos (n — 2)6 


1°3°n(n — 1) 
A la EN SD — 49 Lovet Pf 
iie=- kaa ee | 
(IIT-12.4) 
where the terminating term F is the same as in (III-12.3). 
Problems: Recurrence Relations 
IlI-13. For the Legendre polynomials P,(x), n = 1, 2, 3, - - - establish the 
recurrence relation 
xP'(x) — Pi_(x) = nP,(x).  * (III-13.1) 


We follow the method of procedure used in Prob. III-2. The corresponding 
initial step in the present problem is to observe that 


OW a 
é h a a3; 
h (x ) 0, (III-13.2) 


which is readily seen to be so; for we have 


Ow x—h 


Oh —— (1 — 2xh + h?)3/2 _ axh re h2)3/2” (III-13.3) 


and 


ow h 
dx (1 — 2xh + h)5? 
It is then apparent that Eq. (II-13.2) follows from Eqs. (III-13.3) and (III-13.4). 


Differentiating the series on the right in Eq. (III-1.7) with respect to h and 
with respect to x, then putting the resulting series in Eq. (III-13.2), we obtain 


(IIT-13.4) 


hd P,(x)aht ee ee h)'> Pa(x)h" =0.  (III-13.5) 


n=0 n=O 


We observe that in Eq. (III-13.5) both summations may be taken starting with n 
= 1, since the term given by n = 0 vanishes in both summations. This is at once 
evident in the first summation and is so in the second summation because P,(x) 


= 1, which makes Po(x) = 0. Thus, Eq. (II-13.5) may be written 
>. [ nPa(x) ws Cree h) Pa(x) | hn=0, — (III-13.6) 
n=1 
valid for |h| 1, - 1 SxS1.An equivalent expression for Eq. (III-13.6)is 
= [ mP,(x) — xP/(x) + Pr,-s(3) | hn = 0. 
n=1 


It follows as in Prob. III-2 that the coefficients of the respective powers of h 
must all vanish for - 1 Sx S 1, thus yielding Eq. (III-13.1). Then by the same 
argument as in the last paragraph of Prob. III-2, we realize that Eq. (III-13.1) is 
valid for all values of x. 


III-14. Show that 


P(x) ~ x Ph—1(x) = nP, -1(x), ae 1, 2, 3, mrs 
(III-14.1) 


where P,(x) and P,,;(x) denote the Legendre polynomials of degree n and n — 1 
respectively. * 

Equation (II-14.1) can be made to follow from Eqs. (III-2.5) and (III-13.1) as 
follows. Differentiation of Eq. (III-2.5) yields 


mP»,(x) = (2m — 1)[xPi—1(x) + Pm-1(x)] — (m — 1) Pp—2(x)- 
(IIT-14.2) 


Equation (II-13.1) when written with m — 1 in place of n becomes 


Pi—o(X) = xPi,-1(x) — (m — 1) P(x). (III-14.3) 


Replacing Pm—2 in Eq. (III-14.2) by its equivalent as given by the right side of 
Eq. (IH-14.3) and collecting terms in the resulting equation, we get 


mP,,(x) = mxP,,—,(x) + m?P,,-1(x), m=2._ (IIlI-14.4) 


Dividing both sides of Eq. (II-14.4) by m and transposing the first term on the 
right side, we have 


Pix) — xPin—1(x) = MPy-1(x), m = 2. (IIT-14.5) 


Although Eq. (III-14.5) has thus been established for m = 2, we can surmise 
that, since the subscript m — 2 does not appear therein, Eq. (III-14.5) should also 
hold for m = 1. And this is seen at once to be so, for if we take m = 1 in Eq. (III- 
14.5) we have 


P;(x) — xPo(x) = 1+ Po(x), 


which is true because P,(x) = x and P(x) = 1. Thus, writing n for m in Eq. (III- 
14.5) and changing the qualification n = 2 ton= 1, we have Eq. (III-14.1). 


IfI-15. Show that the Legendre polynomials P,(x), n = 1, 2, 3, - - - satisfy the 
recurrence relation 


n(n + 1) 


(1 — x") P(x) = = +Y 


Py-3(x) — Paes) | * 
(I1I-15.1) 


Since the relationship to be established involves only one derivative P. n(X), 


we first eliminate the derivative Pn-1(*) from Eqs. (IlI-13.1) and (III-14.1). 
This is done by multiplying both sides of Eqs. (III-13.1) by (— x) and adding Eq. 
(III-14.1). Thus we obtain 


(1 — x2)Pi(x) =n [ Pn-1(x) - xP,(x) |, (III-15.2) 


Comparing this result with the equation (II-15.1) to be established, we see 
that we wish to retain P,,(x) but need to replace x P,, (x) by something 


involving P,,,,(x). This we can do by appropriate application of Eq. (II-2.5) as 
follows. In Eq. (III-2.5) we let m — 1 =n. Then Eq. (III-2.5) becomes 


l 


i al aT 


| + 1)Ppa(x) + 0P 0) | 


Upon substituting the right side of this last equation for xP,(x) in Eq. (III- 
15.2) and collecting terms we get Eq. (III-15.1). 


Problems: Orthogonality Property and Related Property 


IlI-16. From the fact that the Legendre polynomial P,(x) of degree n satisfies 
the equation (III-0.2) namely, 


d ’ 
S| a = x9PKca) | + mr + DPC) = 0, 
deduce the orthogonality property of the Legendre polynomials: 


[ P,.(x)P,.(x)dx = 0. m#~n. * (III-16.1) 
ay 


How do we make a start toward solving this problem? We get a clue from the 
problem itself, which is to demonstrate the vanishing of the integral of the 
product P,,(x)P,,(x). So, if we transpose the second term of Legendre’s equation 


to the other side of the equation, we will have P,,(x) there all by itself, except for 
a mere constant factor, waiting to be multiplied by P,,,(x) so that we can integrate 
the product P,,,(x)P,,(x). To be sure, we shall have to multiply the left side also by 
P.,(x) and then integrate. And this looks promising, because the left side will 


then lend itself to integration by parts. Accordingly, we multiply both sides of 
the equation by P,,,(x) and we have 


Pride] ( _ Peco | = — n(n + 1)Pp(x)P,(x). 


Integrating over the interval — 1 Sx Siand applying integration by parts on 
the left, we get 


| Pac - ») Pas) | 


z=1 


z=-1 


1 x | 
= | (1 — x2) P(x) Pi(x)dx = — nln +1) Pp(x) Pa(x)dx, 
= -1 
which reduces to 


{ (= 2°) P(x) PL(xddx = n(n + 1) | * P(x) P,(x)dx, 
=| = 
(II1-16.2) 


because the factor 1 — x* vanishes at x = 1 and at x = -1. 

What to do next? There is one thing in our last equation which suggests a 
possibility: the equation would be unchanged if m and n were interchanged. Let 
us make use of this fact and see what happens. We start all over again, writing 
the Legendre equation for P,,(x) instead of P,,(x): 


5 ( . Pals) | = — mm + 1)Pp(x). 


Then we multiply both sides by P,,(x) and integrate over the interval — 1 =x 
1. Applying integration by parts to the left side, we get 


| * (L — 2°) PA (x) Pi(x)dx = m(m + 1) | * papery 
- (I1I-16.3) 


The integral on the left in Eq. (III-16.3) is the same as the integral on the left 
in Eq. (III-16.2). And the right sides differ only in the coefficients of the 


integrals. Thus, we can eliminate the unwanted integrals on the left by 
subtracting Eq. (III-16.3) from Eq. (III-16.2): 


| nxn +1) —(@(n+ » | | ” pele iiuies20, 
-1 
(III-16.4) 


Upon examination of Eq. (III-16.4) we are confronted with three possibilities: 
the bracketed expression may equal zero, the integral may equal zero, or both 
may equal zero. If m # n the bracketed expression does not vanish, for we have 


m(m + 1) — n(n + 1) = (rm? — n*) + (m — 0) 
= (m — n\(m+n-+ 1). 


Neither factor on the right in this last equation vanishes when m # n because 
both m and n are nonnegative inasmuch as they are degrees of two Legendre 
polynomials. Thus, since the bracketed expression in Eq. (III-16.4) does not 
vanish, it follows that the integral must vanish: 


1 
| P_A{x)P,(x)dx = 0, m <n. 
—1 


REMARKS.Our demonstration gives no clue as to the value of the integral when 
m =n, for when m = n the bracketed expression in Eq. (III-16.4) does vanish and 
we learn nothing about the integral 


[ P,(x)P,(x)dx. 
—1 


But we do know two things about the integral of [P,,(x)]*:(1) it has a positive 
value, (2) its value is a function of the degree n of P,(x). So our next problem 
will be to find a formula for the integral of [P,,(x)]?. 

One immediate consequence of the orthogonality property is 


1 
i P,(x)dx =0, m<0. (III-16.5) 


—1 


This is readily seen to be true because 


{ " P(xdx = | " P,(x)[ Tax 
-1 si 


= | P,,(x) Po(x)dx 
= 


=p. m #0 by Eq. (III-16.1). 


For m = 0 we have 


1 1 
i} P(x)dx = [ ax = 2, 
an =a 


IlI-17. Develop a formula for the value of the integral 


1 2 
| | Pats dx 
—1 


where P,,(x) denotes an arbitrary Legendre polynomial. * 


Since the integrand is never negative and is not identically zero we see that the 
value of the integral must be positive for every n. Moreover, Fig. III-1 suggests 
that the relative maxima and minima of P,(x) decrease in size with increasing n. 
This makes us suspect that the value of the integral of [P,,(x)]? will decrease as n 
increases, perhaps toward the limit zero as n — oo, But these observations do not 
give much clue as to the actual value of the integral. We must search further if 
we are to deduce the desired formula for the actual value of the integral. 

Looking through the solution of Prob. II-16, we notice that it was integration 
by parts which played an important role in the solution there. Perhaps it can be 
turned to account in the present problem if we can somehow write the integrand 
[P,,(x)]? as a product which involves a derivative. This thought brings to mind 
Rodrigues’s formula for P,,(x) in Prob. III-10, which allows us to write 


[ ; | Pats) | a = if L wi D(x? — I fax 


mam . D(x? — 1)" + D™(x? — 1)"dx. 
(III-17.1) 


~ a; 1)2 


Now we can apply integration by parts to the integral on the right in Eq. (III- 
17.1). This integral, apart from its coefficient, thus equals 


EG —_ 1)" ° D*-1(x5 — yr | 


r=1 


z=—1 
— [ D"-(x? — 1)" + D®+(x? — 1)"dx. 
—1 


The integrated part in brackets in the last expression vanishes because the (n — 


1)" derivative of (x? — 1)" contains the factor x* — 1 and therefore vanishes at x = 
1 andx=- 1. 
Applying integration by parts to the remaining integral, we get 


= | Dect — 1)" + Dr-% x2 — | 


z=1 


z=—1 
+(— vf D*-*x a 1)" . DHE ae 1)"dx. 


Again the integrated part vanishes. Continuing thus n times, we get 


[ |? so) dx = S a 7; ma. (x? — 1)" + D(x? — 1)"dx. (III-17.2) 


Let us examine the second factor of the integrand on the right in Eq. (III- 
ia 


D?"(x? = 1)" = D*™*[x* + c,x-* + cox** + cee Coal 


where Cj, Co, °° *, Co, are constant coefficients. By the time we differentiate the 


bracketed polynomial 2n times, the 2n" derivative of every term will have 


become zero except that of the first term, whose 2n" derivative is (2n)!. Thus 
Eq. (II-17.2) becomes 


_ (Irn! f" : 
[ | Pato [as ae [ c=» dx. (III-17.3) 


But (— 1)"(x2 - 1)" = (1 — x)n. If now we place x° in the integrand we have 


; (2n)! [7 ; 
[ [20] dx = son? | (1 _—_ x?) dx. 


This last integral is a Beta integral, as in Prob. II-17 with a = 1, b = 0, c = 2, and 
d=n. Then we have 


ie — 202m)! TU2TO+) ay 
{ | Pa | dx = 22"(n!)2(2n rm rin 3 (1/2) (Il 17.4) 


For (2n)! we write 2nI'(2n) by Eqs. (I-10.1) and (I-4.1); and then from the 
Legendre duplication formula in Prob. 1-18 we have 


_ Pan + (1/2) 
Gn) = ~“s1-mF(/2) 


Substituting this value of ['(2n) in Eq. (III-17.4) we have 


1 2 2 
[ [20] dx = (III-17.5) 


REMARK. We may normalize the Legendre polynomials with respect to the 
interval - 1 Sx S 1 by taking 


2n +1 
L,(x) = ae. (x). (III-17.6) 
Thus, the polynomials L,(x), n = 0, 1, 2, - +: not only retain the orthogonal 


property (III-16.1) but are now such that 


[| sco [a =e J (III-17.7) 


for all n. 


Problems: Expansion of a Given Function in Legendre Polynomials 


III-18. If f(x) is bounded on the interval H: - 1 Sx S 1, is continuous on H 
except for a finite number of discontinuities, and such that for each subinterval 
of H on which f(x) is continuous the curve y = f(x) is rectifiable, then there exists 
(see, for example, Whittaker and Watson, Modern Analysis, Cambridge, 1927) a 
series of Legendre polynomials with constant coefficients 


AoPA(x) + AP(x) +0 ** + ApPa(x) +e (HII-18.1) 


(a) which converges everywhere on H, 
(b) converges to f(x) at each point of continuity of f(x) on H, 
(c) is such that the series after multiplication by an arbitrary P,(x) is termwise 


integrable on H to the integral of f(x)P,(x) on H. 
Show, then, that the coefficients in Eq. (III-18.1) are given by the formula 


7 =a fCoP(xdx, k =0,1,2,3, * 


(III-18.2) 


By part (c) of the given expansion we have 


[ fooPicoas = | 


AoPalx)P(x)dx + i * A,P\(x)Py(x)dx 
-1 


feed | " AgPQ)P(xdx +++. (IIT-18.3) 


a | 


By the orthogonality property established in Prob. III-16 every term on the right 
in Eq. (IH-18.3) vanishes except the integral 


* A,Py(x)Pu(xddx, 
ai 


which except for its constant factor A, equals 2/(2k + 1) by Prob. 111-17. 
Formula (III-18.2) follows at once by solving Eq. (III-18.3) for A,. 


REMARKS. 1. If f(x) is continuous and has continuous second derivative on H, 
then the series 


> AnP»(x)dx, An = a . i fCOP,(x)dx — (III-18.4) 
—1 
n=0 


converges to f(x) uniformly on H (see, for instance, Kaplan, Advanced Calculus, 
Addison-Wesley, 1952). 

2. By the theory of functions of a real variable a consequence of the 
hypothesis of the finiteness of the number of discontinuities of f(x) on H is that 
the discontinuities are all of the first kind (simple saltus). See, for example, 
Hobson, Functions of a Real Variable, Cambridge, 1926 

Eq. (III-18.1) converges at each point Xp of discontinuity to the average of the 
two functional limits as x > x9. This behavior of (III-18.1)is thus like that of a 
Fourier series expansion at a point of simple saltus discontinuity. 


3. When f(x) on - 1 S x S 1 is such that it possesses a series expansion in 
terms of normalized Legendre polynomials defined in Eq. (III-17.6), namely 


fx) = > Baba) (III-18.5) 


n=0 


satisfying conditions (a), (b) and (c) of Prob. III-18, the coefficients B, are given 
by 


l 
— { fOOL,(x)dx,  n=0,1,2,::*.  (III-18.6) 
-1 


III-19. Let f(x) be so defined on the interval H: - 1 S x S 1 so that its 
expansion thereon in series of normalized Legendre polynomials 


fix) => BaLa(), (III-19.1) 


n=0 


where L,(x) is defined by Eq. (III-17.6), converges uniformly on H. Show that 
the coefficients Bp, B,, B5,° - - are such that 


1 2 ail 
ax = B,. * II-19.2 
[fo] " >. (I11-19.2) 


It is immediately apparent what we have to do to establish Eq. (III-19.2): 
multiply both sides of Eq. (III-19.1) by f(x) and integrate over H. We get 


[. E oo [as *) E if fle) Las) | (III-19.3) 
n=0 


Termwise integration is valid here because of the assumed uniform convergence 
in Eq. (III-19.1). For every n the value of the n" integral on the right in Eq. (III- 
19.3) is B, by Eq. (III-18.6). Thus, Eq. (IM-19.3) reduces at once to Eq. (III- 
19.2}. 


Problem: Evaluation of Integrals Involving Legendre Polynomials 


1 
x™P_(x)dx 
III-20. Evaluate J-1 where P,(x) denotes the Legendre 


polynomial of degree n and m is a positive integer or zero. * 


It would seem that, in order to evaluate this integral, we should take advantage 
of some distinguishing characteristic feature of the Legendre polynomials. 
Moreover, the fact that the integrand is a product leads us to think of the 
possibility of applying integration by parts. And in this connection it looks as if 
Rodrigues’s formula for P,,(x) established in Prob. III-10 might be just the thing 


to use, since it expresses P,(x) as a derivative. True, the derivative is of order n. 


But successive integration by parts will lower the order of the derivative so that 
we may be able to reach a final integral yielding the value we are seeking. Let us 
proceed and see how it comes out. 

Using Rodrigues’s formula for P,,(x) we have 


| x™P,(x)dx = = , [ x* D* G _ ip [a 
a 2"n! = 


where D” is operator notation for d"/dx". 
Integrating by parts, we take 


=X", du = mx*"dx, 


al, vie yas, v= soo [or— or] 


We take note of the handling of the operator notation D". Upon integ-ating the 
order of the derivative becomes lower; thus we write D”!. If we were to 
differentiate, the order of the derivative would become higher and we would 


write D"*!. We have now 
l z=] 
x™ Dn-1(x2 _ J) 
"ns z=-—1 


— m{ tp (et — 1 fas| . 


The first expression on the right of the last equation vanishes because the 
function (x* — 1)" has the property that any derivative thereof of order less than n 
contains x* — 1 as a factor. This is seen by observing that the first derivative 
D[(x? - 1)"] contains the factor (x? - 1)n-1, whence the second derivative D?[(x? 
— 1)n] contains the factor (x? - 1)""*. In general for m <n we see thus that the 
m'® derivative D™[(x* — 1)"] contains the factor (x? - 1)". 

Applying integration by parts to the remaining integral and then repeating the 
process, we see that, by the observation made in the preceding paragraph, the 
integrated part will vanish each time the process is applied as long as the order 
of the derivative of (x? — 1)” in the integrated part is less than n. This observation 
leads us to distinguish two cases as follows: 


| x™P,(x)dx = 
-1 


(a) m <n. Applying integration by parts m times, we get 


a P,(x)dx = (— 1)"m! i Dpe-™ G _ »| dx 


2"n! 
iin My! z=1 
= ( a | Doi re "| 
n z=-—1 


= 0, m <n, (I1T-20.1) 


because D™1[(x* — 1) is either (x? — 1)" itself (in case m =n — 1), or is a 
derivative of (x* — 1)" of order less than n (in case m <n — 1) and so contains x? 
— 1 asa factor. 

(b) m = n. In this case we apply integration by parts n times, obtaining 


1 1 
| x"P,_ALx)ax = Con | x™—"(x? — 1)"dx 
1 ~—1 


where 


co. — & Wn — 1)(m — 2) +++ (m — [n— 1) 
_ 2*n! 


Let us multiply numerator and denominator of the coefficient before the 
integral on the right by (m — n)!. In case m = n we take O! to be unity as 
remarked in Prob. 1-10. Let us also put the factor (— 1)” into the integrand. Thus 
we get 


m! 


1 
ees Aa = ve — Bl 


1 
| x™—"(1 — x?)"dx, mean. 
-1 


Inspection of the integrand in the integral on the right tells us that when m — n 
is odd (that is, when m is even and n odd or when m is odd and n even) the 
integrand is a polynomial Q(x) consisting entirely of odd powers of x. Thus, 
Q(-x) = -Q(x); and it follows that the integral Q(x) from x = - 1 tox = 1 
vanishes. Accordingly, we have 


1 
| x™P_{x)dx = G, m>n, m—nodd. __ (III-20.2) 
-1 


But if m — n is even (that is, when m and n are both odd or both even), then the 
integrand is a polynomial consisting entirely of even powers of x, so that the 
integral from x = — 1 to x = 1 is equal to twice the integral of the same integrand 
from x = 0 tox = 1: 


1 
I x™"P,(x)dx 
=i 


m! 


1 
= ——____—___—_? a-a(] — x")"ax, =n, —n even, 
nlm — ny! ie ( x ax m=2n, m—n 


The integral on the right can now be evaluated by Eq. (II-17.1), taking a = 1, b 
=m-n,c=2,d=n. We obtain 


x™P,(x)dx 
1 


ip moet) 
e (*=3 


m+tn+ ) 
2 
man, m—neven. (III-20.3) 


2"-"(m — n)'\(m + n + mi 


It is interesting to note that when m = n, this formula reduces by successive 
applications of Eq. (I-4.1) to a simpler expression as follows. 


| : MP [dx 
n! r(;) 


_ n!2" 

— 2-1(2n + 1)(2n — 1)(2n — 3) ++ + (3)(1) 

_ n'2"2"m! 

2-12 + 1)(2n)(2n — 1)(2n — 2)(2n — 3) + * + (4)(3)(2)(1) 
_ 2"+1(n!)? : 

= Qn +I)I +1 (IIT-20.4) 


Recapitulating, we have 


0, m>n, m—nodd 


1 Ty pce +1 
| x™P,(x)dx = 4 ~ 2 
-1 


2"-1(m — n)\(m +n + 0 


m=n, m— neven. 


(III-20.5) 


Problem: Character and Location of Zeros of P,,(x) 


IfI-21. Prove that the zeros of each Legendre polynomial P,(x) of positive 
degree are (a) all real, (b) distinct, (c) all between x = —-1 and x = 1. * 


We recall that a zero of a function f(x) is a value of x where f(x) = 0. We note 
that the phrase “of positive degree” was put in the statement of this problem 
because the Legendre polynomial of degree 0, namely, P,(x) = 1, does not have 
any zeros. 

First of all, let us see how one might be led to surmise the properties (a), (b), 
(c) which we are to establish. This surmise is a natural one to make upon 
observing the entries in the last column of this table: 


n Equation P,(x)=0 Solutions 
1 x= 0 x = 0 

2 ox _ ; = 0 x= +V1/3 
3 ox? — 5x =0 x= 0, + V3/5 


The table shows that properties (a), (b), and (c) hold for n = 1, 2, 3, 4. 

To surmise properties (a), (b), and (c) is one thing; to establish them is 
another. How to proceed? Perhaps we can show that the properties (a), (b), (c) 
follow as a consequence of properties already established in earlier problems. 


Or, to put it the other way around, perhaps we can show that assumption of the 
falsity of properties (a), (b), (c) will lead to an absurd conclusion, namely, the 
contradiction of results already established. Let us make an initial attempt with 


property (b). 

If we suppose that P,(x) has a multiple zero x9, then both P,(x 9) = 0 and 
Pa(Xo) = 9. Can P(x) and its derivative P(X) both vanish at the same Xo? If 
that could happen, then by Eq. (III-15.2) P,—1(x) would vanish there. Then, by 
Prob. IH-2, P,»(x) would also vanish there. And by continuation of the same 
argument, we could eventually conclude that P,(x9) = 0, contrary to the fact that 
P,(x) = 1, as found in Prob. III-4. The (false) premise that P,,(x) has a multiple 


zero is to be rejected. Hence, property (b) must be true. 
Let us try this same procedure of indirect logic with properties (a) and (c). Let 
us assume that the zeros of P,(x) lying between x = — 1 and x = 1 are less in 


number than n. If this assumption leads to an absurd conclusion, namely, the 
contradiction of a property already established, then we reject that assumption. 
First we ask ourselves what property shown in earlier problems might be related 
to the nature and number of zeros of P,,(x). Perhaps the integral property of Eq. 


(III-20.5), whereby 
+1 
[/ Px@Q,@)de = 0 
—1 


when Q, (x) is any polynomial of degree h < n, will be of help. 


Assuming that the zeros of P,, (x) which lie between x = — 1 and x = 1 are rj, 
ry, °° +, f, where 1 Sh <n, we can formulate a polynomial Q, (x) of degree h 
having its zeros at rj, r>, °°, r), like this: 


Qx(x) = (x — r(x — ra) °° * & — Fh). 


We see that Q;) > 0, because each linear factor in Q, (x) is positive when x = 1. 
Moreover, P,(1) > O because P,, (1) = 1 by the definition of Legendre 
polynomials given in the introduction to Chapter III. It follows, then, that Q, (x) 
and P,,(x) always have the same sign on the interval — 1 S x S11, because as x 
varies from + 1 to — 1, Q,(x) and P,,(x) both start out with a positive value and 
both cross the x-axis always at the same x. Thus the product P,,(x)Q,(x) is never 
negative and is positive at every x on the interval - 1 Sx S 1 except at the h 


points where both vanish. Consequently, we have 


{ * Pa(x)On(x)dx > 0, 


in contradiction to the property established in Eq. (III-20.5). 
We conclude that P,(x) must have at least n zeros between x = 1 and x = —1. 


Since P(x) cannot have more than n zeros, it follows that all the zeros of P,,(x) 


must be real and must lie on the open interval — 1 <x < 1. 
It will be observed that we assumed P,,(x) to have at least one zero between x 


= 1 and x = -1. This assumption is valid for every n =1 by virtue of Eq. (III- 
16.5) because the integral of P,(x) over the interval — 1 S x S 1 would not 
vanish if P,,(x) were of constant sign on the interval. 


Problem: Evaluation of Derivatives 


I-22. Letting P,, denote the Legendre polynomial P,, (x) of degree n, show 


that 
dP, 
ee re epee | te 
+ (2n — 5)Py-3 + (2n —1)P,-,  nodd; (III-22.1) 
and that 
dP. 


Fe BP + TPs + UP + +++ + Qn — 5)Pr-s 
+(2n—1)P,-;, mneven, n#0. * 
(I11-22.2) 


Since the derivative dP,,/dx is a polynomial of degree n — 1, we know by Prob. 
III-11 that dP,,/dx can be expressed as a finite sum of the form Ag + A,;P, + A>P> 
+++++A,4P,_, where the coefficients Ap, Aj, --:, A,-,P,-1 are constants. But 
the demonstration there of the existence of such an expansion Ay + A,;P,; +++: + 
A,-1P,—1, although usable in any given case under the assumption that the 
polynomials Po, P,, Po, ***, P,-; are all at hand, does not appear to be feasible 


for determining the actual coefficients in a general formula of the kind to be 
established in the present problem. However, we do have in Prob. III-18 a 
general formula for determination of the A; in the expansion of a given function 


(of properly restricted type). If we attempt to find the A, for the present problem 
via Prob. III-18 we should expect to find (by Prob. 111-20) that all A, having 


subscript greater than n — 1 vanish; also we should expect to be able to 
determine the value for each A; having subscript less than or equal to n — 1. Let 


us proceed and see if this turns out to be so. 
By Prob. III-18 we have 


dP, ~ 2k +1) dP 
fe NAP Ae AT Soy 
a > AP id ee 


(III-22.3) 


In the integral formula for A; in Eq. (II-22.3) we may replace dP,,/dx by the 
known-to-exist (by Prob. III-11) linear combination 


CyPo a OF + CLP a BOR -}- & aT —1> (III-22.4) 


where the coefficients Cp, C,, - - +, C, are constants. Then the integral for A, 
becomes a finite sum of integrals: 


1 
+ fe C.P.P,.dx “+ inte a fe Coal as} (III-22.5) 
—1 —1 


(a) For k = n, each of the integrals in Eq. (III-22.5) vanishes by Prob. III-16, 
making A, = 0. When k <n we return to Eq. (III-22.3) and distinguish two 


categories: 
(b) k < n,n +k even. When n + k is even, then n and k are both odd or both 
even. In either event we see by Eq. (III-0.7) that the integrand (dP,,/dx)P;, will be 


the product of two polynomials, one of which is made up of odd powers of x 
while the other one comprises only even powers. The resulting polynomial Q(x), 
therefore, consists only of odd powers of x. This makes Q(—x) = — Q(x), so that 
the integral Q(x) from x = — 1 to x = 1 is zero: 


Pup,ds =z (), k<n, n+k even, 


—] 


making A; = 0. 
(c) k<n,n+k odd. Now n and k are such that one is even while the other is 
odd. This makes the product (dP,,/dx)P; a product of two polynomials such that 


both consist only of odd powers or both consist only of even powers of x. In 
either event their product is a polynomial H(x) consisting only of even powers of 
x, so that H(—x) = H(x), and the only conclusion we can draw at the moment is 


that 
{5 dP “Pd wilh iy dP ap dx. 
dx 


This is true but not revealing. There is, however, one clue as to possible fruitful 
procedure in the very nature of our integrand, which suggests trying the (often 
useful) technique of integration by parts. We get 


A Sa py _ a pax 
[_ PeGitde = PuPQ() P,(—1)P,(—1) [P. Fede, 


Since n and k are such that one is even while the other is odd, we see by Eq. 
(IH-0.7) that P,(- 1)P,(-1) = -1. Moreover, we have P,(1)P,(1) = (1)(1) = 1. 
Accordingly, we are left with 


[ Paqtde =2— | PGs 


It looks like we are not getting anywhere. But a careful look at the right side of 
this last equation restores our hope, because, since the subscripts n and k have 
become interchanged and since we are dealing with the case k < n, then by the 
argument used in case (a) we have 


aP,, 
-dx = 0. 
l Pa 


Thus, we find that 


1 
[ pee 2 SH, HARV, 
a | dx 


making A, = 2k + 1 for such k. 
Recapitulating, we have 


0, ae, 
A, = (0, k<n, k+n even, (III-22.6) 
2k + 1, k<n, k+n odd. 


When these values for the coefficients are placed in Eq. (IH-22.3) we have at 
once the required formulas Eqs. (III[-22.1) and (III-22.2) as given in the 
statement of the problem. 

As an example we will expand dP-(x)/dx in a series of Legendre polynomials. 


The respective coefficients turn out to be as follows. 


Ao: here k = 0 and n= 7. 0 + 7 is odd and k is less than n. Thus, by Eq. (6) the coefficient is 2k + 1 or 1. 
Aj: k=1,n=7,n+ kis even. Hence Az = 0 by Eq. (III-22.6). 

Aj: k= 2,n=7.n+ kis odd. Ag is then 2k + 1 or 5. 

A3, As, A7 are zero by the same reasoning as was used for Aq. 

Ag and Ag¢ are found to be 9 and 13. 

Ag: here k = 8. Since k > n, we see by Eq. (III-22.6) that Ag = 0. 


Then we have 
ie AgP (x) + AzPo(x) + AgPa(x) + ApPo(x) 
Similarly, dPg(x)/dx is expanded as follows. 


Ago: here k = 0 and n= 8. The sum of k and n is even. Therefore, Ag = 0. 
Ay: k+n=1+ 8, which is odd. Ay = 2(1) + 1=3. 


All even subscripts yield coefficients equal to zero. Then we have 
dP, 


Fe = 3Pulx) + Tale) + 1LP(x) + 15P,(2). 


Problems: Recurrence Relations 


III-23. Show that the Legendre polynomials P,(x) P»(x), P3(x), « : « satisfy the 
relation 
dP. ntl dP. n-1 
dx dx 
We notice that the polynomials whose derivatives are on the left side of Eq. 
(III-23.1) differ by 2 in degree. Now the polynomials occurring on the right in 


Eqs. (IH-22.1) and (III-22.2) advance in degree by 2. So we can solve the present 
problem via Prob. III-22 as follows. We write Eq. (III-22.1) both for dP,,,/dx and 


dP,,—>/dx, where m is any odd integer = 3: 


= (2n + 1)P,. ' (IIf-23.1) 


“ = Py t+ SPy + 9Pyt +++ + (2m — 5)Pmg + (2m — 1)Pm-t, 
(III-23.2) 
AP 2 
qe Pot SPa +++ + (2m — 9)Pm—s + (2m — 5) Pray 
(III-23.2a) 
and subtract, obtaining 

ee es Os HPs, (III-23.3) 

dx dx 


This same procedure applied to Eq. (III-22.2) shows that Eq. (III-23.3) of the 
present problem as obtained for m odd and = 3 also holds when m is any even 
integer = 2. Since Eq. (III-23.3) is thus true for every integer m = 2, we may 
take n = m — 1 and write Eq. (III-23.3) in the form 

dP. ntl aP. n—1 


dx dx 


as required in the statement of our problem. 


= (2n + 1)P,, fom 1.2: 3, 85 ; 


I-24. If P(x), P,(x), Pnrii(x)be any three successive Legendre 
polynomials, show that 


[ Patera = 


t “Ty k a—1(t) — Pres®) | x 


(III-24.1) 
Since (III-24.1) involves three successive Legendre polynomials, we should 
be able to obtain it from the relation established in Prob. III-23. Since Eq. (IH- 


23.1) is true for all values of x, the integrals of its right and left sides over any 
chosen interval will be equal. Thus, we get 


(an +1) [ "Pix = = | Poss = Pri) | dx, 


[ Pr(id = 5 | | Pent 7 Prat) | - | Pasa - Pri) | 


= iP - Pasi(d |; 


because P,,,,(1) = P n-1(1) = 1 by the definition of Legendre polynomials as 
given in the introduction to Chapter III. 


Problem: Evaluation of P2,,(0) 


I-25. Evaluate P2,,(0) and Pont i(0). also show that 


Pon+1(0) _— (2n > i 1) Pan(0). = 


To evaluate P2,,(0) we have only to determine the constant term of P2,(x). We 
can use the summation formula for P,(x) given in Eq. (III-0.8) and write it for 
P2,,(x): 


n 
— 1)*(4n — 2k)!x2"-2* 
Pots) = y= Dian = 2a) 
2°*k1(2n — k)'(2n — 2k)! 
k=0 
The constant term is immediately seen to be the final term of the summation 
where k = n. Thus, we have 


(n= Bt _ (at 
Pon(0) = 2?"'(2n — n)!(2n — 2n)!  —-22"(n!)? 


(I11-25.1) 


It will be observed that we have taken 0! to be unity. This convention is implied 
in Eq. (III-0.8). 
For every Legendre polynomial of odd degree we have P>,,,;(0) = 0 because a 


Legendre polynomial of odd degree is comprised entirely of odd powers of x. 
But the derivative of P.,,,,(x) at x = 0 does not equal zero, since the derivative 


will contain a constant. We can compute the value of this derivative by 
differentiating Eq. (III-0.8) written for P5,,.,(x) and evaluating the result at x = 0. 


By Eq. (III-0.8) we have 


n 


Pats) = (= DAN + 2 = teem 
anti\*) = 2+1k1(2n + 1 — k)(2n+1— Tay 
k=0 
whence 


n 


pr (x) = SDMA + 2 = 24)! + 1 — 2k 
anti\X => 22"+1k 1(2n + ieee k)\(2n sis — 2k)! 
k=0 


‘ 
The value for P2n+1(9) is the constant term of this last summation, namely, 
the term for which k = n: 


(— 1)*(2n + 2)! 


Th (I11-25.2) 


e on+1(0) wars 
Penii(O 
A comparison of this formula for an+1(9) with the formula for P5,(0) 
suggests a possibility of a relationship between the two. Let us see if we can 
‘ 
show such a relationship. Starting with the formula for Ponti(0) we have 


(— 1)*(2n + 2)(2n + 1)(2n)! 
27*+1n!1(n + 1)n! 


— 1)"(2n)! 
= (21 + Dy‘ ee ] 


= (2n + 1)Pz,(0). 


Problem: Evaluation of Integrals Involving Legendre Polynomials 


1 
P,,,(x)dx 
III-26. eet m( ) 


of degree m, m = 0. * 


F. a 1(0) = 


where P,,(x) denotes the Legendre polynomial 


Since no particular Legendre polynomial is specified, our problem is to obtain 
a formula for the value of the integral in terms of m. Recalling that P,,,(x) is made 
up only of even powers of x when m is even and only of odd powers when m is 
odd (see Eq. (III-0.7)), we become aware that our problem divides itself 
naturally into two cases. 

(a) m even. By Eq. (III-0.7) we have P,,,(— x) = P,,,(x), so that 


1 17) 
P,A(x)dx = = { Prn(x)dx. (III-26.1) 
0 2J—1 


But the integral on the right in Eq. (III-26.1) equals zero by Eq. (III-16.5). 
Consequently, we have 


1 
[ P,({xjdx = 0, meven, m<#0. (ITI-26.2) 
0 


(b) m odd. It appears likely in this case that we can evaluate ourintegral by 
taking t = O in Eq. (III-24.1), which we may do because that equation is an 
identity in t. We get 


A ] 
[ P,,(x)dx = 
0 


al | PaO = PO) | m odd. 
(I1I-26.3) 


But when m is odd, then m — 1 and m + 1 are both even; and we may apply Prob. 
I[I-25, taking first n = m — 1 and then n= m + 1. Thus, Eq. (III-26.3) becomes 


( _ 1)@™-1)/2(m —_ 1)! 
lbblereeg lis + | TCSP anal ( m — ayy 


Re ee 8 tbe | 1) ("+1)/2(m + 1)! 


= m+ pann(@ Nm] 


2 
Finally, then 


(ag — — DOA — 1 


1 1 
[ P,(x)dx = [ ldx = 1. 
REMARK. v0 0 


Problem: Evaluation of Derivatives 


Golam ul 


(— Ye YP(m — 1)!2m + 1)(m + 1) 


Kr)! 


m odd. 


(III-26.4) 


III-27. Determine the value of P, (1) where P,(x) denotes the Legendre 


polynomial of degree n and where P,,(1) denotes, as usual, the value at x = 1 of 


the r'" derivative D'[P,,(x)]. * 


If r > n the problem is trivial. Since P,(x) is a polynomial of degree n, all its 


derivatives of order greater than n vanish identically. 


When r & n the problem is not trivial and we need to use some property of 
the Legendre polynomials by which we can obtain a formula for the r®™ 
derivative of an arbitrary P,,(x). One possibility that comes to mind is to try and 


exploit the characteristic expansion established in Prob. 


III-1, namely, 


(1 — 2xh + h2)-1/? = 


n 


P,(x)h". (III-27.1) 
0 


n8) 


If we may differentiate this expansion termwise r times with respect to x and 
find the resulting expansion valid at x = 1, then we should be able to determine 
P,(1) by equating coefficients of like powers of h in the two sides of the 
resulting expansion. Let us proceed in this manner and see if we can validate 
termwise differentiation of the expansion. 

Let us first see what we get for the r derivative with respect to x of the 
function on the left of Eq. (III-27.1). Holding h constant, we get the following 
for the first few derivatives. 


DJQi — 2xh + h?)] = Al — 2xh + hh’), 
D2((l — 2xh + h?)-)/7] = 1 + 3h°1 — 2xh + hh?) *, 
D,*((1 — 2xh + h*)7] = 1°3 > SAR — 2xh + h*)-*/, 
It is now apparent that for the r” derivative we will have 
Dz [(1 — 2xh + h*)-17] 
= 1°3+5+++(2r— I)hR(1 — 2xh + W2)-erDeA 


_ 2Tr) 


a lt cal) 2)—(2r+41) /2 By i 
re Ar(l — 2xh + h?) | (III-27.2) 


by Prob. 1-17. 


Let us assume for the moment that the maximum value taken by P,,’(x) on the 
interval — 1 Sx S11 is taken at x = 1. Then, if the series 


Py(1) + Py OL) + Py (1h? + 2+ 
converges for a value of h, the series 


Py (x) + Py (xh + Po '(x)h® + + 


will converge uniformly for — 1 S x S 1 with that value for h. It will then 
follow that we may differentiate Eq. (II-27.1) r times with respect to x and set x 
= 1 in the result, applying Eq. (II-27.2) with x = 1: 


21- Tr) h)-2"-1 — PLA" h| <1 
Foy OM — At = > PMC, Al <I. 


n=(@ 


(III-27.3) 


We may now expand the function on the left in powers of h valid for |h| < 1 
via the Maclaurin series for (1 — h)2""!. This is easily done for it is readily seen 
that the n" derivative of f(h) = (1 - hy 2"! is 


LOA) = (2r + Ir + 2) °° ° (2r + nl — fh), 
so that we have 


FOO) _ Or + I2r + 2)++ +r +n) 


n! n! 
_ (123) + + + (2r)(2r + Dr + 2) +++ (2r +n) 
(2r)!n! 
_ (2r +n)! 
~ (2r)in! 


Accordingly, Eq. (II-27.3) becomes 


i. ¢) 


2)-"T'(2r) \\(2r + ny! on —— 
a — >? an, Al <1. 


n=0 


(III-27.4) 


In Eq. (III-27.4) we change the index of the right-hand side from n to n + r. 
Since the two power series in h are equal in value for every h on the common 
interval — 1 < h < 1, the coefficients of like powers of h must be equal: 


2!—"T(2r)(2r + n)! 
(2r)'T(r)nt 


Letting n + r = m, we can rewrite our last equation as 


Pate "(1). 


2)-T(2r)(m + r)! 


FeO = THAN — 


r<m.__ (IIl-27.5) 


Eq. (III-27.5) together with the fact that P,,“(1) = 0 when r > m is the solution 


of our problem. An inspection of Eq. (III-27.5), however, indicates that we can 
give our solution an alternative formulation by use of the Legendre duplication 
formula from Prob. I-18. Applying it together with Eqs. (I-4.3) and (I-10.1) and 
(I-11.1) we get, with m replaced by n, 


Tin+r+1) 
(r)  —— Tet ) ° ml . 
P, (1) Writ —r dt D rain (III-27.6) 


In particular, when r = n, we get 


2n)! 
(n) a= (2n)! - 
This checks with the value for P,(1) obtained by observing P,,)(x) that is a 


constant, namely, the constant obtained by taking the n™ derivative of 
Rodrigues’s formula in Prob. III-10: 


P,,)(x) = D* tal Berea = | 


. oi p»| - | - = 


(III-27.7) 


We assumed that the maximum value taken by P,,"(x) on the interval - 1 Sx 
S 1 is taken at x = 1. This assumption can be validated by appropriate 
modification of the arguments employed in Prob. III-12 to show that the 
maximum of P,,(x) on the interval — 1 S x 3 1 is taken at x = 1. 


Problems: Evaluation of Integrals Involving Legendre Polynomials 


i P,(y?)dy 


IlI-28. Evaluate , where p is a constant and positive, and P,(y) 


denotes the Legendre polynomial of degree n. * 


We first let y? = x, Then we have dy = (1/p)x“!/P)-! dx. Letting I denote the 
integral to be evaluated and taking s = 1/p, we have 


1 1 
[ P,(y”)dy =I = [ sx*1P,(x)dx. (III-28.1) 
0 0 


We observe that the new integral for J in Eq. (III-28.1) will be improper in case p 
> 1 and n is even. But the improper integral is convergent, because every power 
of x in the integrand is greater than - 1. In all other cases the transformed 
integral is proper. 

The transformed integral suggests integration by parts: fudv = uv — {vdu. The 
question is: How shall we pick the parts? Shall we, as in previous problems, 
replace P,(x) by Rodrigues’s formula and then take dv = P,,(x)dx? Or, shall we 
take dv = sxS ‘dx? Both look promising at first glance. But let us look ahead. If 
we take u = sx! and dv = P,,(x)dx and continue in this vein, the exponent on x 
will decrease with each successive application of integration by parts. When s is 
an integer, this procedure would lead us to an integral without a factor of the 


form x7 and this might be amenable to evaluation. But when s is not an integer, 
such a termination would not occur. 


If, on the other hand, we take dv = sx* ‘dx with u = P,,(x), the exponent on x 
would increase with each successive application of integration by parts. This 
looks unfavorable. But the order of derivative of P,(x) = (1/2"n!)D"[(x? - 1)"] 


would increase, so that after n successive applications of integration by parts we 
would have then an integrand of the form 


(a constant)x*D*"[(x? — 1)"] = (a constant)x?, 


because D?"[(x? — 1)"] is a constant, namely (2n)!. An integral with such an 
integrand is elementary and readily evaluated. So, we take u = P(x) = 


(1/2"n!)D"[(x? - 1)"] with dv = sx*-!dx and get 


I =| Past | ” [ ce peo! (x = 1 Ja. 
(1I1-28.2) 


The integrated part equals unity because P,,(1) = 1 for every n by the definition 


of Legendre polynomials in the introduction to Chapter III. 
We apply integration by parts to the remaining integral, taking 


u = (1/2"n!)D"*[(x? — 1)"] = P(x) with dv = x‘ds. Then we have 


xitl z=] 1 xetl ‘ 
=] — f —i1yYid 
ae Eo + i, + b stl sai? ml 2 ] * 
(III-28.3) 


Continuing in this manner, we obtain, after n steps of the procedure, the 
following: 


P,(1) 


pay — PA), Pa(l) 
s+1 


(s+ 1)s+2) 
(— 1)" 'P, "-(1) 


+ GFD64+2°°°@+n—1 


it~ iP 
TGtle+2°-G@dn—l) 


[mpm [ ce — or] ax 
(II1-28.4) 


The integral remaining is now easily evaluated, for D?"[(x* — 1)"] = (2n)!. Thus, 
except for this constant factor the value of the integral remaining is 1/(s + n). 

Our integral I is now evaluated. It seems, however, that we should be able to 
formulate our result directly in terms of n and s. And this we can do by applying 
Egs. (Il-27.6) and (III-27.7), namely 


Tin +k +1) (2n)! 
oe Ba (n) 
MiG—ks ye oa 


to evaluate the derivatives of P,(x) at x = 1. Thus we get 


P,(*X(1) = 


rit); (— Tm +k +1) | 
2*k[T(n — k + Is + 1s + 2)°** (6+ 4k) 
k=1 
(I11-28.5) 


It seems, further, that there should be some way of incorporating the lone term 
unity within the summation. This we can do. At the same time we can put our 
result in more compact and more elegant form by replacing unity with I'(s + 1)/ 
I'(s + 1) and at the same time multiplying each term in the summation by ['(s + 
1)/T(s + 1). This allows us, by Eq. (I-4.1), to replace [['(s + 1)](s + 1)(s + 2)---: 
(s + k) with '(s + k + 1). Finally, then, we have, replacing s with 1/p, 


1 


" (-IT +k + DP € ‘ ) 


I= | P,(y)dy = > —_-—_—_—__4— 
— kk IT(n — k + nie ae ech ) 


0 


» p>d. 


(III-28.6) 


REMARKS. 1. If we recall that formula (III-28.6) was obtained by starting with 


the change of variable y? = x, we see that we can formulate a corollary result as 
follows. We have, as in Eq. (II-28.1) 


1 1 
[ P,(y”)dy =| Sx Pads, p> 0. 
0 0 


If, now, we let g = (1/p) — 1, we have 


[ =Pscoax 
0 
7 (— 1'Tin + k +1) _ 
—rat »»> PET n—k+Dl@+k+a 7° 1 
k=0 


(III-28.7) 


Notice that the exponent on x need not be an integer. Compare with Eq. (III- 
20.5) where the exponent on x is required to be an integer. 
2. The particular cases of (III-28.7) in which q = — 1/2 and q = 1/2 yield quite 


simple results. For, if we compute these two cases for the first several values of 
n, either by (III-28.7) or by actual integration (making use of Table III-1), we get 
the results exhibited in the following table. 


[ : x1/2P(x)dx 


The results here tabulated lead us to surmise the following: 


— 1\"/2 
ie woven (III-28,8a) 
i xP, (x)dx = 
0 2(— 1)*-)? 
os ce n odd; (III-28.8b) 
2(— 1)+2)/2 
—_—_-__“_______, neven  (III-28.9a) 
1 2n — 1\(2n + 3 
{ XIP,(x)dx = ( )(2n + 3) 
0 2(— 1)+8)2 


Qn — 1\Qn 43)’ nodd.  (III-28.9b) 


The surmises expressed in (II-28.8a), (I[I-28.8b), (III-28.9a), (III-28.9b) are 
correct, as we will now demonstrate. We carry out the details of proof only for 
(III[-28.8a). The other three are demonstrated in the same manner with minor 
modifications. 


Let us assume that all four formulas hold for two Legendre polynomials 
P,,_>(x) and P,,_;(x). Then, by the recursion formula (II-2.5), namely 


nP,(x) = (2n — 1)xPy-3(x) — (n — 1)Pp-2(x), n = 2, (III-28.10) 
we will show that (III-28.8a) holds also for P(x). By (III-28.10) we have 


1 1 1 
[ x1/2P,(x)dx = “| — 1) [ PrP (oes 
0 n 0 


—(n—1) i PP, aadds | (II-28.11) 


Applying the assumed formulas (III-28.9b) and (II-28.8a) respectively to the 
first and second integrals on the right in (III-28.11), we get, remembering that n 
and n — 2 are even while n — 1 is odd, 


1 
[ xP (xjdx 


0 
=| ae ae (n — 1(— 1-2 
~ nt (Qin — 1] — IQ — 1] + 3) Ca | 


a On ere =) (2 a 8) 


~ nl (2n— 3)(2n + 1) a3 


— 2(— 1)°2(2n? — 3n) 
~ n(2n — 3)(2n + 1) 


A= 1A 
2n+ 1 
Thus, when (III-28.8a), (III-28.8b), (II-28.9a), (III-28.9b) all hold for n - 2 
and n — 1, then (III-28.8a) holds also for n. But all four formulas hold for n = 0, 


1, 2, 3, 4, 5, 6. Therefore, (III-28.8a) holds also for n = 7, 8, 9, 10, - - -. Thus, 
(II-28.8a) holds for every Legendre polynomial P,,(x). 


The other three formulas are established in similar manner with appropriate 
modifications. If we let y* = x, then 


l 1 
[ P,(y*)dy = ; [ xP, (x)dx, (I11-28.12) 
0 0 


1 1 
[ yP,()2)dy = : [ x1/2P,(x)dx. (I11-28.13) 
0 0 


Thus, by virtue of (III-28.12) and (III-28.13) together with (II-28.8a) (III- 


28.8b), (III-28.9a), (III-28.9b), we have 


xn, tye 
[ Pay - vo 


where N = n/2 when n is even and N = (n — 1)/2 when n is odd; 


[ 2P.0%y = CP — 
a“ (2n — 1)(2n + 3) 


where M = (n + 2)/2 when n is even and M = (n + 3)/2 when n is odd. 


III-29. Evaluate i (1 — x*)[ Pn (x)Pdx. - 


Let us denote the integral to be evaluated by A, Since the integrand in A is an 
even function we may take 


- ; [a = x9] Pe) [a 


The reason for changing the interval of integration to the interval — 1 SxS tis 
that we hope somehow to take advantage of the properties established for the 
Legendre polynomials on this interval in Probs. III-16 and II-17. An initial step 
is suggested by the integrand. It is that we try making use of Eq. (III-15.1). We 
get 


Ax ; [. {a _ *)P,(0)| P,!(x)dx 


_1f* {n@+1) _ ’ 
= aM ee abe 1 P,-1(X) Parse) || P,, (x)dx. 


But we still have a derivative factor in the integrand. Do we have any 
/ 
formulas for the derivative Pn(*) in terms of the Legendre polynomials 
themselves? Yes; we find such formulas established in Prob. IIJ-22. So, when n 
is even (n ~ 0) we have 


_ nn+ 1) 
= 2(2n + aL |? n-1(X) — ron + TPs; 


++ Qn — D Pay [ae 


And now we have our integrand in a form where we can readily evaluate the 
integrals via Probs. III-16 and III-17. When we form all possible products of 
pairs of Legendre polynomials indicated in the integrand and then integrate the 
individual products over - 1 S x S 1 we find by Prob. III-16 that all such 
integrals vanish by the orthogonality property except one, namely the integral of 
[P,,-1(x)]* which by Prob. III-17 equals 2/[2(n — 1) + 1] = 2/(2n - 1). Thus, for n 
even (n ~ 0) we get 


n(n + 1) (Qn—1)2_ n(n + 1) 


2(2n+1) 2n—1 8 2n+1 


Similarly, we get the same value for A when n is odd. 
We have had to exclude so far the case n = 0 because the formulas we used 
involved P,,_;(x). However, it is evident that our result A = n(n + 1)/(2n + 1) 


holds also when n = 0 inasmuch as Po (x) is identically zero because Po(x) = 1 
by Prob. (III-4). Thus, for every Legendre polynomial P,(x) without exception 


, al pin lee Met) 
[ ¢-»[7@]e-= n+1 


III-30. Evaluate 0 c [ xPa(x) | dx. " 


This integral, like the other integrals in the several problems immediately 
preceding, will most likely be amenable to integration by parts. Moreover, since 
the integrand is an even function, we have 


1 2 1 1 2 
i | xP.c9 | dx = ° | | =P | dx. (III-30.1) 
0 = 


By thus changing the interval of integration to the interval - 1 Sx S 1 we can, 
as in preceding problems, take advantage of Rodrigues’s formula for P,(x) so 


we have, 


that integration by parts with dv = P,(x)dx = (1/2"n!)D"[(x* - 1)"] dx will yield 
(as, for example, in Prob. III-17) an integrated part which vanishes at both x = 1 
and x = — 1. Taking dv as just indicated together with u = x?P,(x) and letting I 
denote the integral to be evaluated, we get 


en an D| »*P, @) [or Le ip as 


Again we integrate by parts, this time taking dv = D™! [(x* — 1)"]dx and 
continue thus in succession n times in all. The result is seen to be 


ni) | [De] s#Pa(2) || 0 — xpd. (I-30) 
1 


~ Qn+int | 


At this point scrutiny of the integrand indicates that further integration by parts 
would not yield anything making for progress toward the solution. In fact our 
integrand looks more complicated now than it was to start with. But a closer 


look at it reveals something. If we visualize the polynomial x*P,,(x) written out 
termwise via Eq. (III-0.7) as 


x*P, (x) = =e _ _ 


n(n — 1)(n — 2)(n — mines 
+e aS rte + vF |, (I11-30.3) 


we see at once that every term of its n™ derivative will vanish except the first 
two: 


px "Px | = (2n)! [in + 2X + 1) + ut — MED 


2"(n!)2 2(2n — 1) 
_ Qn)! [+ 2)! n(n — In! : 
_ ah se - 5 | (I11-30.4) 


So the integral in Eq. (III-30.2), except for the constant coefficients involved, 
becomes a difference of two integrals: 


1 1 
iS = E | x1 — x?)"dx — B| = xyrds | (IIT-30.5) 
a nl =" oS, | 


1 1 
= seam 24 i x1 — x2)"dx — 2B [ a — yrds | (I11-30.6) 
2"tin! 0 0 


The coefficients A and B in Eqs. (II-30.5) and (III-30.6) are to be picked up 
from Eq. (III-30.4). It is clear that Eq. (II-30.6) follows at once from Eq. (III- 
30.5) because the integrands are even functions. And now the integrals in Eq. 
(III-30.6) can be calculated via Prob. II-17. Moreover, their values can be 
simplified by the Legendre duplication formula. From Prob. I-17 we have 


n=) rd +1) 
| xl — x°)4dx SS. 
0 6 adh pre") 


From Prob. I-18 we have the duplication formula 


T(1/2) D'(n) 


Pn + (1/2) 2-**PQn) 
The result turns out to be 
pa @+D04+) mm—-1 7 
2|.(2n + 3)2n +1) (2n + 1)(2n — 1) 
which we write finally as 


1 2 Qn?+2n—1 
i | =Pa00 | = On + 3an + IQn — 1) 


1 
1 — x)""P,(x)dx 
III-31. Evaluate | -1 ( ) n(x) 
polynomial of degree n. * 


where P,,(x) denotes the Legendre 


The integral to be evaluated is improper, since the factor (1 — x)? in the 
integrand becomes infinite as x > 1. The integral is, however, convergent. This 


f (1 — x)-/*7dx 

is seen to be so by comparison with the integral /~1 , which is 
readily recognized to be convergent because the exponent on 1 — x is greater 
than —1. The factor P,(x) is everywhere continuous; and it equals unity at x = 1 
by the definition of Legendre polynomials. Consequently, the given integral is 


convergent, since the ratio of its integrand to (1 — x)? approaches unity as limit 
asx > 1. 

The technique to be used in evaluating the given integral is apparently going 
to be integration by parts, which has already been found to be the means of 
evaluating a number of integrals in the previous problems of the present chapter. 
The technique has been seen to be fruitful of results because, in most cases, in 
the succession of integration by parts the integrated part vanishes each time, if dv 
has been chosen as P,,(x)dx, by virtue of the Rodrigues formula for P,(x) as, for 


example in Prob. II-16 or II-30. 
As in the above problems we replace P,,(x) by its Rodrigues formula, namely 


P(x) = (1/2"n!)D"[(x* — 1)"]. Then in applying the formula for integration by 
parts, namely fuv = uv — fvdu, we first take dv = P,(x)dx with corresponding 


choice of dv in the later stages. Compare Prob. III-20 or III-30. After n such 
successive applications of integration by parts we apply (to the coefficient of the 
remaining integral) Prob. I-17, whereby 


1°3°5°**(n— 1) 21-2nT'(2n) 
2n ~ Tm — 


Then we have 


1 
| (1 — x)")*P,,(x)dx 
—1 
_ 2-120) (— ly 
7 I'(n) 2"n! 
_ 21-3" T(2n) 
all (n) 
In Chapter II we found that an integral of the kind appearing here on the right 


in Eq. (III-31.1) could be evaluated in terms of the Beta function and thence by 
Eq. (I-29.1) in terms of the Gamma function. We let 1 + x = 2 cos? 9. Then dx = 


1 
i (1 — x)-"- 2x2 — 1)"dx 
—1 


| "(1 — x)" + x)"dx.  (IE-31.1) 
~1 


—4 cos @ sin @d@. Also (1 a > ie be = (v2 sin 6). Then we find that 
1 n/2 
i (1 — x) ACL + x)"dx = all 2 (sin 6)%(cos 6)*"+1d6 


— 2"+1/2 Bin + 1,1/2] by Prob. I-27 
and I-26 


, EE) bye Aes 


In + [3/2)) 
m 2n+1/2(n!)4/a by Eqs. 
[n+ (1/2)P[n + 1/2)] = -4.0), 
(I-10.1), 
(I-11.1). 


Substituting this value for the integral on the right in Eq. (III-31.1) and 
applying the Legendre duplication formula established in Prob. I-18, we get 


2V2_ 
2n +1 


1 
| (1 — x)9P,(x)dx = 
a | 
III-32. Show that 


[Pas log, (1 = x)dx = n(n + 1) 


Before we commence calculating we note that the integrals in question are 
improper because the factor log, (1 — x) in the integrand causes the integrand to 


become negatively infinite as x ~ 1. The integrals in question are all 
convergent, however. This may be seen as follows. The factor P,(x) is 


continuous throughout; and P,,(1) = 1 by the definition of Legendre polynomials 


as mentioned in the introduction to Chapter HII. Consequently, we can neglect 
this factor in examining for convergence. It is then a question of the convergence 


1 1 
log, (1 — x)dx 1 — x)-?dx 
of I -1 Be ( ) . Now, it is readily seen that w ) is 
convergent if 0 < p < 1. But, by L’Hospital’s Rule, we find that 


—e Awad 2.33 © * 


1 
Thus, the integral | _ 108. (1 9) is also convergent. 

The actual calculation of the integral in question is a bit tedious but really not 
difficult. The procedure is quite the same as in several previous problems in this 
chapter, for example, Prob. II-20 or Prob. III-30. We shall, therefore, indicate 
the procedure but omit most of the details. We integrate by parts n times in 
succession, starting with u = log, (1 — x) and dv = P,(x)dx, replacing P,(x) by 
Rodrigues’s formula. Each time the integrated part vanishes, because D™"(x? — 
1)" contains (x2 - 1)" as a factor for every r such that 0 Sr <n. This was 
pointed out in Prob. III-20. We get finally 


[ pee ade all (1 — x)-*(x2 — 1)°dx 
| 2"n! = | 


=< ie aon (1 — x)-"(1 — x?)"dx 


I 


= 17d + x) }e=1 
a 2"n n+] wanctt 
—_ 7 
~~ n(n + 1) 
REMARK. It will be observed in the statement of the problem that the formula 


to be established holds for all the Legendre polynomials except P,(x). The 


formula for the value of the integral, namely — 2/n(n + 1), cannot, of course, hold 
for n = 0 because of the factor n in the denominator, since the integral of log, (1 
— x) taken over the interval - 1 S x S 1 is convergent and thus has a finite 
value. Moreover, if one takes Rodrigues’s formula for P(x), namely P,(x) = 


D°[(x2 - 1)°], and attempts to carry out the steps of the demonstration given 
above where n was taken implicitly to be greater than zero, one finds that the 
procedure yields only the indeterminate form — + oo for the integral of P(x) 


log, (1 — x). By direct integration, however, one finds that 


1 


[P09 log, (1 — x)dx = | 


log, (1 — x)dx = 2(log, 2 — 1). 
1 


1 
1 + hx*)-*-G/2)P,.(x)dx 
III-33. Evaluate leat + ) an(X) , |h| < 1, where n is a 
positive integer or zero and P,,,(x) is a Legendre polynomial of even degree. * 


Wondering how to get started on this problem, we said to ourselves, “Now, if 
only the coefficient of P>,(x) were a positive integral power of x itself, then we 
could easily evaluate the integral via Prob. I-20.” And such reflection led to the 
thought, “Well, we could get a series of such coefficients for P5,(x) by 
expansion of (1 + hx’) ©”) into an infinite series via formal binomial 
expansion.” Indeed, this is the very line of attack we shall take. 

For |h| < 1, |x| S 1 we have 


(1 + hx5)-*-$/2 


=1+ >= Ya+ de ST D) (ax), 
7 | (I11-33.1) 


For each h on the interval |h| < 1 the expansion Eq. (III-33.1) is uniformly 
convergent for |x| S 1 and will remain uniformly convergent for |x| S 1 when 
both sides are multiplied by P5,(x), since by Prob. III-12 we have |P>,(x)| Sion 


the closed interval |x| S 1. Because of its uniform convergence on |x| S 1 the 
expansion 


(1 + Ax?)*- CM Poa(x) = 


@ 


1+ a oe a an ee) (et [Pala 


j=l 


(III-33.2) 


may be integrated termwise over the interval — 1 Sx 81: 


1 
[ (1 -+- Ax*)-** PPL (x) dx = 
= 


> [ (n+ en t+e+)-:-@+e+j—)) (— h)’x*Pon(x)dx 
7 j aon 
S (III-33.3) 


1 
Pop(x)dx = 0 
n # 0. We have used here the fact that, ie an() 


16.5). 

And now we can evaluate each and every integral on the right in Eq. (III-33.3) 
via the results obtained in Prob. I-20, which tell us first of all that every 
integral on the right in Eq. (III-33.3) having j < n has the value zero. For j =n 
none of the integrals vanishes. Since we have to compute the sum of their 
individual values via Eq. (IIH-20.5), it looks as if we can make the task a bit less 
cumbersome by taking as index of summation a letter which represents the 
excess of j over n when j = n: we let s = j — n. Thus, in place of Eq. (III-33.3) 
we now have 


,n #0 by Eq. Cil- 


1 
(i +- acy ee oixds 
-1 


7 ae + PO+F4+ Ye @tttats—1) 
i (n + 5)! 


1 
| Pass | (III-33.4) 
=| 


We note that the summation is now again from zero to infinity. Now we replace 
each integral on the right in Eq. (III-33.4) by its value as given by Eq. (III-20.5), 
observing that the m of Eq. (III-20.5) is now 2n + 2s while the n is now 2n. Thus 


for the n™ term of the series on the right in Eq. (III-33.4) we get 


(n+ Xn + $+ Is: nts + HW 
(n +s)! 
a + 2) +d) 
2°"(2s)!T(2n + 5 + $)] 


which by application of Eq. (I-4.3), by multiplying numerator and denominator 
by ” + 4 by cancelling out common parts of factorials where possible, by 
using up the powers of 2 from 22” to make such cancellation possible, reduces to 


2(— Ayr*(n + $n + 3) °° (+5 — 9) 


(Qn + Ds! when s = 1, 


and reduces to 


ae) ag 
7 , Whas=0. 


Thus we get 


1 
I (1 + Ax*)-G/)P,,(x)dx 
-1 


_ 4 — hy" (= Dt Dn + A) n+ 5 — Dh 
~ n+ ik +> s| | 
s=1 


(III-33.5) 


The integral of our problem is now evaluated. The result, however, may be 
simplified considerably by scrutinizing the infinite series in brackets in Eq. (III- 
33.5), which is none other than the Maclaurin series in powers of h for the 
function (1 + hy" 2), And so finally, for n = 1, 2, 3,--- we have 


2(— hy" 
Qn+D0a+Ham lAl<1. 
(I1I-33.6) 


There is yet a loose thread to be trimmed off. It is always a good idea to be 
thorough. We have established Eq. (III-33.6) for n # 0. However, we can show 


1 
AS + hx*)-@/)P,(x)dx = 


by simple integration that Eq. (III-33.6) holds also for n = 0. When this is done 
we can, in good conscience, write finis. 
When n = 0 we have P>,,(x) = Po(x) = 1 by Prob. III-4. Then the integral to be 


“fl + hx?)-3/2dx 


evaluated reduces simply to /- , which is readily evaluated 


via the transformation WAX = tan ¢$- and we get 


1 1 
| (1 + hx2)-32dx = 2 (1 + hx®)-3/2dx 
am; | 0 


2 are tan vA 
= a [ cos ¢ dd 
0 


an’: 
(1+ Ay 


which is what the right side of Eq. (III-33.6) equals when n = 0. Thus, we may 
say that Eq. (III-33.6) holds for all Legendre polynomials of even degree 
including Po(x): 


1 
| (1 + Ax*)-"-@/) P,,(x)dx 
-1 


2(— h)" 


=apaspean’ ll<t 2=0,12-°°. 


(III-33.7) 


rl 
1 — 2xh + h*)-/*P,(x)dx. 
IlI-34. Evaluate im oe n(x) oe where P,,(x) denotes the 


Legendre polynomial of degree n and h is a real constant such that |h| < 1. * 


For each value of h such that |h| < 1 we may regard the expansion (III-1.7) as 
an expansion of the function (1 - 2xh + h*) '? in a series of functions of x 
uniformly convergent on the closed interval - 1 S x S 1, because on that closed 
interval we have |P,,(x)| S 1 for all n by Prob. III-12. It follows that when every 
term of the expansion (III-1.7) is multiplied by one and the same P,(x), the 


resulting series will converge to (1 — 2xh + h?) !P_(x) uniformly for-1 SxS 
1, and may therefore be integrated termwise over that interval: 


a (1 — 2xh + h?)-"/*P,(x)dx 
-1 


- t > | Pacorm | PaCadde, lhl <1. (III-34.1) 
—1 
m=0 


Upon carrying out the termwise integration indicated on the right in Eq. (III- 
34.1) we find that every term vanishes by the orthogonality property established 
in Prob. III-16 except the term where m = n, which by Eq. (II-17.5) yields [2/(2n 
+ 1)]h". Thus, we get 


| (1 — 2xh + h*)-/?P,(x)dx 
=" - 
= Es iy 
III-35. Show that if h is a real constant such that |h| < 1 and if n is a positive 
integer or zero, then 


n=1,2,---, |h| <1. (II-34.2) 


1 22n+1(91)2 

— 2\—n—(1/2) —_ y2\" ee es BN 

[a 2hx + h’) (1 xydx = 7 
(I1I-35.1) 


We remark that, in contrast to Prob. III-34, the value of the integral presented 
in the present problem is independent of h. Since, however, the Legendre 


Pe) = | (2 — I 
polynomial 2"n! by Rodrigues’s formula, it looks 
as if we may be able to reduce the present problem to an appropriately managed 
application of Rodrigues’s formula as follows. 
In Eq. (IH-34.2) we replace P,,(x) in the integral by Rodrigues’s formula from 


Prob. III-10 and integrate by parts, taking u = (1 — 2hx + h*) '? and dv = 
(1/2"n)D"[(x? - 1)n]dx. As in similarly handled previous problems (such as Prob. 
I[I-30, for instance) we integrate thus n times in succession, arriving at 


(— Pa gee ee 
2"n! 


1 
| (1 — 2hx + A) 
aay 


2h" 
ics (Witcrn—ae CSS S 
(x? — 1)"dx mal ( ) 


We use the factor (— 1)” before the integral to change the factor (x? — 1)" in 
the integrand to (1 — x?)". And by Prob. 1-17 we replace the product of the 
factors 1-3-5---(2n- 1) by 2! "T(2n)T(n). And if h # 0, both sides of Eq. 
(III-35.2) may be divided by h”. If h = 0, the left side of Eq. (IIH-35.1) reduces to 


1 
[ (1 — x**dx oe 
J-1 , whose value by Prob. 11-17 equals the right side of Eq. (II- 
35.1). Continuing with h # 0, we have now reduced Eq. (III-35.2) to 
2-2n+11'(2n) 
n\T(n) 
whence by Eq. (I-10.1) we obtain Eq. (II-35.1). 


In the foregoing we have considered n to be a positive integer, because we 
performed integration by parts n times. When n = 0, we have for h # 0 


: 2 
2\—n—1/2 2\n = A" 
[a 2hx + h*) (1 — x*)"dx = 


[ (1 — 2hx + hh?) dx = = | « —h)—(1+ A) | = 2, 
-1 


1 
| dx = 2. 
= 


In both cases, the result agrees with the value given by the right side of Eq. (III- 
35.1) when n = 0, provided as usual we take 0! to be unity as remarked in Prob. 
I-10. 


When n = h=0 we have 


IfI-36. Show that il ERODE SORE a SNe 4). where P,, 


denotes the Legendre polynomial of degree n and B denotes the Beta Function. * 


We take the formula for P,,(cos 0) that we obtained in Eq. (III-12.3), multiply 


each term thereof by cos nO, then integrate the result term by term. For every 
integral except the first one we will have (except for a constant factor) 


[ "cos nO cos | m= 2%)0 db, 
0 


which by a trigonometric identity becomes 
[ ; | cos(an — 2k)@ + cos 240 | dé. 
0 


This integral equals zero, because each of the two terms integrates (except for a 
constant factor) to the sine of an integral multiple of @ and hence vanishes at 
both 6 = 7 and 6 = 0. 

For the integral of the first term we have 


1°3°5°**(2n — 1X2) f* 

ee ee cos?n6de 
_ £0 Oe 2) 
~~ 2*4+6***(2n) 
die 2 
= Tala + D by Prob. I-19 
_ Ti+ Ora) 
came EER by Eq. (I-1.11) 


ii B(n “ * ;) by Prob. I-29. 


Table II-1 
Legendre Polynomials 


Pox) = 1, Pa(1) = 1, Pa(— 1) = (— 1)" 

P,(x) =x 

P(x) = 3 (3x? — 1) 

P(x) = 3 (5x* — 3x) 

P(x) = $(35x* — 30x? + 3) 

P(x) = % (63x — 70x* + 15x) 

Px) = ds (231x* — 315x* + 105x? — 5) 

PAx) = Pe (429x" — 693x° + 315x* — 35x) 

P(x) = rds (6435x® — 12012x® + 6930x4 — 1260x? + 35) 
Px) = rte (12155x® — 25740x7 + 18018x° — 4620x° + 315x) 


Prox) = she (46189229 — 109395x + 90090x® — 30030x4 + 
3465x2 — 63) 


Legendre Polynomials 


Figure III-1 


TABLE III-2 
Legendre Polynomials 


PTT STs Ra 
ba & or 
ad i) ~“ 
o - _ 


a HS 
) 
~ 
—_ 
rz) 


TABLE III-3 
Derivatives of Legendre Polynomials at x = 1. 


r 
P,(1) = =P | = 5 Tey n2r. 


(From Prob. II-27) 


P,)(1) 
pe (2)(1) 
P,)(1) 
P., (8)(1) 
P, (8)(1) 
P,, (*)(1) 
P,()(1) 
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APPLICATIONS OF LEGENDRE 
POLYNOMIALS 


INTRODUCTION 


As mentioned in the introductory paragraphs in Chapter III, Legendre 
polynomials have applications in problems requiring the solution of Laplace’s 
equation V*V = 0 where V must assume prescribed values of certain type on 
zones of a spherical surface. In this chapter we present a selection of a few 
typical problems in temperature distribution in steady-state heat flow, also in 
gravitational potential and electrostatic potential. Preparatory thereto are several 
exercises in the expansion of functions (continuous and discontinuous) in series 
of Legendre polynomials. 

Other purely mathematical applications (capable, however, of being found 
useful in problems arising in the sciences and engineering) are to be found in 
application of Gauss’s mechanical quadrature theorem which shows the 
advantage of evaluating the ordinates at the zeros of Legendre polynomials when 
approximating a definite integral. A pair of exercises in the application of 
Gauss’s approximation method, together with a few miscellaneous purely 
mathematical applications such as the expression of 7/2 as an infinite product of 
integrals involving the Legendre polynomials, concludes the applications 
selected for this chapter. 

A table of the zeros of P,(x), n = 2, 3, 4, 5, 6, together with the associated 


Gaussian weight coefficients is given at the end of this chapter. 


Problems: Specific Series Expansions 
IV-1. Expand the following function in a series of Legendre polynomials: 


— 1, —1sx <0, 
I(x) = 0, x= 0, 


i ae ee * 


By Prob. III-20 we have 


f(x) = > AnPa(X), Ay = BE [. F(x)Pa(x)dx. 
oe (IV-1.1) 


Every A, for which n is even equals zero because the integrand of the integral 
which defines A, is an odd function, being the product of the given odd function 
f(x) by the even function P,(x) which is a polynomial comprised only of even 


powers of x by Eq. (III-0.7). By similar reasoning we find that the integral 
involved in defining A, when n is odd equals twice the integral of the same 


integrand taken over the right half, namely, 0 Sx 1, of the given interval of 
definition of f(x). Accordingly, for every odd n we have 


vs mit la [ Potts | 


= (20 + 1) [ P,(x)dx. 


Applying Eq. (III-26.4), we have 
ae De 


+1 i "  nodd, 
ro 2(" ; ie 5 )! (IV-1.2). 


0, n even. 


Working out the first several coefficients by Eq. ([V-1.2) and substituting in 
Eq. (IV-1.1) we get 


5 Pa(x) — 2 Pax) + 22 Pals) — 2 Pala) + 552 Pale) — To Pal) 
forte t AyPa(x) + 0+ 
— 1, —1l1sx<0O, 
at Ch ont (IV-1.3) 


i. ee et, 


where every A, is defined by Eq. (I[V-1.2). 
REMARKS. 1. If C be any constant, then the series obtained by multiplying the 
series on the left in Eq. ([V-1.3) will converge to the function Cf(x): 


c[ Pi) — Tra) + EPA) — 80+ AnPala) 0° 


—C, —-1sx<0, 
a: wi ata, (IV-1.4) 
c. ee a P 
where every A, is defined by Eq. (I[V-1.2). 


2. Since only polynomials of odd degree occur in the series on the left in Eqs. 
(IV-1.3) and (IV-1.4), the series not only converges to zero at x = 0 but is such 
that every individual term of the series equals zero at x = 0. This may seem like a 
trite remark. But it is worthwhile in certain applications (see, for example, Prob. 
IV-11). 

3. The expansion (IV-1.3) converges rather slowly at and near the end points 
of the interval. At x = 1 the partial sum made up of the first six nonvanishing 
terms equals 793/1024, which is not very close to unity. But in applied problems 
requiring the use of expansion (IV-1.3) or ([V-1.4) the slowness of convergence 
is no drawback for computation with a modern high-speed computer. 

4. If C be any constant, one finds in similar manner that the expansion of the 
function 


is a 2 he 
G 

a(x) = 9” = (), 
0, —1sx<0 


in Legendre polynomials is 
(x)=C bb (xe) 4. Pix) ~~ Pd) + aA pis) — re 
& == 2 0 4 1 16 3 32 5 
+ ByPx(x) + °° ‘| 


where 


For every even n = 2 we have B,, = 0. Every B,, for which n is odd is given by 
half of the upper right side of Eq. (IV-1.2). 


IV-2. Expand the function 
— 1, —-13sx<0 


+ tte | 


f(x) = | 


in a series of Legendre polynomials. * 


The function to be expanded in this problem has not been defined at x = 0. 
Moreover, it could not be made continuous at x = 0 no matter what value would 
be assigned to it there. In that respect it is like the function given in Prob. IV-1. 
Since the series expansion in Prob. [V-1 converges to zero at x = O (as was to be 
expected by the second remark in Prob. III-18) and since we wanted the function 
in that problem to be zero at x = 0 for the sake of applications, we defined it as 
zero when x = 0. 

In the present problem we might let f(x) remain undefined at x = 0, observing, 
however, that the requested series expansion will converge at x = 0 to — 1/2 by 
the second remark in Prob. III-18. We used the word “might” in the preceding 
sentence because of a technicality involved. We wish to use definite integrals 


(Riemann integrals) over — 1 S x S 1 to evaluate the coefficients of the desired 
expansion. The definite integral (Riemann integral) of a bounded function over a 
finite interval is customarily defined for a function which has been assigned a 
value at every point of a closed interval. We should, therefore, consider the 
function f(x) of this problem to have been assigned a value C at x = 0. The value 
chosen for C will not, however, have any effect upon the values of the integrals 
to be computed. 

In applying Eq. (III-18.2) to obtain the coefficients of the desired expansion 
we naturally find it convenient to write the integral involved as the sum of two 
integrals, one over — 1 Sx S 0 and the other over 0 Sx S 1. We get 


a = | fc 1)P,(x)dx + { “xP,(x)dx (IV-2.1) 


Here we can make use of some of the integral formulas obtained in problems 
in Chapter III as follows. When n is even, P,,(x) is an even function of x and is an 


odd function of x when n is odd. Accordingly, we have 


1 
[ (— 1)P,(x)dx = — [ PJx)ax = 0, neven, n>0O 
-1 0 by Eq. (III-26.2); 


| ” (= P(x)dx = [ " P(x)dx 
=| 0 


— 1])@—)/%, — 1)! 
an row »  modd 


n(*+*\I5-)! by Eq. (III-26.4). 


Also, 
1 we 
[ xP,(x)dx = 5 | xP,,(x)dx, n odd 
0 = 


= 0, nodd, n> 1 by Eq. (III-20.5). 


For the fourth type of integral to be involved in Eq. (I[V-2.1), namely, integral 
over 0 Sx S1 of xP_(x) when n is even, we may take P,(x), n = 2, 4, 6, 8, 10 
from Table III-1 and integrate xP,,(x) term by term. For n even and greater than 


10 we can get P,(x) from Eq. (III-0.7). Finally, we find by direct integration that 


Eq. (IV-2.1) yields A,=-— 4 A, =i. 
Making use of the formulas and procedures developed in the preceding 
paragraph for evaluating the integrals involved in Eq. (IV-2.1), we obtain 


1 5 5 7 3 
— gr ol) + gh) + 16h _ jePs = 3p Ps) 


1] 13 
T 39 Pl) a 756. 8) — 1 A,,P,(x) + 


—], —-1s=x<9Q, 


be De Se he 


where every A, is given by Eq. (III-18.2). Here we have put in ~ atx =0on 
the right, since we know (by the second remark in Prob. III-18) that the 
expansion on the left converges at x = 0 to the arithmetic mean of — 1 and zero. 

At x = 0 we find the partial sum of the series through the term P,(x) equals (by 
Table I[-2) to approximately — .4572. The convergence is thus rather slow. But 
slowness of convergence is no essential disadvantage when electronic computing 
machines are available. 


STR 
IV-3. Obtain an approximate value for Vv (1/ 2) via the first several terms of a 
Legendre polynomial series expansion for the function f(x) = x’. * 


This problem is seen to be simply an exercise in application of Prob. III-18 
and Eq. (III-28.7). In order that we use Eq. (III-28.7) where the integral is taken 
only from x = 0 to x = 1 we take the function f(x) to be expanded via Prob. III-18 
as follows: 


fe) 0, —1l=sxs0, 
xi= 
xP. S41 


= 


(IV-3.1) 


Then for this f(x) we have by Prob. III-18 


= 1 
fx) = > APals where A, = ai xP, (x)dx. 
0 
n=0 


(IV-3.2) 


Evaluating the first few coefficients in the series expansion by way of Eq. (III- 
28.7), taking 7 = $, and making use of Eqs. (I-4.3) and (I-10.1), we get 


= ()G)= 208 

(C3) 
= (90)1-3+ 3) 08 

= (QB eE 


In similar manner we also obtain 
A, = —.1056, A, = .1522, A, =.0761, A, = —.1159. 


Taking x = .5 in Eq. (IV-3.2) and taking the values of P,(.5), n = 0, 1, 2, ..., 7 
from Table IIJ-2, we find that 


1()- sh2 Dar 


n=0 


> 
ll 


Ne 


1893. 


lle 


.3750 + .3214 — .0234 + .0828 + .0305 + .0137 


+ .0246 — .0258 
S . 9: 
a/1/2 = .794 


REMARK. In tables of cube roots one finds that . Our 


3 
approximation is in error by about 5 of 1 per cent. 


IV-4. On the closed interval L: - b S x S b let the function f(x) be 
continuous and have continuous second derivative. Show that f(x) can be 
expanded on L in a uniformly convergent series of Legendre polynomials of 
appropriate argument. * 


The expansion to be established in this problem is evidently a modification of 
the expansion considered in Prob. III-18 in that the particular interval H: - 1S x 
S 1 is now to be replaced by the interval L: — b SxSb. 

We first write the expansion considered in Prob. I-18 in terms of the letter t 
in place of x, writing also g(t) in place of f(x): 


@ 


g(t) = > APO “| <1, A,= sal ie g(t)P,(t)dt. 
—1 


2 
n=0 (IV-4.1) 


Next, we relate x to t by the transformation x = bt. Taking g(t) in expansion (IV- 
4.1) to be f(bt) and observing that dt/dx = 1/b, we find that the expansion (IV- 
4.1) is equivalent to 


f(x) = > Pal 5) [x( SB Age =a —* [. f(x Pa Jar. 


- (IV-4.2) 


Since g(t) = f(bt) has continuous derivative on H: - 1S x S 1, the curve y = 
g(t) has finite length on H, so that all parts of the hypothesis of Prob. III-18 are 
fulfilled. It follows, then, that the expansion (IV-4.2) is valid everywhere on L. 
Moreover, the convergence to f(x) is uniform on L by the first remark in Prob. 
I-18. 


IV-5. Expand the following function in a series of Legendre polynomials of 


appropriate argument: 
0, —3=<=xs0, 
x, 0s.¥ = 3. 


f(x) = 


Indicate explicitly the first several coefficients of the expansion. * 
This problem is an exercise in application of the expansion obtained in Prob. 


IV-4. Since f(x) = 0 on the left half of the interval prescribed in the present 
problem, we have 


= 3 
f(x) = A, Pn “s where A,, = an + | x*P,, *\ dx. 
3 6 Jo 3 


n=O 


We can simplify somewhat the computation of the coefficients Ap, A;, Ao, ... by 
taking x/3 = u. This makes 


1 
Ae = S| u®P,,(u)du. 
0 


For the first few coefficients we get 


zi 27 
PS eS ete 
=> 8 
81/2 81 
danke’ ehipeee 
i= oh 10 
135[)., ow, «135 
=P (3u )du = 16 


Similarly, one finds A; = a A,= £88. We have, then, 


27 81 135 27, /x 
BC (5) + 79" (5) ie (i (5) en (5) 


243 x 
n ar(3 | eee AnPa(5) ‘ 
. one 3 = x = 0, 

x, OS 4353, 


where 


1 
de me at [ u®P, (u)du. 
0 


COMMENT. Let us see how well the partial sum made up of the first five terms 
of our series approximates to x? when x is, say, 2 and to zero when x is, say — 3. 
When x = 2 the argument to be taken in each Legendre polynomial is 2/3. From 
Table III-2 we have by linear interpolation 


P(;) = .1667, Py, (3) = —.2592, P, (3) = —.4273. 


n@)=1,,70)-3 
We know, of course, that 3 and 3 3. Multiplying these 


values by their respective coefficients in our expansion above, we get 
23 = 7.975. 
The error is 5/16 of 1 per cent. 


When x = —3 the argument x/3 is — 1; and we get 


= 27 aoe “+ = — 27 + — 243 dee 4 
8 $"i2~ 
The approximation here is not too good, since the series converges rather slowly 
at the end points. 
IV-6. Express x’ as a linear combination of the first four Legendre 
polynomials of argument x/3. * 


3 


The desired combination is readily and easily obtained by application of Prob. 
IV-4, taking f(x) = x? and b = 3: 


. x 2n + 1 (8 
x= > 4sPa(3) An = mill Pe, (5)ax 


n=0 


As in Prob. IV-5, we let x/3 = u. Then in the present problem we have 


ph 
_ 2D i u8P,(u)du. 
—1 


By Eq. (III-20.5) we get zero for Ag and As, also for every A, for which n > 3. 
It remains only to compute A, and A3, which by Eq. (III-20.5) with m = 3,n=1 
and by Eq. (III-20.4) with n = 3 we find to be 


_ /81\ 3103/2) _ 81 
la Grown a 


1S 


4a (12)200 _ 5 


Thus, we have 


81, /x 54, [x 
= 5r(5) + 57A(3) 


COMMENT. The right side of the last equation, according to our method of 
obtaining it, is to be regarded as an infinite series expansion of x? on the interval 
- 3 Sx S83, all terms of the series vanishing except the two shown. But since it 
reduces to a polynomial of degree 3 which equals x? for more than 3 distinct 
values of x, the equation obtained holds for all values of x. 

IV-7. Let a fixed point Q in space have rectangular coordinates (Xp, Yo, Z)) and 


let P: (x, y, z) be a variable point. Show that the reciprocal U of the distance 
D = QP = V(x — Xo)? + (vy — Yo)? + (2 — 2%)? = 
satisfies Laplace’s equation 


@U BU , BU 
2U = As IV-7. 
VU = ao + 5a t Gem (IV-7.1) 


at every finite point other than Q.* 


We have 


U=D?=s77 


OU = — (x — x94, 

Ox 

2 

as = 3(x — x,)?S3? — S33, 


= SP3(x — x4)? — S 


= S*P[2(x — xo)? — (y — Yo)* — (2 — 20)')- 
Since U is unchanged when the differences are permuted, it follows that 


Fa = S| Ay — yal — (2 — 9? — @ — ae | 


Fe = S#8[ 22 — 29) — 2 — my — 9 — 0? | 


Oz? 


Addition of these last three equations yields Eq. (IV-7.1), which is valid at all 
points in space where the derivatives involved exist, namely, all finite points 
other than Q. 

REMARKS. 1. The function U = 1/D belongs to the class of harmonic functions. 
A function H is said to be harmonic in a region R of space when (a) the partial 
derivatives 0*H/0x?, 0?H/dy*, 0*H/dz? are all continuous at every point R, (b) the 
function H satisfies Laplace’s equation V?H = 0 everywhere in R. The function 
U is harmonic in the region consisting of all finite points except Q. 

2. The function U = 1/D represents, except for a constant factor, the potential, 
gravitational or electric, at P of a unit mass or unit electric charge at Q because 
the negated gradient of U, namely — VU, represents at P (except for a constant 


factor) the gravitational force vector F or the electric force vector Edue to the 
unit mass or charge at Q. 


IV-8. Let R denote the distance from the origin O of the fixed point Q in Prob. 
IV-7. Let r be the spherical coordinate denoting distance from origin of the 
variable point P. As in Prob. IV-7 let U = D" ! = reciprocal of the distance QP. 
Show that 


| ris 
U=— > (F) P(x), r<R,  (IV-8.1) 
] p | ny 


n= 
where x = cos 0, 0 being the angle (0 S 6 S/n of intersection of the vectors 


O?@ and OP, and P,,(x) is the Legendre polynomial of degree n.* 


We note, first of all, that the letter x is to be used in this problem not to denote 
the usual rectangular coordinate but merely as a convenient single-letter 
designation for cos 8. Likewise, the letter @ in this problem does not denote the 
usual polar or spherical angular coordinate but is used to designate the angle 


between the fixed position vector OP and the variable position vector OP. 

The expansions to be demonstrated in this problem are apparently 
modifications of the expansion obtained in Prob. III-1. And since the distances r 
and R are involved together with the angle @ between the vectors r and R, it 
seems likely that the Law of Cosines can be used to obtain an expression in r, R, 
and @ to which we can apply Eq. (III-1.7). Consider, then, the triangle OQP 
where R denotes the side OQ, r denotes the side OP, D denotes the side QP and 
0 denotes the angle QOP. By the Law of Cosines we have 


D =(r? + R? — 2rR cos 6)'/2, 


Remembering that x shall denote cos 6 and U shall denote D™ ', we may write 


] r r\? [-1/3 
=aL!-*(z) +(z) | inl 
uu-! I ~ 2% (*) x. (Fy) " (IV-8.4) 
r r r 


Application of Eq. (III-1.7) is now apparent: for r < R we identify the ratio r/R 
with h in Eq. (II-1.7); for r > R we take h = R/r. Eqs. (I[V-8.1) and (IV-8.2) hold 


and 


by virtue of Prob. II-1. 


Problems: Steady-State Heat-Flow Temperature Distribution 

IV-9. Determine the steady-state temperature distribution T in a homogeneous 
spherical solid when one hemispherical half (excluding boundary) of the surface 
is maintained at 300° while the other half (boundary not included) is kept at 75°. 
Temperature on the separating great circle may be considered undefined. * 


The equation for heat conduction (see, for example, Eckert and Drake, Heat 
and Mass Transfer, McGraw-Hill, 1959) in a solid is 


oT k , 
nh A ee 2 (IV-9.1) 
Ot pc 
where T is temperature, t is time, k is the thermal conductivity, p is the density, c 
is specific heat, and Q' is rate of heat generation, VT is the Laplacian 
fT fT . or 
VT = +o5tae 
Ox? ay? az? 
In the present problem Q’ = 0 because there is no heat generation and T is 
independent of time t, so that OT/ot = 0. Let us take the solid with center at the 
origin and use spherical coordinates (r, , 9) where r is the distance from 
origin, ¢ is colatitude from the positive z-axis (cone angle) and @ is the angle of 
sweep about the z-axis. Let the coordinate system be so oriented that the 


hemispherical surface 0S ¢ < 2/2 is the half which is kept at 300°. Then by 
symmetry of surface temperature maintenance it follows that the temperature 
distribution T within the solid and on the surface is independent of 0. Eq. (IV- 
9.1) for the present problem becomes 


VT = 0 (IV-9.2) 


with J = T(r, ¢). Laplace’s Eq. (I[V-9.2) when written in terms of spherical 
coordinates with T not dependent on 8 becomes 


@/ eT L Ofu er 
o(rZ) +55 sa(sin ‘a ) = 0. (IV-9.3) 


So, our problem is to find T as a function of r and ? satisfying Eq. (IV-9.3) 


within the spherical solid and taking on the prescribed boundary values on the 
surface. As in Prob. II-50 we shall seek to obtain a solution for T as a composite 
of particular solutions of Eq. (I[V-9.3), each particular solution being a product 
solution of the form FG where F is a function of r only and G is a function of 
only. 

Assuming a solution of Eq. ([V-9.3) of the form 


T = FG = f(r)g(¢), (IV-9.4) 
we have 
oT ; eT " 
5 = GF, oy = GF", (IV-9.5) 


where F" and F” denote dF/dr and d*F/dr? respectively. 
Similarly, we have 


oT , eT 
d = FG, ag = 

Then Eq. ([V-9.3) by virtue of Eqs. (I[V-9.5) and (IV-9.6) becomes 
2rGF’ + r°GF” + FG’ cotan¢d+ FG” =0. = (IV-9.7) 


FG’. (IV-9.6) 


Separation of variables in Eq. (I[V-9.7) gives 


2rF’ + PF” G’ cotan G" 

ark OF. —G otanet+ @ (IV-9.8) 
F G 

By the same reasoning as was used in Prob. [I-50 we conclude that the 

equated ratios in Eq. ([V-9.8) must both equal the same constant, since one is 

independent of ? while the other is independent of r. Is this constant value of the 


ratios negative or zero or positive? Let us see if we can determine which it must 
be. If we let C denote this constant, then from Eq. (I[V-9.8) we have 


G’ cotan ¢ + G" = — CG. (IV-9.9) 


Consider the change in T as we move downwards in the upper half of the solid 
along a curve of which r remains constant. Then the change in T along such a 
curve is due wholly to the change in G. Now T is certainly positive throughout; 


and if we assume F and G both positive, then G decreases as we move 
downwards along the curve. This reasoning maintains the equality of Eq. (IV- 
9.4). Thus the derivative G' is negative. In the upper half cotan ¢ is positive. It is 
plausible to think that the second derivative G” will be negative in the upper 
half, indicating that the negative first derivative is becoming more negative. The 
left side of Eq. ([V-9.9) will thus be negative in the upper half. We conclude that 
C should be positive. We let C = k*, k # 0. Let us see, then, if we can find 
solutions for Eq. ([V-9.2) of the form T = FG = f(r)g(¢) where F and G are 
both positive and such that 


OrF’ + r2F" — G’ cotan d + G’ _ k2, k wpe 0. 
F G 
(IV-9.10) 
Eq. ([V-9.10) requires that 
rk" + 2rF’ — k*?F = 0, (IV-9.11) 
G” + (cotan ¢)G’ + k°G = 0. (IV-9.12) 


If we put k? = n(n + 1) we recognize Eq. (IV-9.12) to be Legendre’s equation 
(III-0.4) with G playing the role of y. Thus a particular solution of Eq. (IV-9.12) 
is 
G = C,P,(cos ¢) 
where C,, is an arbitrary constant. 
When k* = n(n + 1) the general solution of Eq. (IV-9.11) is 
B,, 


yprtl , 


F = S,r* + (IV-9.13) 


where S,, and B,, are arbitrary constants. The second term on the right in Eq. (IV- 
9.13) becomes infinite at r = 0 and is thus unsuitable. Hence we let B, = 0. 


We have found that the product solutions of Eq. ([V-9.2) may be had in the 
form 


T = FG = S,C,r"P, (cos ¢). (IV-9.14) 


But no such particular solution will meet the boundary conditions 


300, 0S$<5 


T(R, 4) = . 
by > < d Ss TT. 


(IV-9.15) 


To do so would require that P,(COS $) remain at one constant value for 


0S¢<2/2 and keep another constant value for m/2<$S7 this is 
impossible: Legendre polynomials are continuous functions of the argument. 
We can, however, meet the boundary conditions ([V-9.15) as follows. We let 


Tx(%) denote the excess of the temperature T on the upper half of the surface 
over that of T on the lower half. On the bounding great circle between these 
halves we arbitrarily define T; to be 225/2. We then have 


225, 0sS¢ < 2/2, 
Tes={ 0, 2/2<¢S7, (IV-9.16) 
25/2, $=naf2. 
If we let the letter x denote cos ? then 7z(¢) becomes f(x) defined by 
225, 0<xs i, 


fix={0, -1sx<0, (IV-9.17) 
225/2, x=0. 
And now f(x) may be expanded (by remark 4 in Prob. [V-1): 
= 1 
fx) = "S APu), Ay = F*[ fayPalads 
0 
n=0 


es 7 11 
= 225 E + gh) a 16/3) ~_ 39 Ps) — i 


(IV-9.18) 


Reverting to Eq. ([V-9.14), we choose constants S,C,, n = 0, 1, 2, ... so that 


for each n we take 


A 
GaGa = Rr ([V-9.19) 
where A, is the coefficient of P,,(x) in Eq. (IV-9.18) and R is the radius of the 


solid. Composing an infinite series of such particular solutions of Eq. ([V-9.14), 
we take 


T(r, 6) = 75 + > el J) Palco $) (IV-9.20) 
n=0 


1 3/r 7f/r 3 
= 75 + 225 E + al) P,(cos ¢) — iz) P,(cos ¢) 


+ ak ) P,(cos ¢) — roel ([V-9.21) 
32 

The right side of Eq. ([V-9.21) converges by Eg. (I[V-9.18) to the prescribed 
surface temperature distribution when r = R. The right side of Eq. ([V-9.21) will 
also then be convergent for r < R by virtue of the factor (r/R)". Each term on the 
right in Eq. ([V-9.21) individually satisfies Laplace’s Eq. (I[V-9.2). And the 
convergence is such that the series of Laplacians of the individual terms 
converges to zero for r < R. Thus Eq. (IV-9.21) provides the solution to our 
problem. 


REMARK. As was pointed out earlier the temperature function T does the best 
that could be expected of it on the great circle separating the halves of the 
bounding surface in that it assumes there the average of the two different 
constant temperatures. 


IV-10. If the temperature T on the surface of a spherical solid having radius R 


and center at the origin is maintained at 7o(1 — COS $) where Ty is a constant 


and ? is the cone angle (colatitude from positive z-axis) of spherical coordinates, 
determine the steady-state temperature distribution in the solid. * 


This problem is seen to be a variant of Prob. IV-9. So, we may appropriate, 


without repeating the arguments, the earlier results of that problem. In the 
present problem we may conclude, as in Prob. IV-9, that the temperature 
distribution T will be independent of the coordinate @ and will satisfy Laplace’s 
equation VT = 0 at all interior points. Then by Prob. IV-9 we have 


oc 


Pon Ti dhe > Aol Z) Pa x = cos 4, 
n=0 (IV-10.1) 


where x is not a rectangular coordinate but is (as indicated) just a designation for 
cos $, where P,(x) is the Legendre polynomial of degree n and where the 
coefficients Ap, A; A>, ... are to be determined so that when r = R the series on 


the right in Eq. (IV-10.1) converges to the given surface temperature 
maintenance. 


On the surface, the temperature is prescribed to be To(1 — x). As ? varies from 
m to O, x will vary from — 1 to 1. Accordingly, we have to determine by Eq. (III- 
18.2) the coefficients Aj, A; As, ... of the expansion on the interval - 1 Sx S1 
of the function T,(1 — x) in a series of Legendre polynomials. 

We have 


1 
Ay = FI T,(1 — x)P,(x) dx, n=0,1,2,°°: 
—1 
(IV-10.2) 


” es | | PaGodx = [_ PaCas | (IV-10.3) 


The first integral on the right in Eq. ([V-10.3) vanishes, by Eq. (III-16.5), for all 
n> 0. The second integral, by Eq. (II-20.5), vanishes for all n >1. Accordingly, 
all the coefficients indicated by Eq. ([V-10.2) vanish except Ag and A, Since 


Po(x) = 1 and P,(x) = x, we get 


Ay = PO Mf (1 — 20d = To 


A= ef (x — x*)\dx = — T), 


A,=0, n=2,3,°°- 


Putting these values for the coefficients in Eq. ([V-10.1), we have for the 
solution of our problem 


Ps TI = R008 $). (IV-10.4) 


IV-11. Determine the steady-state temperature distribution T in a 
homogeneous hemispherical solid of radius R if the temperature on the surface is 
maintained at 20 on the hemispherical part of the surface (exclusive of its great 
circle boundary) and at 100 on the flat base of the solid (including the rim of the 
base). * 


We should be able to do this problem with appropriate modification of the 
procedure used in Prob. [V-9. Accordingly, we take the center of the base of our 
hemispherical solid at the origin with the hemispherical surface in that part of 


space where 0S ¢ < 7/2. We also use the letter x to denote cos 
Since we must have 


100, x =cos_ = 0, 
T(R, $) = g(x) = : 
20, oO ==] 


and must have T(r, 7/2) = 100, 0 =r 1, we see that we can attain solution of 
our problem by application of Prob. IV-1 as follows. We take 


80, —1<x<0, 
Sx) = 0, x=0, 
—80, O<x<l. 


For 0 < x S 1 this makes g(x) = 100 + f(x) and makes g(0) = 0. We do not 


consider negative values of x as far as g(x) is concerned. However, we did define 
f(x) for - 1 S x < 0 in order that we could make use of the expansion of f(x) as 
given in Eq. (IV-1.4), taking C = — 80. Thus, applying Eq. ([V-1.4) with C = - 
80, we have on the hemispherical surface and on the rim of the base of the solid 


T(R, ¢) = g(x) 


a0) 80) 5x) — T(x) +++ + AePale) + ‘| 


where every A, is given by Eq. (IV-1.2). 
And now all we have to do to obtain the solution of our problem is to follow 
through as in Eqs. (IV-9.19), (IV-9.20), ([V-9.21) in Prob. IV-9. Recalling that 


X= COS the desired steady-state temperature distribution in the 
hemispherical solid we thus find to be 


T(r, ¢) = 100 — 80] 5( A) Paleos ¢) — a(R) Paleos ¢)+::: 


f A,(£) Pa(cos ¢)+:: ‘|. 


where every A, is given by Eq. (IV-1.2). 

We observe that, by second remark in Prob. [V-1, the boundary condition T(r, 
m/2) = 100 is met at every point of the base of the solid by the obtained solution, 
since every term of the solution (except the additive constant 100) contains as 


factor a polynomial comprised only of odd powers of ©°S $. and hence vanishes 
at @ = 7/2 regardless of the size of the ratio r/R. One also sees immediately 
that, for OsS¢< 1/2. T = 20 whenr=R. 


IV-12. The radius of the inner surface of a spherical shell solid is R,. The 
radius of the outer surface is R, > R,;. The common center of the surfaces is at 
the origin. Temperature T on each surface is prescribed as a function of the cone 
angle ? (colatitude from positive z-axis): 


T(R,, $) = 81(4), T(Re, 6) = 824), 82lP) # Bil$); 


where &1(%) and 82(¢) are such functions of ¥ = COS ¢ as in Prob. III-18. 
Determine the steady-state temperature distribution T at all points of space 
between the two bounding surfaces. * 


This problem is like Probs. [V-9 and IV-10 in that T satisfies Laplace’s 
equation VT = 0 at all interior points of the region occupied by the solid and in 
that T does not vary with the sweep coordinate @. But the present problem differs 
in that the region of space occupied is the region bounded by two spherical 
surfaces instead of having a single bounding surface. Moreover the boundary 


values to be taken by T on the two bounding surfaces are different functions of 

. This will require some modification of the procedure used in Probs. IV-9 and 
IV-10, where T was required to take on only one prescribed boundary functional 
value on the sole bounding surface. If we take R = R, in Eq. (I[V-10.1) and then 


determine the coefficients A,, n = 0, 1, 2, ... so that the series converges to 
82($¢) when r = R,, the series will converge when r = R, because R, < R. But 
the function to which the series converges on the surface r = Rj, is then defined 
by the very series itself and cannot coincide with an arbitrarily preassigned 
function 81() except in the single case of perchance having taken 


8) 


gi(?) = > Ax(RalRay*Paloos ¢), where A,, n=0,1,2,°°> 


n=O 


are the coefficients of the Legendre polynomial series for § 2(?). 
It appears, then, that our problem is to determine two sets of coefficients: one 


to make T agree with & 2%) when r = R>, one to make T = 8,() when r = Rj. 
Scanning the procedure of Prob. IV-9, we find that there we discarded one set of 
coefficients, namely the B,, n = 0, 1, 2, ... in the terms of the form Br for 
the reason that terms of such character become infinite at r = 0. But in the 
present problem we have 0 < R,; Sr SR,, so that we do not have r = 0 at any 
point of the region occupied. Let us then start with the series solution 


i 8) 


T = T(r, ¢) = > (E. zs) FAxh, x = cos ¢, 
— (I1V-12.1) 


from Prob. IV-9, writing E,, for S,C, and F,, for B,C,,. 


When r = R> we require this series to converge to Sx) = 82($). The 
coefficients in Eq. ([V-12.1) must then, by Eq. (III-18.2), be such that 


E,R." aa “| AloOPscax n=0,1,2,::> 
pea! [ 24($)P,(cos #)(— sin $)d¢ 
2 
"+ [ 2.(4)P,(cos (sin $)dé. — (IV-12.2) 


We further require that the series in Eq. (IV-12.1) shall converge to & i(%) when 
r = R,. This, by similar application of Eq. (III-18.2), means that the coefficients 


in Eq. ([V-12.1) must also be such that 


F,, 2n + 1 


EAR + Rai = 9 


aoa ¢3(4)P,(cos 4) sin ¢ dé. 
(IV-12.3) 


For each pair of numbers E,, and F,,, n = 0, 1, 2, ... we have by Eqs. (IV-12.2) 
and ([V-12.3) a pair of simultaneous linear equations to be satisfied. E,, and F,, 


are thus determined by this pair of equations. Accordingly, we may say that the 
desired steady-state temperature distribution is given by Eq. ([V-12.1) where the 
pairs of constants E,, and F,,, n = 0, 1, 2, ... are determined by Eqs. ([V-12.2) and 


(IV-12.3). 


REMARKS. 1. The question of convergence of the series in Eq. ([V-12.1) when r 
is between R, and R, can be met as follows. 


Write the series on the right in Eq. ([V-12.1) as the sum of two series: 


> FarnPal) 4 ye (x). (IV-12.4) 
n=0 n=O 


The determination by Eq. (IV-12.2) of the coefficients to make the series 


converge when r = R, makes the first series in Eq. ([V-12.4) convergent for all r 
such that r < R5. Similarly, determination of the coefficients to make the series 
converge when r = R, makes the second series in Eq. ([V-12.4) convergent for 
all r such that r > R,. But we determined the coefficients so as to have the series 
convergent both for r = Ry andr = R,. It follows that both series in Eq. ([V-12.4) 
are convergent for R, Sr SR, which means that the same is true of the series 
in Eq. (IV-12.1). 

2. At the risk of being guilty of pointing out something that may be considered 
obvious, we observe that no pair of equations in the coefficients E,, and F,,, n = 


0, 1, 2,--- can fail to have solution. The determinant of the coefficients in every 
such pair is R."/R,"** — R,"/ R,"*? which can vanish only when R, = Ro. 

3. When 81(%) and 82() are both constant, say & (¢) = Cy and 
82x(¢) = C, > Cy, we should expect from considerations of symmetry to find 
T to be a function of r alone increasing from C, to C, as r varies from R, to R>. 
Indeed, this turns out to be so. By application of Eq. (III-18.2) together with Eq. 
(III-16.5) we find 


F, F 
Ey+> = C,, E+ 


1 2 


E.. = F, = 0, no 1, 2,3,°**. 


= om 


And solution for both surface temperatures constant reduces to 


T = 7(r) = = ! ™ | RCs RC, — SE |. 


2 1 


(IV-12.5) 


IV-13. A homogeneous spherical shell solid has inner radius R, = 1 and outer 
radius R, = 2. Center of the surfaces is at the origin. Temperature on the inner 


surface is kept at 80 and on the outer surface is maintained at 700(1 — cos $), 
where is the cone angle (colatitude from positive z-axis). Assuming that the 
temperature T within the shell has reached steady-state temperature distribution, 
compute the value T at a point midway between the bounding surfaces and 
having ¢ = are cos .75_ + 


This problem is a direct application of Prob. [V-12. It appears that we may 


also be able to appropriate to some extent from Prob. [V-10. Applying Prob. IV- 
12 with 81(¢) = fi) = 80 ana 8e(¢) = felx) = 700(1 — cos $) R, = 


1, Ry = 2, we have 


T = > (z. re 3) Pix). x=cos¢, (IV-13.1) 
n=O 
where 
ft ie wn 7S ! [ 80P,(x)dx, (IV-13.2) 
mE. 4. a a =i I 700(1 — x)P,(x)dx. (IV-13.3) 


The right side of Eq. ([V-13.2) vanishes by Eq. (III-16.5) for every n > 0 and 
equals 80 when n = 0, since P,(x) = 1. The right side of Eq. ([V-13.3) vanishes, 
as in Prob. IV-10, for every n > 1. And for n = 0 and n = 1 the right side of Eq. 
([V-13.3) equals 700 and —700 respectively. We have, then, the following pairs 
of simultaneous equations to solve. 


E.+F=8, E+ 2 — 700; (IV-13.4) 
E.+F,=0, 26,4 o — —700: (IV-13.5) 
E,+F.,=0, 2,4 an =0, n>l. 

(IV-13.6) 


Solution of Eqs. (IV-13.4), (IV-13.5) and (IV-13.6) yields 
E,= 1320, Fe=—1240; 
E, = —400, F, = 400; 
E,=F,=0, n>1. 


Putting these results in Eq. ([V-13.1), we get 


T = 1320 — os 400(r — J; Jeos . (IV-13.7) 


Equation (IV-13.7) gives the temperature distribution for steady-state 
temperature distribution at every point of the shell including the two bounding 
surfaces. A direct check of Eq. (I[V-13.7), independent of the preceding work of 
solution, shows that (a) T satisfies Laplace’s equation V*T = 0 in spherical 
coordinates, namely, 


OT l OT 1 @T 20a cotan ¢ OT _ 
Or? ' 7? a6? ' r2sin?d 62 | r Gr r? Od ; 


and (b) T = 80 when r = 1, T = 700(1 — cos $) when r=2 
Finally, we have to evaluate T at a point where ¢ = arc cos .75 andr = §. 
We get from Eq. (IV-13.7) 


3 3 2480 _ 950 
Ti =, -1-) = ~ .67. 
(5 cos ;)= : 1320 — ag a 176.67 


Problem: Gravitational Potential of a Circular Lamina 


IV-14. Determine the gravitational potential V of a homogeneous circular 
lamina of radius R. * 


The potential V of a continuous distribution of matter (such as a material 
surface or material curve or solid) is naturally defined via an integral as 
generalization from the definition of potential M/D of a mass-particle M as in the 
second remark in Prob. IV-7. In the case of a material surface S, for example, we 
regard S as the sum of many small portions AS,, i = 1, 2, - - -, n. We multiply 


each element of area AS, by the density o at a point thereof and we define the 


potential V of S at a point P in space to be the limit (when it exists uniquely) of 
the sum of terms oAS,/D,, i = 1, 2, - + -, n, where D, denotes the distance between 


P and a point of AS;: 
V = V(P) = I> aol (IV-14.1) 


Since the reciprocated distance 1/D, regarded as a function of the coordinates 
of P, satisfies Laplace’s equation (as shown in Prob. IV-7) at all points of space 
except at the fixed point from which D is measured, we find by differentiation 
under the integral sign (partially with respect to the coordinates of P) that the 
potential V as given by Eq. (IV-14.1) satisfies Laplace’s equation at all points P 
of space not an S. For we have at any P not on S 


wre wl 
” J Jor (a)4s 
| | (o)(zero)dS 


Ss 
= 0. 


In the present problem we take the circular laminar (denoted now by A) in the 
xy-plane with center at the origin. The density of o is constant: o = k. Since the 
distribution of mass is symmetrical about the z-axis, it is clear that (in terms of 
spherical coordinates) the potential V is a function only of two coordinates r and 
$, where r denotes distance of P from origin and ¢ is the cone angle (colatitude) 
coordinate of P: 


| 


Pee ViFed). 


From here on the problem is mathematically the same (with appropriate 
modifications) as Prob. IV-9, since V satisfies Laplace’s equation at points P not 
on S. Accordingly, we shall try to get V as a series of the form 


V = >[ om + x | P,(cos ¢). (IV-14.2) 
n=0 


If we can determine coefficients A, and B,, n = 1, 2, -- + so that V meets the 


conditions of our problem, then the series expansion ([V-14.2) will provide the 
desired solution. The question is: “What condition or conditions of the present 


problem will give us a hold on the coefficients to be used in Eq. ([V-14.2)?” 
Perhaps the procedure of Prob. IV-9 will give us a clue. There we found that 
the solution turned out to be like Eq. ([V-14.2) above except that every B,, 


vanished while every term CnPn(Cos $) was of the form A,(r/R)"P,(cos ¢) 
where R was the radius of the solid. And we were able to determine A, from a 
boundary condition which permitted a series expansion when r = R. But the 
particular situation r = R does not seem capable of yielding any hold on the 
desired coefficients in the present problem. Let us, then, try specializing the 
other factor in each term of the expansion, namely, P,(cos ¢). 4 moment’s 
reflection indicates that when P is any point of the positive z-axis, then 
cos ¢ = 1 making every P,(cos $) = 1. and for a point P in the upper z- 
axis we should be able to compute the potential in Eq. ([V-14.1) as a function of 
the distance h of P from the origin 0. 

For a point P in the positive z-axis at distance h from 0 we have by Eq. (IV- 
14.1), using rectangular coordinates, 


dA 
M00.) = tI ER 


This integral is readily evaluated via an iterated integral in polar coordinates. 
The result, with M denoting mass of lamina, is 


V(0, 0, A) = (Vik +R — hh). (IV-14.3) 


And now if we expand the right side of Eq. (1V-14.3) in powers of h we will 
have the right side of the desired Eq. ([V-14.2) for the case where r = h and 
every P,(cos ¢) = 1. Thus, we can identify the coefficients of the powers of h 
in the expansion of the right side of Eq. ([V-14.3) with the coefficients C,, and B,, 
desired in Eq. (IV-14.2). 

We may expand by the binomial formula the right side of Eq. ([V-14.3) in 
positive powers of h when h < R and in negative powers of h when h > R as 
follows. For h < R we have 


ron b+) 


2M Cee Ge ee Oe 
R? 2R 222! R3 233! RS ' 
h<R. (IV-14.4) 


Thus, in Eq. ([V-14.2) when r < R we have every B,, = 0 because negative 
powers of h (identified as r) do not occur in Eq. (I[V-14.4), which is what Eq. 


(IV-14.2) becomes (with r = h) when ©°S ¢=1 so that every P,(cos $) = 1 
Identifying the C, in Eq. (IV-14.2) with the corresponding coefficients of powers 
of h in Eq. an we have 


V = V(r, ¢) = — M1 P (cos ¢) — a) ¢) + (a) em ¢) 


Ee | *p ej- (7 ’ P 
— Fail G) Patcos d) + a (4) Pa(cos 4) 
— ‘|, pak, oS, (IV-14.5) 
Similarly, when h > R we have 


V0, 0, h) = a fal 1 +(7) }" m n} 


2M[1R® 1°1R* 1°1°3 R® 
-Fin-miet ore ch} fee 
(IV-14.6) 


so that now every C,, = 0 in Eq. (IV-14.2), since positive powers of h (identified 
as r) do not occur in Eq. (IV-14.6). Then we get 


V= V(r, ¢) 


2M[1/R Le 7 RY 
=< E (*) P,(cos ¢) — oT (*) P,(cos ¢) 


ee 


T9331 


(7) Patcos ¢)— °° ‘| re. £280 
(IV-14.7) 


Equations ([V-14.5) and ([V-14.7) provide the solution of our problem for all 
points having z > 0 except those for which r = R. For a point on the lower half of 
the z-axis, where h is negative (with h # R), Vhi = —h so that all terms in 
Eqs. ([V-14.4) and (IV-14.6) remain the same with one exception: the second 
term in the brackets in Eq. ([V-14.4) becomes h in place of —h. Accordingly, we 
may say that Eq. ([V-14.7) gives the potential V at all points P having r > R with 
z # 0, while Eq. (IV-14.5) with the term (r/R)P,(cos ¢) replaced by 
(r/R)P,(cos ¢) gives Vat all points having r < R when z is negative. 

When h = R, neither of the expansions employed in Eqs. (I[V-14.4) and (IV- 
14.6) is possible. Nor are they available when h = 0. If it is required to know V at 
a specified point where z = 0 or where r = R, the value of V for such a point may 
be obtained (by approximate integration, if need be) directly from the integral 


dA 
V= . 
k| D 


A 


Problem: Potential of an Electric Charge Distribution 


IV-15. Distribution of electric charge on the surface T of an insulated 
conductor which lies wholly interior to the spherical surface S: r = R is 
symmetric about the z-axis and is such that on S the potential V of the charge 
distribution equals C(1 + cos* $) where C is a constant and % is the cone 
angle (colatitude) spherical coordinate. Obtain formula for V valid at all points 
exterior to or on S. * 


As already indicated, the potential V is a function only of r and 


¢: V= V(r, $). asin Eq. (IV-14.1) in Prob. IV-14, the potential is defined 
as the integral over T of o/D, where o now denotes density (assumed to be 
continuous on T) of charge per unit area on T. Then as in Prob. IV-14 one finds 


that V satisfies Laplace’s equation at all points exterior to T. Accordingly, we 
look for a formula for V of the form given in Eq. ([V-14.2) in Prob. IV-14. 
However, we must take every C,, = 0. In the region consisting of the exterior of 


S, the formula for V as given by Eq. (IV-14.2) in Prob. [V-14 cannot contain any 
terms in positive powers of r. Any such term or sum of such terms would require 


V(r, %) to become infinite in magnitude as r > ©, For, if V be expressed as an 


integral over T, the maximum of the integrand o/D approaches the limit zero as r 
> ow, 


So, we seek a series solution of the form 


@ 


Vir, ¢) = = =a n(COs >) (IV-15.1) 
n=0 


uniformly convergent for r= R and equal to C(1 + cos* $) on 5 where r = R. 
Letting 4 = COS $ we thus require 


Cl + u‘) = sé P,,(u). 


By Prob. III-18 this requirement is met by having 


B,, 2n + 1 
Rn _ 2 


B, = Sala ol | P,(u)du + | uaa. 
~1 = 


As in Prob. IV-10, the first integral vanishes for all n > O by Eq. (III-16.5) 
while the second integral vanishes by Eq. (II-20.5) for all n > 4 as well as for n 
= 1 and n = 3. Computing By and B, and By, taking the Legendre polynomials 
involved from Table III-1, we find that 

6CR 4CR® 8CR® 


=) B= ; B= —_——— 2 
5 —- 7 =“ 35 


Thus, the solution sought for in Eq. ([V-15.1) reduces to a closed form: 


i C(1 + u‘*)P,(u)du, 


By = 


V = V(r, 9) 


= €[ §(*)Patcos #) + 2() Palcos #) + se(=) Pu(cos #) | 


Problems: Specific Series Expansion 
IV-16. Show that 


1 —}? 


(i — 2xh + WPA ders nro Ix] <1, |hl <1, 
(IV-16.1) 


where P,,(x) denotes the Legendre polynomial of degree n. * 


Apparently the expansion to be established will follow from appropriate 
manipulation of the characteristic expansion (III-1.7). By the properties of the 
expansion established in Prob. III-1 we may differentiate Eq. (III-1.7) termwise, 
obtaining 


x—h 
eevee Pixie, Si. jam i 
(1 — 2xh + A?)372 >? bi a Ml 
n=0 (IV-16.2) 
And this Eq. ([V-16.2) will remain valid when both sides are multiplied by 2h: 
2xh — 
2nP,(x)h", ac leper 1 
eH > (xm, [x] SI, [Al 
a= (IV-16.3) 


Addition of Eq. ([V-16.3) to Eg. (III-1.7) yields the expansion to be 
demonstrated. 


IV-17. Show that 


SP a) = 16 og.| + - =|; Ix] <1, (IV-17.1) 
nt+i1~ 


n=0 


where P,,(x) is the Legendre polynomial of degree n. * 


We start with the expansion 


P,(x)h" = (1 — 2xh + h?)-@P) (IV-17.2) 
n=0 


established in Prob. III-1. If we choose an x such that |x| < 1 and hold it fast, then 
we Inay integrate termwise the series on the left in Eq. ([V-17.2) from h = 0 to 
an arbitrary h such that |h| < 1 and the series of such integrals will converge to 
the integral over the same interval of the expression on the right in Eq. (IV- 
17.2). Doing so, we get 


Snes 7 n dh 
y ntl bo Vi 2xh +1 


-(———S= 
Jo Vik — x? + (1 — X) 


= log. (A -—x) + Vik — x? + (1 — x) 
— log, (1 — x) 


== | 
OB l1—x 


Equation (IV-17.3) holds for any x such that |x| < 1 and for any h with |h| < 1. 
In particular Eq. ([V-17.3) is valid when h and x are any two numbers which are 
equal to each other and less in absolute value than unity. 

Thus when h = x with |x| < 1, we have 


: ie) /1 — x? 
n+1 . l—<x 


r= 


V1 +xV/1—x 
l1—x 


a 5 log. E + =|. (IV-17.4) 


= log, 


l1—x 


The series on the left in Eq. (IV-17.4) converges absolutely and uniformly for 
|x| < 1 since on this interval |P,,(x)| S 1 by Prob. III-12. Consequently, this series 
may be rearranged so as to be exhibited as a power series 


Ay + aX + ax® + ax? +°°° 


convergent for |x| < 1. By Eq. ([V-17.4) this power series converges for |x| < 1 to 
the function on the right in Eq. (IV-17.3) and therefore is identical with the 
Maclaurin series of this function for |x| < 1. But it is known (as shown in 
calculus texts) that the Maclaurin series expansion of this function converges 
thereto for |x| < 1. It follows that Eq. ([V-17.4) is valid for |x| < 1, as was to be 
shown. 


Problem: Infinite Product Expression for m/2 
IV-18. Show that 7/2 can be expressed as an infinite product of definite 
integrals involving the Legendre polynomials as follows: 


2) 


I] | Sah BR UE (IV-18.1) 
=i 


n=l 


where P,,(x) denotes the Legendre polynomial of degree n. * 


It is clear that the value of each integral in the infinite product will be a 
rational number, since each integrand is a polynomial in x with rational 
coefficients, as follows at once from the definition of Legendre polynomials 
given in the introduction to Chapter III. Thus Eq. (IV-18.1) expresses the 
irrational number 7/2 in terms of rationals. We should not be surprised if the 


infinite product in Eq. ([V-18.1), once the integrals are evaluated as rational 
numbers, turns out to be similar (perhaps the same as) Wallis’s product for 7/2 in 
Prob. I-28. 

Apart from the factor 2n, which is a constant as far as the integration is 
concerned, each integrand xP,,(x)P,,_;(x) suggests that perhaps a transformation 
of itself whereby the factor x is eliminated will allow us to evaluate the resulting 
integral (or integrals). The transformation we seek is at hand in the recurrence 
formula Eq. (IH-2.5) whereby, taking m — 1 = n, we have 


xP,(x) = es Pris) + = Pei). 


Thus the n" factor in the product on the left in Eq. ([V-18.1) becomes the sum 
of two integrals: 


n+1 f! n 2 
n Ee [_ PessGadPna(adde + n+l [. [ Pn-1(2) | ax : 


As we had anticipated, we can readily evaluate these two integrals: the first one 
vanishes by the orthogonality property established in Prob. III-16 while the value 
of the second one is 2/[2(n — 1) + 1] = 2/(2n - 1) by Prob. III-17. Accordingly, 
the infinite product in Eq. ([V-18.1) is 
@ 
4n? 
4n? — 1 


n=1 
This is none other than Wallis’s product, which we proved in Prob. II-28 to be 
convergent to 71/2. Eq. ([V-18.1) is thus established. 
Problems: Application of Gauss’s Mechanical Quadrature Formula with 


Pertinent Table 


IV-19. Using Table [V-1 and taking n = 6, compute approximately log, 7 by 
Gauss’s mechanical quadrature formula 


[erent 5? au (OG x + L5P), 


where x; = the i zero of the Legendre polynomial P,,(x) and 


1 
a; = E P,() dx. ¥ 
PAX) JayX— Xs 


Before carrying out the computations involved in this problem let us observe 
(see, for instance, Hobson, The Theory of Spherical and Ellipsoidal Harmonics, 
Cambridge, 1931; see also Lowan, Davids, and Levenson, Table of the Zeros of 
the Legendre Polynomials of Order 1-16 and the Weight Coefficients for 
Gauss’s Mechanical Quadrature Formula, Bulletin of the American 
Mathematical Society, Vol. 48, 1942) that Gauss’s method of mechanical 
quadrature for obtaining an approximate value for a definite integral is 
advantageous in that it requires half the number of ordinate computations as 
required by most methods of approximate integration to get the same degree of 
closeness to the actual value of the integral. 


We write 


f(x) = 


l 
Thus we have p = 1, q = 7, X, so that 


7-1 a; 
l fe eee peel eee 
Ss ea 


- 


t=] 


a a a 
=~3 Rd wave 6 
= Geer peer te 


w 3) 48791, 36076 17132 
~~ | 4.71586 * 5.98363 * 6.79741 


46791 es 36076 4 17132 
3.28414 2.01637 1.20259 


= 1.9457. 


REMARK. Tables of natural logarithms give log, 7 as 1.9459 to four decimal 
places. Our approximation is in error by a little more than a hundredth of 1 per 
cent. 

IV-20. Compute an approximate value for 2 by application of Gauss’s 
mechanical quadrature formula (see Prob. [V-19) to the integral on the right side 
of 


Using Table IV-1 as in Prob. [V-19, we take n = 5. We have 


p=0, qg=1, K(x) = 1/11 + x), (5 Px, + 15) 


=1/[1+(G%+5) so that 
a ay Ff 
a 


a 


oo Dycsces,, 
= 4+ (x, + 1)? 


a | 47863  .23693 
~ 6.3670 7.6333 


+ 4133 * 4.0088 


47863 ue | 
=~ 3.1416. 
TABLE IV-1* 
Zeros of the Legendre polynomials P,,(x), n = 2, 3, 4, 5, 6 and the corresponding 
weight coefficients a; for Gauss’s mechanical quadrature formula 
Xx; = i zero of P,(x); 


1 (* Pa) 5 
P(x) J-1 x — x 
The x; and a; are numbered so that 
(1) when n is even: Xj4,/9 = Xj Qi+n/2 = Gj} 

(2) when n is odd: Xj(n-1)/2 = 


a; = 


~ Xis Gis(n-1y2 = Ap E> I. 


* Taken (with slight change in numbering of the x; and a;) from Lowan, Davids, and Levenson, “Table of 
the Zeros of the Legendre Polynomials of Order 1-16, and the Weight Coefficients for Gauss’s Mechanical 
Quadrature,” Bulletin, Amer. Math. Soc., Vol. 48, 1942; also found reprinted in Tables of Functions and 
Zeros of Functions National Bureau of Standards, Applied Math. Series 37. 


D 
BESSEL FUNCTIONS 


INTRODUCTION 


Bessel’s differential equation is 
x*y" + xy’ + (x? — p*)y = 0, (V-0.1) 


where y’ and y” denote respectively the derivatives dy/dx and d’y/dx* and where 
p is a constant. Bessel’s equation is a particular case of the equation 


(1 + Ax*)y” + ‘@ + Cx#)y’ + =(D + Ex*)y = 0, 


being the case thereof in which 
A=0, B=1, C=0, D=-—p, E=1, H=2. 


Although Bessel’s equation (V-0.1) is a differential equation of second order 
as far as derivatives are concerned, it is often referred to as Bessel’s equation of 
order p, the designation “order” referring to the value of the parameter p, not to 
the highest order derivative in the equation. Equation (V-0.1) actually denotes a 
family of equations, there being an individual member of the family for each 
value, real or complex, of the parameter. In this book we shall not be concerned 
with any Bessel equation of complex order, that is, a Bessel equation which p is 


a complex number a + bi, a and b being real and i denoting v—1 . We observe 
that the Bessel equation of order —p is the same as the Bessel equation of order 


Dp: 
A solution y = F,(x) of Bessel’s equation (V-0.1) which is continuous for all 


values of x is called a Bessel function of the first kind. A solution y = F(x) 
which is continuous for all values of x except x = 0 and which becomes infinite 
in absolute value as x — 0 is known as a Bessel function of the second kind. 
Since a Bessel function of the first kind and one of the second kind cannot 
satisfy identically (for all x except x = 0) a linear equation 


where A and B are constants, the general solution of Bessel’s equation is 
y = GA) + CF), 


where F;, is a Bessel function of the first kind and F, is a Bessel function of the 
second kind and where C, and C, are arbitrary constants. 


Solutions of Bessel’s equation (V-0.1) are usually expressed in terms of one 
or two of four standardized Bessel functions 


J (x), Ys(x), I(x), Ky(>). 


The standardized function J,(x) is defined for all real orders p as follows: 


8) 


J —_ _—— 
p(X) = > mere SET pF —1,—4, —3, 


b=0 (V-0.2) 
JAX) =(—-I)V, (2), 2 = 1,2,3,°°°, (V-0.3) 


where ['(p+ k + 1) is the Gamma function (see Chap. I). Bessel functions J,(x) of 


order p = 0, 1, 2, 3, - - - are of considerable importance in applications, especially 
Jo(x) and J,(x). From (V-0.1) we have, by virtue of Prob. I-10, 


x sg x 
WO) ="— 3 t RaH PGI 
ia, 2 
292! = -2°2!3! =. 27314! 


The standardized function Y,,(x) is defined as follows: 


fre,  (V-04) 


I(x) = free. (V0.5) 


Y,(x) = Tao | (cos pr)J,(x) — J-s) | p nonintegral, 
(V-0.6) 


n—1 
(n — k — 1)! x-™+2# 


l 
Y,(x) = = 2 y + log, 4 Jn(x) — a A 


k=0 


SE DAM + + seen 
2"+2kK (nm + k)! ; 


n=1,2,3,-°:, (V-0.7) 


k=0 


where y denotes Euler’s constant (see Prob. I-32) and where $(0) = 0 and 


Me ig ol 1 


For Y)(x) the finite summation in Eq. (V-0.7) is omitted. We remark here that 


$(k) as defined here is related to the value, for positive integers, of the 
logarithmic derivative of the Gamma function, namely w(x) = I"(x)/T(x) 
considered in  Probs. J[-32 and _ I-33. The relationship is _ this: 


$k) = Wk +1)+y 


For the general solution of Bessel’s equation (V-0.1) we will take, as is 
customary, 


CLJ (x) + C,J_,(x), p nonintegral 


CiJn(x) + Cy Y,,(x), p=n= 0, |e 2, <M coe 
(V-0.8) 


Da Z,(x) = 


where C, and C, are arbitrary constants. 


In applied mathematics there are problems which involve differential 
equations having solutions in terms of Bessel functions of pure imaginary 
argument. Real solutions are then expressed in terms of modified functions. The 
standardized modified Bessel functions are denoted by I,(x) and K,(x). They are 


defined as follows, x being real and i denoting vV—1: 


L(x) = i-?J,,(ix), (V-0.9) 


7 . 
K,(x) = Sida | £40 — so) | p nonintegral, 
(V-0.10) 


K,(x) = : inl Jy(i) a iva) | p= 04,2, 5.8 +s. 
(V-0.11) 


When the solution of a differential equation can be expressed in terms of 
Bessel functions of pure imaginary argument ix, we will take as general solution 


CLl,(x) + C.l_;(x), p nonintegral 


C\l,(x) + C.K,(x), p=on=Q,1,2,3,--*. 
(V-0.12) 


y =Z,{ix) = | 


There are also problems which involve differential equations having solutions 


in terms of Bessel functions of argument i*/2x, where x is real and ! = vV— 1, 


The standardized Bessel functions of such argument are J,(i*?x) and i ?K,(i*x). 


Since these functions have complex values for real x, they are often indicated as 
follows: 


Ji /*x) = ber,x + i bei,x = i?1, (ix) (V-0.13) 
i-?K,(i'/*x) = ker,x + ikei,x. (V-0.14) 


It is, however, customary to omit the subscript from these latter designations 
when the order p is zero and to write simply 


J(i3/*x) = ber x + i bei x, (V-0.15) 
K,(i*/*x) = ker x + ikei x. (V-0.16) 


The complex function ber x + i bei x is often expressed in terms of its modulus 
and its amplitude: 


ber x + i bei x = M,(x)ei@ (V-0.17) 
where 
bei x 


1/2 
M(x) = | (ber x)? + (bei | , 0, = arc tan —— 
ber x 


Similarly, one may write 


ber,x + i bei,x = M,(x)e®>™, (V-0.18) 


where 


1/2 
M,(x) = | (bers) ae (bei) | 6, = arc tan beipx 
ber,x 


Another class of complex functions found to be convenient in certain 
problems is the class of functions known as the Hankel functions H,(x) and 


H,?)(x) defined as follows: 
H,")(x) = J,(x) + iY,(x), (V-0.19) 
H, (x) = J,(x) — iY,(x). (V-0.20) 


Comparison of (V-0.19) with (V-0.11) shows that the Bessel function K,(x) may 
be indicated alternatively as 


K,(x) = 5 MH O%(x), n=0,1,2,3,-°-. (V-021) 


A class of functions known as Struve functions H.@ is the the class 
defined by 


Hitn Fg ee ge} 


Mk+30(p+k+%) 


k=0 
(V-0.22) 
H,@ is a particular solution of 
s xPtl 
xty" + xy’ + (x? — p*)y (V-0.23) 


~ 2-1DQ)P(p + 4)" 


whose general solution is 


CJ,(x) + CJ-(x) + H00, pp nonintegral 
is (V-0.24) 


C(x) + CrY¥,(x) + Ha, p=n=0,1,2,3,°°°. 


Bessel functions are also called cylindrical harmonics because they furnish 
one ingredient for product solutions of problems in which it is required to find a 
function which is harmonic, that is, satisfies Laplace’s equation and has 
continuous second-order partial derivatives, within a right circular cylinder and 
which takes on assigned boundary values on the surface of the cylinder. 

The problems and exercises in this chapter are concerned with some of the 
properties and the mutual relations of the Bessel functions and with their 
relations to other functions, in particular their relations to trigonometric 
functions, exponential functions and Legendre polynomials. 

At the end of the chapter is a selection of tables. 


Problems: Differentiation Formulas 
V-1. Show that 


é | 74.09 | = X?J5-1(x). . (V-1.1) 
dx 


When p is such that x? is not real for x negative, we shall exclude negative 
values of x from consideration. When p is such that negative powers of x are 
contained in any of the series expansions involved, then x = 0 will naturally be 
excluded. 


Case 1. p is not a negative integer. Then by Eq. (V-0.2) we have 


is 


p a hy Ce : 
x J5-1(X) = > eee = 3 k) (V 1.2) 


k=0 
Also by Eq. (V-0.2) we get 


dT orca]. SC Dip + 2b 
ak 1460) | ea >, 2°+2kKIT(p + k + 1) (¥-1.9) 
=0 


Termwise differentiation is valid in obtaining Eq. (V-1.3) since the resulting 


series converges uniformly on any chosen finite interval of positive values of x 
(on any chosen finite interval whatsoever in case negative values of x and x = 0 
are admissible). By application of Eq. (I-4.1) to each term on the right in Eq. (V- 


1.3) we get 
hall (— 1)*(2p + 2k)x?7+2e-1 
a* J, 4x) | = > Seren + bio + b (V-1.4) 


The right side of Eq. (V-1.2) is seen to be the same as the right side of Eq. (V- 
1.4). Thus Eq. (V-1.1) is established for Case 1. 


Case 2. p =-—n,n=1,2,3,---.Wehave 


Fe) | =F] reaco | 


ails Wf ed | by Eq. (V-0.3) 


= (— 1)"{— x *Jn41(x)] by Prob. V-3 
= (— 1)" "(— 1)" J_-10%)] st by Eq. (V-0.3) 
= x?J,_,(x). 


REMARK. It is legitimate here to apply Prob. V-3 with p > 0, since the 
demonstration of that case of Prob. V-3 does not depend on Prob. V-1. 


V-2. Show that Eq. (V-1.1) holds also for Y,, with Y,_ 


£0? Y,)=x?¥,,. * (V-2.1) 


For p nonintegral we have by Eq. (V-0.6) 


d P —— A P —_ d Pp 
2 0°Y,) = | 0s pa) 2(x7J,) — Sx L,) 


sin pr 


a by Eqs. (V-1.1) 
~ sin “pal (C08 PaDsPd le | and (V-3.1) 


x?{[— cos (p — 1)\Vp-1 + J-~p-»} 
— sin(p — 1l)z 
= x? Foose 
Equation (V-2.1) may be established when p = n = 1, 2, 3, - - - directly from 
Eq. (V-0.7) in the manner used in Prob. V-1 to establish the identity for J,, or by 


taking into account the fact that Y,(x) is a continuous function (for fixed x 0) of 
the parameter p. 


REMARK. In similar manner the identities established in the next several 
problems for the J-functions can be shown to hold also for the Y-functions. 


V-3. Show that 


5 | ae) | = — x? J, 44(x). bl (V-3.1) 

Equation (V-3.1) is established in the same manner as Eq. (V-1.1) except for 
one item, which arises from the fact that the series for x PJ,(x) begins with a 
constant term whose derivative is zero. Consequently, the series for the left side 
of Eq. (V-3.1) may be written as a summation beginning with k = 1 instead of k 
= 0. But the series for the right side of Eq. (V-3.1) is a summation beginning at k 
= 0. However, this latter summation becomes identical with the summation for 
the left side of Eq. (V-3.1) simply by using a new index of summation k, = k + 1, 


thus establishing Eq. (V-3.1). 
V-4. Show that 


5 40) | = Jg-x(x) — 7 5,(x). * (V-4.1) 
x x 


Carrying out the differentiation indicated on the left in Eq. (V-1.1), we find 
that Eq. (V-1.1) becomes 


as JAX) + Jg(x)px?-? = x*J,—1(x). (V-4.2) 


Solving Eq. (V-4.2) for the derivative of J,(x), we get Eq. (V-4.1). 
V-5. Show that 


OA) Pray jin, (V-5.1) 
dx x 


Carrying out the differentiation indicated on the left in Eq. (V-3.1) and then 
solving the resulting equation for dJ,(x)/dx, as was done in Prob. V-4, we get Eq. 


(V-5.1). 
V-6. Show that 
dJ,(x) 1 


i 5| Yee) — Jynse) } * (V-6.1) 


Equation (V-6.1) is obtained by simply adding the identities (V-4.1) and (V- 
5.1). 
Problem: Recursion Formulas 


V-7. Show that 
Ja) = 3 | Yor + Jas) | p40. * (V7) 


Equation (V-7.1) follows at once from the identities (V-4.1) and (V-5.1) 
simply by subtracting the latter from the former and then transposing the term in 


J,(X). 


REMARK. Identity (V-7.1) is the analogue in Bessel functions J,(x) of the 


identity (IM-2.5) in Legendre polynomials. 
Problems: Differentiation Formulas 


V-8. Verify the first formula in Table V-1 for g = J, namely 


el 27Ie(ax) |= axpax). (V8.1) 
dx 


The identity in question is evidently a slight generalization of the identity 
established in Prob. V-1. All that needs to be done is to let u = ax and apply Eq. 
(V-1.1) written in terms of the letter u: 


ST ve _ 4{ (¥\’ 
él 4] = al (2) 200] 
dl u® du 
- mE Ju) | 


= oot | we) a 


= a-*| u?J,_(u) | by Eq. (V-1.1) 


= a+ (ax)?Jy-,(ax) | 
= ax? J,_,(ax). 


REMARK. Similar verifications may be made of each of the other formulas 
involving the argument ax in Table V-1. We may also write 


| ax?J,_(ax)dx = x?J,(ax) + C. 


V-9. Develop and establish formula for the n™ derivative d"J,(x)/dx" as 
generalization of the formula for the first derivative d J,(x)/dx established in 
Prob. V-6. * 


Let us first work out formula for the second derivative dP J,(x)/dx? and also for 
the third derivative dd ide. That will probably give us sufficient basis from 


which to surmise the general formula for the n derivative and upon which we 
can construct demonstration to establish the general formula. 
Starting with Eq. (V-6.1) and differentiating both sides thereof, we get 


Mer den) (V9.1) 


dx 21 dx ~~ dx 


Now we apply Eq. (V-6.1) to each of the two derivatives on the right in Eq. (V- 
~ ae 


d?J 1 {1 1 
a = 5) Vers — J5) ao 2 J 5+2) 
1 
~ 72 o-2 — 2, + SJp+2)- (V-9.2) 


It looks as if we can surmise the general formula for the n" derivative already 
from the formula for second derivative in Eq. (V-9.2). But let us strengthen (we 
trust) our surmise by going on to the third derivative. Differentiating Eq. (V-9.2) 
and applying Eq. (V-6.1) to the resulting derivatives on the right and collecting 
terms, we find that 


J, 1 
a aa —3 — BJ5-1 + 3S 541 — S545). (V-9.3) 
We surmise that 
oe - as So-n = Ch DI, tg + COD, 


reams wc, | eee oe rin | 
(V-9.4) 


where C(n, k) denotes the coefficient of the (k + 1)" term of the expansion of the 
n" power of a binomial. C(n, k) is the number of combinations of n things taken 
k at a time: 


n! 


= eB 


(V-9.5) 


The demonstration of the truth of Eq. (V-9.4) is essentially the same as that of 
the binomial expansion theorem to be found in any good algebra text. Let us 
sketch it, however, adding the extra arguments pertinent to the present situation. 

We have Eq. (V-9.4) now established for n = 1, 2, 3. Assume it true for a 
positive integer n and differentiate it. It is at once apparent that, where every 
derivative dJ,/dx on the right is replaced by (4)(Jj-1 — i+1), then the (n+ 1)" 


oe each aces 1 ; 
derivative aioe will have the coefficient (2)"**, Moreover, one sees (as in 


the proof of the binomial theorem in algebra texts) that the (k + 1)" term in 
d"1J,/dx"*! comes from the k'" and the (k + 1)" terms of d"J,/dx". From them, 


apart from the factor } we obtain, by Eq. (V-6.1), as their contribution to 
dj jae 
Dp ’ 


(— 1I8C(n, k — 1] Jp-neae-s — Jone ars | 
+ (= I8C(n, Bl Jp-ntera — Joneses | 
The portion of this contribution which makes up the (k + 1)" term in a Fil 
is 
[(— DFM 1)C(n, k = 1) + (= DCE, 1) Jp-nt eee 
which combines by application of Eq. (V-9.5) to 
(— 1)*C(n + 1, kK) p~(nt1) +28 


This last expression is the same as that occurring for the (k + 1)" term in Eq. 
(V-9.4) with n replaced by n + 1. Thus, whenever Eq. (V-9.5) holds for a 
positive integer n, it holds for n + 1. This, combined with the fact that it holds for 
n= 1, 2, 3 validates Eq. (V-9.4) for derivatives of all orders. 


V-10. Show that 


ai, ber’x) = — x bei x, (V-10.1) 
dx 


a (x bei’x) = x ber x, (V-10.2) 
dx 


where, as given in the introduction to this chapter, ber x and bei x are defined by 
J(i8/2x) = berx +ibeix, i=V—1, (V-10.3) 


and the primes on ber and on bei mean derivative with respect to x. Also given is 
a particular solution of 


xy’ + y’ — ixy = 0, (V-10.4) 


namely 
y = berx + ibeix. " (V-10.5) 
If we observe that Eq. (V-10.4) may be written as 
a ° 
—(xy) = ixy, 
ax! y) = ixy 
then, by Eq. (V-10.5), we have 


as | (bers +i bei) | = ix(berx + ibeix), (V-10.6) 


that is, 


had (x ber’x) + ie bei’x) = — x bei x + ix ber x. 
dx dx 
(V-10.7) 


And now the equations to be demonstrated, namely, Eqs. (V-10.1) and (V-10.2), 
follow at once from Eq. (V-10.7) by separation of reals and imaginaries. 


REMARK. Equation (V-10.4) is solved in Prob. VI-6. 
Problem: Evaluation of Integrals Involving Bessel Functions 


V-11. Evaluate 
[ “x{ (ber) i, (bes) |a. * 
0 
We write this integral as the sum of two integrals 
I " x(ber’x)'dx + { " x(bei’x)2dx. 
0 
Each of these two integrals is readily evaluated via integration by parts, the 


procedure for the second being quite the same as for the first. So, we shall 
present the details only for the first integral, which we will denote by R, We 


write 


R, = [ x ber’x * ber’x dx 
0 


and integrate by parts, taking u = x ber’x and dv = ber'x dx. We get 


r=a 


R, = E ber’x ber x | ~~ [ “ber x° 2% ber’x)dx 
0 dx 


z= 


= a ber’a ber a — [ (ber x)(— x bei x)dx 
0 
by Eq. (V-10.1). Thus, 


R, = aber aber'a + |” x ber x bei x dx. (V-11.1) 
0 


In exactly the very same manner we find via Eq. (V-10.2) in Prob. V-10 that 
the second integral 


a 

R, = a bei a bei’a — [ x ber x bei x dx. (V-11.2) 
0 

Addition of Eqs. (V-11.1) and (V-11.2) yields the value requested: 


[ x| (ber'x)? + (bei Jax = a(ber a ber’a + bei a bei‘a). 
0 
(V-11.3) 


Problem: Differentiation Formulas 
V-12. Show that, for each real number x, the modulus of (d/dx)[Jo(i*/2x)] is 


equal to the modulus of J,(i?/2x). * 
By formula (C) in Table V-1 we have 


< (Px) = — PPJ,(9x), (V-12.1) 
The factor — i°* on the right in Eq. (V-12.1) has modulus unity. Thus, the 


modulus of the function on the right in Eq. (V-12.1) is the same as that of 
J, (i?/*x). Consequently, 


= | J,(i*/*x) (V-12.2) 


: 
| Qa J,(i8/*x) 


as was to be demonstrated. 
The equality expressed in Eq. (V-12.2) can be written in another form, by Eqs. 
(V-0.13) and (V-0.15), as follows: 


|ber’x + i bei’x| = |ber,x + i bei,x| = M,(x). (V-12.3) 


RemaRK. Although oll") and J,(i32x) have the same modulus for each real 
x, they do not have the same amplitude by virtue of the rotating factor — i°/7 
the right in Eq. (V-12.1). 


on 


Problems: Specific Evaluations 
V-13. Evaluate J;(.1) correct to four decimal places via Eq. (V-0.5), namely 


x x x x’ 
AO) = 5 — 9591 + 29131 ~ Fa tT * 
(V-13.1) 


The terms in the series in Eq. (V-13.1) alternate in sign. For any chosen x they 
are such that eventually (from some term on) each term is less in magnitude than 
its predecessor. And the limit of the n™ term is zero as n > ©. So, the error 
committed by taking a partial sum of the series as approximate value for J,(x) is 
less in amount than the size of the first term not included in the partial sum. 
When we take x = .1, the third term of the series is less in size than 10°’. 
Consequently, the partial sum made up of only the first two terms will give 
J,(.1) correct to six decimal places. And we have 


001 
= .0499375. 


Since the third term is positive, the value of J,(.1) is slightly more than the 
approximate value just indicated. Thus, we may conclude that, to six decimal 
places, 


J,(.1) = .049938. 


V-14. Compute Y3(.8) to four decimal places via Eq. (V-0.7). * 
The term preceding the two summations in the formula for Y,(x) as given by 


Eq. (V-0.7) can be computed to as many significant figures as are available for y 
and natural logarithms and J,(x). If we take J3(.8) from our four-place Table V- 


3, our accuracy in the computation of this part of Y,(.8) is limited to four 


significant figures. But, as we shall see, only two will be needed. 
On the other hand, the coefficients in the finite summation in the formula for 
Y,(x) are all rational numbers, so that the contribution of this summation to 


Y,(.8) can be computed with any desired degree of accuracy whatsoever. 
The infinite summation in the formula for Y,,(x) is an alternating series. When 
written for Y3(.8) the terms decrease in size immediately from the first term. 


Consequently, the error committed in using a partial sum of this series will be 
less in magnitude than the size of the first term not retained. It looks as if it will 
suffice to retain only the first two terms of this series. Let us check this hasty 
judgement by an appraisal of the size of the third term. The third term (term 
where k = 2) in this series when n = 3 and x = .8 is 


(— DAN + F4+44+34)40 4 HUB 
2' © 215! : 


which is readily found by a rough appraisal to be much less in size than .00005. 
We are now ready for our computation. We have 


= bf, [220,24 8 
~ [ob poy 
25(3!) 


Wet b+ D+ KS) 
25(4!) 


a 


\- 006917 — 33.95 — .018240) . 


The middle number within the braces is exact. The other two are correct to six 
decimal places. Thus, we may write 
— 33.9751 57 


ie ees 1 
¥s(8) = 3.14159 ~~ 6, 


which will be found to agree to four decimal places with the entry for Y3(.8) in 


published tables. (See, for example, Watson, Theory of Bessel Functions, 
Cambridge, 1944.) 


Problem: Differentiation Formulas 


V-15. Show that the Wronskian 


equals C/x, where C is a constant and where (as indicated) the argument for each 
of the involved functions is x.* 


We can obtain an expression for W,, from the fact that y = J, and y = Y, both 
satisfy the Bessel equation 


xy” + xy’ + (x? — p*)y = 0. 
We have 
x7J5 + xJ, + (x* — p*J, = 0, (V-15.1) 
xY>+ xY, 4+ (x? — p*)Y, = 0. (V-15.2) 
And we get W,, by multiplying Eq. (V-15.1) by Yp, multiplying Eq. (V-15.2) by 
J,, then subtracting and solving for W,,: 


| ee i ee eH (V-15.3) 


Differentiation of W,, namely (d/dx)J,Y, — YpJ >), shows that the expression 
in brackets on the right in Eq. (V-15.3) is dW,,/dx. So, Eq. (V-15.3) becomes 


dW, 
dx 
Solution of Eq. (V-15.4) yields W,, = C/x, where C is a constant. 


W,=—x (V-15.4) 


REMARKS. Evaluation of C can be effected by determining the limit of the 
product xW, as x > 0. It is found thereby that C = 2/r, so that we have 


Py Ta (V-15.5) 


2 
7X 
Any two solutions y = F(x) and y = G(x) of Bessel’s equation (V-0.1) which 
satisfy the Wronskian relation 
FG’ — F'G=C/x 
are said to constitute a fundamental system. 


Problem: Recursion Formulas 


V-16. Show that 
2 
Jp+1(X) Y,(x) = J (x) Y5+3(X) = = * (V-16.1) 


The identity to be established follows from Eq. (V-15.5) by application of Eq. 
(V-5.1) written for Y,, instead of J,,, such replacement being valid by the remark 


in Prob. V-8. Starting with Eq. (V-15.5), namely 


dy. dJ, 2 
Te ax — Ye ~ ax’ 


and replacing each of the derivatives therein by its equivalent from Eq. (V-5.1) 
with Yp for Js we have 


J4e9| 2 Y,(x) — Yous) : Eo . Jpn) |¥Q(0 -2, 


which simplifies to Eq. (V-16.1). 
REMARK. The equation corresponding to Eq. (V-16.1) which is satisfied by the 


modified Bessel functions is 


l 


Ty+1(x)K,(x) i T(x) Ky+y(X) —_ x (V-16.2) 


Problems: Functions of Orders " + $ 


V-17. Show that 


2 * 


J_yAx) = — Cos x. (V-17.1) 


Taking p = —1/2 in Eq. (V-0.2) we have 


i] 


(— 1)*x2*-(2/2) 
2*-12KIT(k + 4) 
k=O 


_ 5 = l= 1)tx* . 
- J > PeRIT(K +P aaa 
k=0 


Now we apply Eq. (I-12.2) to the denominator factor l'(k + 4). We also observe 
as in Prob. I-16, using k for n, that 


2*k! = (2k\(2k — 2)(2k — 4) +++ (4)(2). 


J-y{x) = 


We get 


—— = ky2k 
J-1/2(x) = R a ar (V-17.3) 


The series indicated by the summation in Eq. (V-17.3) is seen to be the well- 
known Maclaurin series for cos x. Thus Eq. (V-17.1) is established: 


J-yAx) = J 2 COS x. (V-17.4) 


V-18. Show that /1/2%) = V2/7x sin x « 
Taking P = 4in Eq. (V-0.2) and then multiplying both sides by Vx/2, we get 


x _ = (— 1)Fx2#+1 : 
of Sue = > aE TI Er 3) (V-18.1) 


k=0 


Replacing P(k + 4) by (2k + 12k — 12k — 3) *** BV) Va)/2**4 from 
Prob. I-13, we have 


= . 
Sy(x) = J2> aE + 1)(2k — 1)(2k — 3) +++ (3)(1) 
k=0 
(V-18.2) 


Since 2kk! = (2k)(2k — 2)(2k — 4) - - - (4)(2), we find, by Probs. I-16 and I-10, 
that Eq. (V-18.2) becomes 


Jyj(x) = J a > Gar (V-18.3) 
k=0 


The summation in Eq. (V-18.3) is seen to be the well-known Maclaurin series 
for sin x, namely 


x 
“=a? 
Thus, 
yom J 2 sin x. (V-18.4) 
TX 


REMARK. In similar manner one finds from Eq. (V-0.2) together with Eq. (V- 
0.9) that 


his) = Jf 2 sinh x, (V-18.5) 


nee J 2. cosh x. (V-18.6) 


Problem: Differentiation Formulas 


V-19. Show that the formula established in Prob. V-3, namely (d/dx)[x PJ,(x)] 


= —x PJ,41(x), can be generalized to 


(=) [=*7400} = (— 1)*x-?-"J,,,,(x), n=1,2,3,-°-. - 
(V-19.1) 


We multiply both sides of Eq. (V-3.1) by 1/x: 
ld 
a x? x) | = (— 1)x-?-1J,+;(x). (V-19.2) 


Then we indicate the combined operations of taking derivative and multiplying 
by 1/x as follows: 


(=) [=~] = (—1)x--V,,,(x).  (V-19.3) 


We apply this operator to both sides of Eq. (V-19.3) and make use of Eq. (V-3.1) 
to transform the resulting right side: 


(Sl) =) mers 
-(-)afrrsnt 
“(B= 


= (— 1)*x-?-*J,,,.{x). (V-19.4) 
Indicating the iterated combined operation on the left in Eq. (V-19.4) by 


(d/xdx)*, we may write Eq. (V-19.4) as 


(5) [= 2)| = (— 1)?x-?-Vyig(x), (V-19.5) 


It is now apparent that by mathematical induction we can arrive at Eq. (V- 
15.1). 


Problem: Functions of Order ® + 4 


V-20. Apply the formula (V-19.1) to the expression for J;/.(x) obtained in 
Prob. V-18 to obtain Js/5(x) as a closed expression in terms of x and sin x and cos 
a 


Taking n = 2 in Eq. (V-19.1) with the sides interchanged and then replacing 


J1/2(x) by the expression obtained for it in Prob. V-18, we find that 


(— 1)?x*J5/.(x) = (=) [= Juvac) ’ 


d d 2 sinx 

ee | i = 

Jude = 2° 5 (else) 
— a [24 € {cos x a 
; a xdx\x\ x x? 

_ 3 2d cosx sin x 
nmdax\ x? x 

— x3/2 y 3sinx _ 3cosx  sinx 
a\ x4 x3 x? 


J2z Ce 3 cos x ) 
= {|= — -——_—_— — gin x}- 
mx x3 x 


REMARK. Similarly one can obtain a closed expression for J,,,4/>(x), where n is 


any positive integer, consisting of Vv2/ 7™Xtimes a finite sum of fractions whose 
denominators are nonnegative integral powers of x while the numerators are 
integral multiples of sin x or cos x. 


Problem: Alternation of Zeros 


V-21. Figure V-1 suggests that (a) Jo(x) has infinitely many distinct zeros 
(values of x where J,(x) = 0), (b) the same is true of J;(x),(c) the zeros of Jo(x) 
alternate with those of J,(x). Given (a) and (b), prove (c). * 


Let x’ and x” denote any two consecutive zeros of Jo(x). By Eq. (V-3.1) with p 
= 0 we have 


AS(x) _ 
or 


Since Jo(x’) = J,(x") = 0 and since Jo is differentiable at all x, it follows by 


— J,(x): (V-21.1) 


Rolle’s theorem (between two zeros of a differentiable function lies at least one 
zero of its derivative) that the derivative dJ,/dx must vanish at least once 


between x’ and x”, say at x*. Then by Eq. (V-21.1) we have J,(x*) = 0. By 


similar argument using Eq. (V-Il.1) one finds that between every pair of 
consecutive zeros of J,(x) must lie a zero of J(x). Consequently, the zeros of 


J,(x) alternate with those of Jo(x). 


REMARKS. 1. The existence of infinitely many distinct zeros is true not only for 
Jo(x) and J;(x) but for every J,(x) and every Y,(x) whatever be the order of p. 


(For proof see, for instance, Watson, Theory of Bessel Functions, Cambridge, 
1944.) 

2. If we move away from the origin to avoid such discontinuities as may come 
from x", the property of alternation of zeros just established for Jo(x) and J,(x) 
holds by essentially the same proof for every pair of Bessel functions J,(x) and 
J(x) whose orders differ by unity. 

3. It is really not surprising to learn that J,(x) has infinitely many distinct 
zeros, since the series formula for Jp(x) in Eq. (V-0.2) is so similar to the 
Maclaurin series for sin x or for cos x. Moreover, the presence of the two 
additional denominator factors 2P*** and I(p + k + 1) is apparently what 
accounts for the decrease in absolute value of J,(x) as x > ©. 


Jn (*), n=0Q, 1, 2. 


Figure V-1 
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Problems: Generating Functions 


V-22. Demonstrate: A generating function for the family of Bessel functions 
JAx), n=0,+1,4+2,+3,°°- 


is the function 


xf, 1 
Ga, x)= oi i) * 

This problem is the analogue of Prob. III-1. Accordingly, our problem is to 
express G(h, x) in an infinite series in integral powers of h and to show that the 
coefficient of h” is J,(x) and of h™” is J_,(x). 

To expand G(h, x) in positive and negative powers of h we naturally try 
making use of Maclaurin’s series for e“, namely 


= ——y —o<u<+o, (V-22.1) 


Then, by Eq. (V-22.1), we may write 


* (DG) 


G(A, oe. 


(SLC VS): os 


Since both series in Eq. (V-22.2) converge by Eq. (V-22.1) for all x together 
with all h 4 0 and, for each choice of x, converge uniformly on any closed finite 
interval of values of h not containing h = 0, we may multiply termwise the two 
series and collect together terms in like powers of h; and the resulting series so 
formed will converge to G(h, x) for all x together with all h # 0. For n = 0 the 
term in h” in the multiplied series is made up of the collection of all those pairs 
of products of terms—one in each of the two series being multiplied together— 
such that the power of h in the first series on the right in Eq. (V-22.2) exceeds 
the absolute of the power of h in the second series by n. Thus, for the coefficient 


A, of h” when n= 0 we get 


“=> (etal l-Ja)) om 


(— 1)Fxe+3% 
2n+2kk (nm + k)! 
=0 


k 


«oo 


= (— 1)hxn® 
7 > wR +k+ 1) by Eq. (I-10.1) 


k=0 


= J,(x) by Eq. (V-0.2). 


For the coefficient A_,, of h'" We find that the only change from the right side 
of Eq. (V-22.3) is that k changes places with k + n with the result that we get (- 
1)"** inplaceof(- 1). This means that 


A_ = (— 1)"J,(x) = J-n(x) by Eq. (V-0.3). 


We have, therefore, shown that 


+a 
x(, 1 
el") — Saco (V-22.4) 
for all x together with all h # 0. 


V-23. It is known that 


ey(v/i— x A= > [Pa(sd/ntye (V-23.1) 
n=0 


where J, denotes the Bessel Function of order zero and P,(x) is the Legendre 


polynomial of degree n. (See, for example, Rainville, Special Functions, 
Macmillan, 1960.) The function on the left in Eq. (V-23.1) is thus a generating 
function for the set of Legendre polynomials as defined in the introduction to 


Chapter III. Verify that the coefficients of the first several powers of h in the 


Maclaurin series for ew J(V 1 —* h) considered as a function of h with x 
held constant are as indicated in Eq. (V-23.1). * 


To work out the first several terms of the expansion of V1 — x*A via the 
successive derivatives of this product function appears to be a forbidding task. 
But there is another way which is not so onerous. It is to multiply the Maclaurin 


series for e*" by the series for the J,-function as given in Eq. (V-0.4). We find, 
by substituting the argument V1 — x* Afor x in Eq. (V-0.4), that 
—.- (1 — x*)h? (1 — x*)*h* 
ae a RR hod 
I(V1 — x2h) = 1 = Is 
(1 — x?)3h8 
2°(3!)? 


+e**-  (V-23.2) 


This expansion is valid for all h and for all x having |x| Ss 1. (We confine 
ourselves to real x and real h.) The Maclaurin series for e*” is well known: 
xe . xh 
er — 1] 4+ xh + or of. ar 4-208 (V-23.3) 
and is valid for all x and h. Since the series expansions (V-23.2) and (V-23.3) 
have the common interval of convergence — © < h < + oo, no matter what value 
be taken for x in them with |x| S 1, the formal term-by-term algebraic product of 
the series in Eqs. (V-23.2) and (V-23.3) will converge for all h, together with 
any choice of x, to the product of the functions on the left in these equations. 
Thus we get 


1 —x* 


er (V1 — x2h) = 1+ xh + E -*5* | 


te 
caer a 


4 Ee _ (1 — x’) — x?) 4 (1 — |e 


— ar (221 
xe (1 — x*) , xl — x*)* 1,5 
sian tC wane |” * 


Multiplying and dividing the coefficient of h” i n! and simplifying, we have 
ey (VT — 8h) = [1] + xr + - [ext — apo ie 
ext — 28x? + Gi) 
+ = hs 


§3 Sees i 


We see that the coefficients in brackets are the Legendre polynomials Po, P;, Po, 
P3, P4, Ps (as determined in Probs. III-4, I-5, III-6). 


oo 


Problems: Orthogonality Property and Related Property 
V-24. Show that the family 


JSxIf ax), n=1,2,3,°°° 


is orthogonal on the interval B: 0 Sx 1, where ), Q>, @3, ‘+: are the positive 
zeros of the Bessel function Jo(x). * 


We have to show that 


[ ‘Milediivands = 0, m Nn. (V-24.1) 
0 


Comparison with the analogous problem in Legendre polynomials, Prob. III-16, 
suggests the possibility of similar procedure here. We seek, then, to express the 
integral above in a form which will be amenable to integration. And to do so we 
start, as in Prob. I[-16, from differential equations satisfied by Jo(a,,x) and 


J o(@,X). 
By formulas (A) and (C) in Table V-1 we have 


£ E Fdelent) | = — a2xJe mmx), (V-24.2) 


5 Ero | = — abxJ¢(2n%). (V-24.3) 


Multiplying Eq. (V-24.2) by Jo(a,x), Eq. (V-24.3) by Jo(a,,x) and then 
subtracting, we have 


Idenrd 5] x5 Idem’) | = Ins a Beco 


= (a, — aim) XI o(Xmx)Jo(%nX). (V-24.4) 


At this point the procedure becomes simpler than in Prob. IIJ-16. For scrutiny 
of the left side of Eq. (V-24.4) shows that we do not need (as in Prob. III-16) to 
resort to integration by parts: the left side of Eq. (V-24.4) as it stands is, in fact, 
the derivative of a difference. Thus, Eq. (V-24.4) reduces at once to 


d d d 
5 | le Tax) — Jeans) Ie) | 


= (a — &m)XIo(%mx) Jo(%nX).- (V-24.5) 


Equation (V-24.5) can be still further reduced by applying Eq. (V-3.1) to the 

derivatives within the brackets as follows. Let u = kx where k denotes an 

arbitrary constant. Then by Eq. (V-3.1) written in terms of u with p = 0 we have 
dJ,(u) dJ(u) du 


ae = i. re = kJ,(kx). 


Thus, Eq. (V-24.5) becomes 


- ey XT o( %_X)I4(O%—_X) + tI md Yin) | 


= (a2 — a2)xJo(%mX)Jo(%,). (V-24.6) 
Interchanging sides in Eq. (V-24.6) and then integrating both sides over the 


interval B: 0 Sx S 1 and recalling that Jo(a,,) = Jo(a,,) = 0 and that J,(0) = 0, 
we get 


(a2 — a2) [ eieeewdde = 0, (V-24.7) 
0 


Since a, # a, when n # m, it follows that the integral in Eq. (V-24.7) must 
vanish when n # m, thus establishing Eq. (V-24.1). 


REMARK. The orthogonality property expressed in Eq. (V-24.1) is often 
described by saying that the family {Jo(a,,x)} is orthogonal on the interval 0 Sx 


S 1 with respect to the weight function w(x) = x. 


V-25. Show that the family V xI (Xn), n= 1, 2, 3,--- is such that the 
integral over the interval 0 SxS 1 of the square of the n member is (1/2) 


[J,(a,)1?: 
l 2 l 2 
[ x| Je) | dx =; Ee) . (V-25.1) 
0 


Apparently here we cannot parallel the work in the corresponding problem, 
namely Prob. III-17, in the Legendre polynomials, since we have nothing to 
correspond to Rodrigues’s formula. However, a review of Prob. V-24 shows that 
all the steps carried out there through Eq. (V-24.6) will hold when a,, and a,, are 
replaced respectively by any two unequal constants g and h. Making such 
replacement and integrating both sides of Eq. (V-24.6) over the interval 0 SxS 
1, we get 


hJ(s)Jih) — sJAh)8) y95,2) 


1 
| xJo{gx)Jolhx)dx = v— 2 


How can we make use of Eq. (V-25.2) to evaluate the integral of x[Jo(a,,x)]?? 


We would like to evaluate the integral in Eq. (V-25.2) when g = h = a, But 


when g = h, both the numerator and denominator on the right in Eq. (V-25.2) 
equal zero. However, that is the very thing which provides the clue, as follows. 
The right side of Eq. (V-25.2) is a function of two arguments g and h. If we hold 
one of them fixed, say g, at a,,, then the right side of Eq. (V-25.2) is a function of 


h alone which becomes the indeterminate form 0/0 when h = g = a, Otherwise 
the right side of Eq. (V-25.2), regarded as a function of h alone with g =a, is a 
continuous and differentiate function of h. So, we may apply L’Hospital’s Rule: 


) , Gl al ea(8) — eH) | 
[ x] Sle) | Ce a ee | 
: —_ at 7 22) 
dh - 
= lim [/oCeaN Jx(h)\ — elie) . 
han 2h 


Replacing Jo(a,) by zero and applying Eq. (V-3.1) with h = x and p = 0 to 
replace the derivative J,(h) by — J,(h), we get 


[ | Jao) [a —_ lim ae ae 


“ 5| Co | 


Problems: Expansion of a Given Function in Bessel Functions 


V-26. If on the interval B: 0 S x S 1 the function f(x) is bounded, is 
continuous except for a finite number of simple discontinuities and is such that 
the curve y = f(x) is rectifiable (has finite length), then f(x) can be expanded in a 
series of the form 


is) 


f(x) = > Aad etnd (V-26.1) 


n= | 


valid at every point of continuity of f(x) on the open interval 0 < x < 1, where a,, 


n= 1, 2, 3,- ++ are the positive zeros of Jo(x). Assuming the series expansion in 


Eq. (V-26.1) is termwise integrable over B when each term thereof is multiplied 
by an arbitrary J,(a;,,x), show that the coefficients A,, n = 1, 2, 3, --- are given by 


2 1 
an Toanxydx.  * V-26.2 
Tapp, Mealemddx (V-26.2) 


This problem is analogous to Prob. I-18. Multiplying both sides of Eq. (V- 
26.1) by xJo(a,x) and integrating over B, we get 


[ xi (x)Jo(a,.x)dx = > Poleteorcong - (V-26.3) 


Every integral on the right in Eq. (V-26.3) vanishes by the orthogonality 
property shown in Prob. V-24 except the term where n = k. The value of this 
lone nonvanishing term by Prob. V-25 is (A,/2)[J,(a,)]*. Thus Eq. (V-26.3) 
yields the formula (V-26.1). 

REMARKS. The convergence properties of the expansion (V-26.1) having 
coefficients given by (V-26.2) are essentially the same as those of the expansion 
in Prob. I[II-18. In particular, the series in Eq. (V-26.1) converges to the 
arithmetic mean of the two functional limits at each point x9 of discontinuity on 
the open interval 0 < x < 1. At x = 1, however, the sum of the series is zero 
(because Jo(a,,) = 0 for n = 1, 2, 3, - - -) regardless of the value of f(x) at x = 1. If 


f(x) is bounded and continuous and has limited total fluctuation on the open 


interval 0 < x < 1, then at x = 0, the series in Eq. (V-26.1) converges to f(0"), that 


is, to iim, if (x)] If f(x) has continuous second derivative on B and if f(1) = 0, 


then the series in Eq. (V-26.1) is uniformly convergent to f(x) on B. 

For proof of these remarks see, for example, Watson, Theory of Bessel 
Functions, Cambridge, 1944. Compare also Kaplan, Advanced Calculus, 
Addison-Wesley, 1952. 


V-27. Show that for a function f(x) to be expanded on the interval 0 SxSL 
the expansion formula of Prob. V-26 becomes 


i> @] 


f(x) = eG x), (V-27.1) 
1 


a= 


where 


2 
4a = TTT (aoP 


We first write the expansion formula of Prob. V-26 in terms of a letter t and 
with f(x) replaced by g(t). Then the linear transformation x = Lt makes t = x/L 
and dt = dx/L, so that the expansion formula of Prob. V-26 becomes Eq. (V-27.1) 
with coefficients given by Eq. (V-27.2). Compare with Prob. IV-4. 


[ fC S x de. * — (V-27.2) 
, a 


REMARK. Expansions analogous to those of Probs. V-26 and V-27 may be 
obtained in the form 


f(x) = By J p(%p1X) F BygJ p(X pox) T BygJ p(%p3X) pun. fy 


where a; is the j" positive zero of Jp(x). The details of the treatment are 


essentially the same as those involved in Prob. V-26 and V-27 and problems 
preparatory thereto. It turns out that for a suitably restricted f(x) we may have 


f() = > Bevhl toi O0<x<L, (V-27.3) 
j=l 


where 


B 2 [ L ( Oy 
9f = xf(x)J> Tr xd (V-27.4) 


[LJ p+1(%ps)}? 0 


Problems: Evaluation of Integrals Involving Bessel Functions 


b 
V-28. Evaluate the integral i xJo(ax)dx. az0.* 


This integral is readily evaluated by applying to its integrand the formula (A) 
in Table V-1, taking q,(ax) = J,(ax) with p = 1. Thus, we have 


b bj d 
[ xJ,(ax)dx = [ ~ | (ax) Jas (V-28.1) 
0 9 a dx 


= fxn] (V-28.2) 


0 


a ° J(ab). (V-28.3) 


M = ["x2J(ax)dx 


V-29. Evaluate the integral where a is a constant 


unequal to zero. * 
Letting ax = t, we have 


- a[ 84 (t)}dt — af tJo(t)dt 
— BI, . — Blo ° 


Integrating by parts, we take u = t and dv = tJ)(t)dt, so that by Eq. (V-1.1) we 
have v = tJ,(t). Then, as in Prob. V-28, 


ae! | be, (ab - [ “ed(oat | 
a’ 0 


We integrate by parts once more, taking u = t and dv = J,(t)dt. Then, by Eq. 
(V-3.1), we have v = — J,(t). Thus 


"Jade | . 
(V-29.1) 


[ "SAUTE we al #e (ab) +. abJdab) — [ 
0 


0 


The integral of J,(t) can be approximately evaluated with any desired degree 
of accuracy by termwise integration of the series for J,(t) as given by Eq. (V- 


0.4). Termwise integration is valid since the series converges uniformly over any 
finite interval. It is readily found that 


ab 7p7 
[ Jot)dt = ab a*b* a@b* a’b 
0 


— 3-21 Snap 72a 


(V-29.2) 


Thus, the value of the integral x7J,(ax) over 0 SxSbis given by the right side 


of Eq. (V-29.1) where the value of the integral J,(t) over 0 St Sabis given by 
Eq. (V-29.2). 


b 
V-30. Evaluate the integral a [ x*J (ax)dx 
We let ax = t. Then we have 


where a is a constant 4 0. * 


H=1(" sayin 
=| o(t)dt. 


We integrate by parts taking u = ¢* and dv = tJ)(t)dt. Then 


o = tt) = ‘ Eg by Eq. (V-1.1) 


Thus v = tJ,(t) + C where C is a constant. It will not matter what value we take 
for C, since we are integrating between limits. We choose C = 0, so that v = 


tJ,(t). Accordingly, 
1 ab ab 
— — {[ 2200 | —2 [ ed (odt} 
at 0 0 


1 - 
= | Pea) —2 [ t (0a 


We apply Eq. (V-1.1) once more, this time replacing ¢7J,(t) by (d/dt)[t7J,(t)]. 
Thus we have 


[ "yietib = “, | eor(ab) _ 2a8b*d (ab) |. (V-30.1) 
0 


REMARK. In similar manner one can evaluate any integral of the type 


[xvolaxdax 


where n is any odd positive integer. One finds, for example that 


b 
[ J (ax)dx = si @elad — 4a‘b*J,(ab) +- sa°b%s,(ab) | 
0 


QO= ['xJolaxdax 


V-31. Evaluate the integral where a is a constant # 0. * 


The initial steps of procedure are the same as in Prob. V-28 and V-29. The 
final step, however, will be seen to be somewhat different. Letting ax = t, we 
have 


L (13. etd 
= 3 [8 Wolo 


Integrating by parts with u = @ and dv = tJ)(t)dt, whereby we have v = tJ,(t) by 
Eq. (V-1.1), we get 


Q= z | aor (ab) —3 [ " doa | 
a 0 


We integrate by parts once more, this time taking u = t and dv = (7J,(t)dt, so 
that by Eq. (V-1.1) we have v = t7J, (t). Accordingly, 
ab 
| pd{oat | 
0 


The integral remaining to be evaluated can be transformed so as to be 
amenable to integration as follows. We express J,(t) in terms of J,(t) and Jo(t) by 


Eq. (V-7.1), namely, 


0 ims “ | a*b4s (a) — 3a8b°J,(ab) + 3 


(V-31.1) 


t 
1) = | Jovi) + Josld J 
taking p = 1 and then solving for J5(0): 
2 
Jet) = “I ()— IA. 


Thus Eq. (V-31.1) becomes 


l ab ab 
Q=— | atbes,(ab — 3a°b*J,(ab) +- 6| tJ,(t)dt — 3 [ edit | 
a’ 0 0 
(V-31.2) 


Both the integrals remaining to be evaluated were evaluated in Prob. V-29. 
There it was found that 


[ ” wh t)dt = [ "Tot)dt — abJ,(ab); (V-31.3) 
0 0 
ab ab 
[ PI (t)dt = a*b*J,(ab) — [ tJ,(t)dt 
0 0 


ab 
= a°b*J,(ab) + abJ,(ab) — { J((t)dt. (V-31.4) 
0 


Substituting in Eq. (V-31.2) the values of the two remaining integrals as given 
by Eqs. (V-31.3) and (V-31.4), we get 


[ TL GENES 5 | (ae — 3a°b*)J,(ab) — 3a°b*J,(ab) — 9abJ,(ab) 
0 


ab 
+9 [ Jat | 
0 


where the integral of Jo(t) over 0 St Sabis given by Eq. (V-29.2). 


REMARK. Comparison of Probs. V-29 and V-31 with Probs. V-28 and V-30 
indicates that integrals of the form 


[ ” I (ax)dx 


can be evaluated in terms of closed forms when n is an odd positive integer, but 
that such is not the case when n is an even positive integer. In the latter case, 


then, it would seem advisable to express the integrand x”J,(ax) immediately as 
an infinite series via Eq. (V-0.4) and integrate termwise. 


V-32. Show that for p = 0, 


£ 2 x? 2 
[ x | J=Cax) | dx = * [-aCax) | + Jp-s(axVyrs(ax)} » 
: (V-32.1) 


where a is a constant. * 


If we let y = J,(ax), then it will be seen that a point of departure is furnished 
by the differential equation satisfied by y, namely (see remark below) 


x*y” + xy’ + (a*x? — p*)y = 0. (V-32.2) 


This equation can be put in a form which will permit evaluation of the given 
integral as follows. If we multiply both sides of Eq. (V-32.2) by 2y’ and then add 
2a*xy* to both sides and then interchange sides, we find that Eg. (V-32.2) 
becomes 


2a*xy? = é. | 0" + (a*x? — py | (V-32.3) 


The left side of Eq. (V-32.3), except for the factor 2a’, is the integrand of the 
given integral. And the right side of Eq. (V-32.3) is a derivative. So, integrating 
over the interval zero to x, we get 


I= 


2a* [ "xyde = | #0" + (ax? — py] " (V-32.4) 
0 


z=0 
At x = 0, the first term in brackets in Eq. (V-32.4) vanishes for every p = 0. For 
Pp positive the second term also vanishes at x = 0, because y = J,(ax) vanishes 


there by Eq. (V-0.2). When p = 0, then a2x2 — p2 vanishes at x = 0. So, for p= 0 
we have 


z 2 1 2 2 
[ x| Ja(ax) | dx = — {= | Ysa) | + (a*x? — | JaCax) | . 
0 2a 


(V-32.5) 


There remains only to transform the right side of Eq. (V-32.5) into the right 
side of Eq. (V-32.1). It is evident that the transformation will involve two of the 
formulas listed in Table V-1 as follows. By (E) in Table V-1 we have 


| astax) | =f Jp-a(axy | — Ps,(axJ,-x(ax) + Fifax) 
(V-32.6) 
And (L) in Table V-1 when multiplied on both sides by (2ap/x)J,_;(ax) gives us 


“EP J,(ax)Jp-s(ax) = a| Jy-a(ax) | + a Jp—1(AX)Jp+1(4Xx). 
(V-32.7) 


By virtue of Eqs. (V-32.6) and (V-32.7) we find that Eq. (V-32.5) becomes Eq. 
(V-32.1), as was to be shown. 


REMARK. Eq. (V-32.2) above is solved in Prob. VI-1. 
V-33. Show that 


[ idxjax =, (V-33.1) 
0 
assuming that the integrals Jo he J,(x)dx,n = 0,1, 2, - "are convergent and 
given that 
f cos np dp _ ft [Maem +P —a 

a — ibcos ¢ Te ; 


b#0, i=V—1;  (V-33.2) 


JA(x) = aa ei 3 $cosnpdd, i= V—1, 
0 
weit tEmi. § (V-33.3) 


It is not immediately apparent how we can use Eqs. (V-33.2) and (V-33.3) so 
as to arrive at Eq. (V-33.1). However, since the two integrals are to be involved 
to evaluate the given integral, it turns out that the procedure is to set up an 
iterated integral involving the exponential function e ™ as follows. 

If a is any constant = 0, then the integral 


[ “e-2J. (bx)dx (V-33.3a) 
0 


will be convergent. And we will have 


[ “el bode — (— [ ‘| [ "ibe 008 8 cos nd dp ere. 
0 7 0 0 


(V-33.4) 


If, now, we consider x and $ as rectangular plane coordinates (with ¢ playing 
the role usually denoted by y), then by arguments like those used in Prob. I-11 to 


evaluate we may consider the iterated integral in Eq. (V-33.4) equivalent to 
a double integral taken over the strip region R in the *?-plane comprised of all 


points (x, $) for which x = 0,08 ¢ <n. And then the double integral taken 
over R may be set equal to an interated integral in which the order of integration 
is reversed from that in Eq. (V-33.4). Thus, Eq. (V-33.4) is equivalent to 


[Cesntoxax = oF | il e~ (2-10 cos Pdx Joos nd dd- 
0 Tr 40 0 


(V-33.5) 
The inner integral on the right in Eq. (V-33.5) for a > 0 has the value 
e~ (a—ib cos ¢)z 


— (a — ibcos ¢) 


z= l 


—_ “a— ib cos ¢ 
Thus, for a > 0, we have 
oo = 1 n (7 
e-92J (bx)dx = (— 1)" 62 ial 
0 7 Jo a—ibcos¢d 
which by application of Eq. (V-33.2) becomes 
Va? + B? vers b? —a 
Ja + BP Va + B 


[ e-9 J, (bx)dx = ir , d#0, ae. 
0 
(V-33.6) 


Equation (V-33.6) has been attained under the qualification that a > 0. But the 
integral on the left is convergent for a = 0, as observed in the second paragraph. 


Moreover, the integral in Eq. (V-33.6), when regarded as function of the 
parameter a, with b held constant, is a continuous function of a for a = 0. 
Consequently, its value for a = 0 is given by the right side of Eq. (V-33.6) when 
a = 0, since the right side of Eq. (V-33.6), regarded as function of a, is 
continuous for all a. Taking a = 0 and n = 0 in Eq. (V-33.6), we have 


[ "Vesiecs ©, (V-33.7) 
; b 
and taking b = 1, 
i Wein. (V-33.8) 
0 


REMARK. 1. An integral more general than the integral in Eq. (V-33.6) is 


2°1'(p + 3) b? 
r() ; (b? + q?)P+ (1/2) 
It will be observed that when p = 0 and a = 0 we have the integral in Eq. (V- 
oa.7 
2. The result established in Eq. (V-33.6) will also hold true in the complex 


domain when the real constant a is replaced by the pure imaginary ai. Making 
this replacement we find that Eq. (V-33.6) for the case n = 0 becomes 


| 
— tS b? > a’, 
a) V b? — a? 
[ e-*2J(bx)dx = (V-33.9) 
a 


=F a > 5. 
a — 


[ e-82xP J (bx)dx = 
0 


If, now, we make the replacement 
e~*2 — cos ax — isin ax 


and then write the integral on the left in Eq. (V-33.9) as the sum of two integrals 
(one multiplied by — i) and then equate real and imaginary parts in Eq. (V-33.9), 
we obtain 


” 1 
J(bx)cos ax dx = —————, Pr, (V-33.10) 
[ ° Vb? — a 
[ iixinexvde=0, Ps (V-33.11) 
0 
i J,(bx)cos ax dx = 0, > 5, (V-33.12) 
i) 
- ; 1 
J{bx)sin ax dx = —————., a@>B6, a>d0. 
{ okx) Va — Bb? 
(V-33.13) 
Problems: Approximations for Small and Large Arguments 
V-34. For p # — 1, — 2, — 3, - - - show that for values of x near zero J,(x) is 


given approximately by x?/2PT'(p + 1); more precisely, show that 
J,(x) l 
= aaty. 1 ant —l,- goo Same, ba 
sol x | 20p+ly 77 : 
(V-34.1) 


By Eq. (V-0.2) we have 


J (x) (— 1)kxr+2e 
nai 7) | = i ae alpgpatieresy defck: 7 | (V-34.2) 


1 (— 1)*x? 
eal oe V-34.3 
~ Bast C PKI (p + e+ yp CS ) 


At this point we apply Eq. (I-4.1), namely, [(x + 1) = xI(X) to each 
denominator factor ['(p + k + 1) as follows: 


Np+k+1)=(p+k)l(p+k) 
=(p+k\(p+k—D(p+k—1) 
=(p+kX(p+k—(p+k —2)(p+k — 2) 
=(p+k\(pt+k—il(p+k-—2)::- 

(p + IP (p + ID. 
(V-34.4) 


Thus, every denominator in the summation in Eq. (V-34.2) has the factor ['(p + 
1). Thus, Eq. (V-34.3) becomes 


J{x) 


z—0 x? 


"> an (— ___— = Tee 
es 1) - kp +k\(p+k—1)---(p+)) 
(V-34.5) 


The series indicated by the summation in Eq. (V-34.5) is not only convergent 
for all x; it is, moreover, uniformly convergent on any chosen finite interval of 
values of x. This means that the function f(x) denoted by the series is continuous 
at every x, in particular at x = 0. Therefore, 


lim f(x) = f(0) 
x0 


= the first term (the constant term) of the series 
= |, 
Eq. (V-34.1) is thus established. 


REMARKS. 1. If p is a positive integer n, then ['(p + 1) = ['(n + 1) =n! by Prob. 
I-10, and we have 


<. Foie) l 
——- | = ? — l, "es Ties 
lim | oe ] 2"n! 7 “4 


2. By virtue of the definition given in Eq. (V-0.9), namely I,(x) = i ?J,(ix), 
one finds that Eq. (V-34.1) holds for [,(x) as well as J,(x). 


3. By procedure quite the same as was used in establishing Eq. (V-34.1) one 
finds by use of the definition of Yo(x), namely Eq. (V-0.7) with n = 0, that 


fiw) 20 |e Atel ad ee — eet | 
x+0+| log, x TT x-+0+ \log.x  log,x 


We may indicate this property of Yo(x) by saying that Yo(x) is “like” (2/m)log,x, 
as x > O°. Or it may be indicated in this manner: 


Y)(x) ~ log,.x as x — Ot. 
us 


One may indicate in similar manner the properties expressed in Eq. (V-34.1) and 
Remark 1: 


x? 
J,(x) ~ —-—_—— as x > 0, #—1,-—2,-—3,:::,; 
)~ Srp +) z 
in particular, 
x 
J,(x) ~ asx—0, n=1,2,3,°°°. 
2"n! 
4.One can similarly find what Y,(x) is “like” as x > 0° for n = 1, 2, 3, -- +. For 


convenience let us denote the tripartite formula (V-0.7) as 
l 
Y,(x) = -(A — B—C), 
7 


where A denotes the term containing log, (x/2), C is the infinite series, and B is 
the finite summation. Then we find that 


tim a YaCs) | = {im (Ax") — lim (Bx") — mee im (Cx")| 


x—0+ x—>0+ 
(V-34.6) 


The first and third limits on the right are readily seen to be zero. The second 
limit is seen to be equivalent to the limit of the product of the first term in B with 


x". Thus Eq. (V-34.6) becomes 


=— lyn" 
lim | x" Y.(x) | = —Fiin| xe I) ix ] 
x—0+ T x-»-0+ 
_ _2a—I)! 
a 7 
Thus, 
— ! 
A ee a) ee | a ee a RCE 
wx" 


9.If p is positive and nonintegral, the determination of what Y,(x) is “like” as x 
+ 0° is made by way of Eq. (V-0.6): 


x” ¥6() 7 {im | (eos pa)xJ,) | 


en sin pr 


— lim 1.x) || 


x—0t 


1 l 
ZI = 1) * 
aon 271(— p+ at 
Accordingly, we may say that 


2? 
Y,(x) is “like” ——_—_____—__- as x —> 0. 
te Gin p=eT — p) 
6. It can be shown that, for large values of x, the functions Ji and Yp are “like” 
elementary functions as follows: 


mi _™_ Pp —s 
J,(x) J a cos(x 4 5). x-—- +0; 


Y,(x) ~ 2. gel ec Ee x—>+ 0, 
mx 4 2 


V-35. Evaluate the following limit: 
Him | x°Jy40) |. * 
x0 

We evaluate this limit via Prob. V-34 with p = - 1/3: 


lim Lye) = lim Es 
x-+0 x+0 xs 


] 


= 217T (2/3) by Prob. V-34 


ee 
= 25 by Eq. (I-4.2) 


= 20 by Table I-1. 


Problems: Integral Expression of J,(x) and of J,(x) 
V-36. Show that, for P > —#, 


2(x/2)? [ ; 
J.(x) = ———— } (1 — 2)?- 4”) cos xt dt. = 
° Val(p + 4) Jo 
(V-36.1) 
For convenience in demonstration let us write 
1 
H = [ (1 — t?)?-@/2) cos xt dt. (V-36.2) 
0 


The integral in Eq. (V-36.2) is readily seen to be convergent for p > — 1/2. 
A method for demonstrating Eq. (V-36.1) which naturally suggests itself is 
evaluation of H by means of termwise integration (if valid) of an infinite series 


and then comparison of the resulting series (multiplied by the coefficient before 
the integral in Eq. (V-36.1)) with the series for J,(x) as given by Eq. (V-0.2). We 
expand the factor cos xt into its Maclaurin series, namely 


cos xt = S Jas (= Dit)”, (V-36.3) 


k=0 


where 0! = 1 according to the usual convention. The series in Eq. (V-36.3) 
converges to cos xt for any fixed choice of x uniformly on any chosen finite 
interval of values of t. Consequently, when cos xt is replaced in Eq. (V-36.2) by 
the series in Eq. (V-36.3) the series which results by multiplication of each term 
by (1 — t2)P-“/2) may be integrated termwise over the interval 0 St S 1, even 
when the individual integrals are improper (albeit convergent, however). Thus, 
we find that Eq. (V-36.2) becomes 


= (— 1)*x* [' 2\p— (1/2) 2k 
H ->{ Qi! -| (1 — f?)?-@/2)7 ar}. (V-36.4) 
k=0 


Each of the integrals in Eq. (V-36.4) can be evaluated by the formula 
developed in Prob. II-17. To each integral in Eq. (V-36.4) we apply Eq. (II- 


17.1), identifying t with x and taking a = 1, b = 2k, c = 2, d=p— 
Accordingly, we find that 


2k + 1 l 
— > (— 1)tx?* r( y aG + I 


(2k)! (2k + 2p)I(k +p) 


IS (= DP + DTP + D. 
—-_ a V-36.5 
2D “(2K)MK + pyT(K + p) aia 


By Eq. (I-4.1) we have 
(k + p(k +p) =TK+ptD). (V-36.6) 
And by the Legendre duplication formula established in Prob. I-18 we have, by 


Eq. (1-18.4), 


rk +) = Moe 


_ V2(2k)P(2k) 
———- 2BPRRT(k) 


" ea by Eqs. (I-4.1) and (I-10.1). _ (V-36.7) 


Using Eqs. (V-36.6) and (V-36.7) in Eq. (V-36.5), we find that 


_ va (=I) xt 
2 "(°+ 3) > mene ser) Ys) 
k=0 


Returning now to the right side of Eq. (V-36.1), we multiply H, as given by Eq. 
(V-36.8), by the coefficient before the integral in Eq. (V-36.1), obtaining the 
following for the right side of Eq. (V-36.1): 


= ( —s | )ExPt2e 
> Pm +k FD 
k=0 


which is seen to be none other than J,(x) as given by Eq. (V-0.2). Thus, Eq. (V- 
36.1) is established for p > — 1/2. 


REMARK. If, in particular, we take p = 0 in Eq. (V-36.1), we have 


2 (! cos xt 
Jo(x) = - [ dt V-36.9 
° Th VI1—? ( ) 


by virtue of the fact that Nd) = Va, as established in Prob. I-11. 


V-37. If n is zero or a positive integer, show that the function 


y = f(x) = { "cos (x sin d — nd)dd (V-37.1) 


satisfies BesseF's equation of order n, namely, 
x*y"+ xy’ + (x? — n*)y = 0. * (V-37.2) 


By Leibniz’s rule for differentiation under the integral sign with respect to the 
parameter x we have from Eq. (V-37.1) 


_—— [ "sin (x sin ¢ — nd) sin ¢ dé, (V-37.3) 
0 


your [ "cos (x sin ¢ — nd) sin? ¢ dd. (V-37.4) 


Application of integration by parts to the integral for y' yields an integrated 
part which vanishes both at ? =T anda? = 0 leaving 


y= — ["cos ¢ * cos (x sin 6 — nd) * (x cos d — n)d¢. 
0 
(V-37.5) 


Substitution for y, y’, and y" as given respectively by Eqs. (V-37.1), (V- ce oH, 
and (V-37.4) in the left side of et (V-37.2), with the integrand factor sin’ $ in 


(V-37.4) replaced by 1 — cos’ ¢ yields an expression for the left side of Eq. 
(V-37.2) which is seen to reduce to 


n [cos (x sin d — nd) * (x cos ¢ — n)d¢. 
Jo 


Inspection of this integral reveals that its integrand is of the form cos u du, so 
that the left side of Eq. (V-37.2), when y is the function defined by Eq. (V-37.1), 
equals 


n| sin (x sind — ni) | 


Thus the function y defined by Eq. (V-37.1) satisfies Bessel’s equation of order 
n when n is a positive integer or zero. 


REMARKS. 1. The function y defined by Eq. (V-37.1) is a continuous function 
of x for all x. This means in particular that y is finite at x = O and hence is a 


solution of the first kind of Bessel’s equation. Consequently, y is equal to J,,(x) 
multiplied by a constant factor C. It can be shown that C = 7, which makes 


T(x) = ~ [cos (x sin 6 — mda, n=0,1,2,--- 
(V-37.6) 


Since the cosine is an even function, we may also write 


J,(x) = = [cos (nd — x sin #)d4, nam 0, 1,2,*'* 
(V-37.7) 


In particular, when n = 0, we may write 
BAe) em an cos (x sin $)d¢. (V-37.8) 


Compare the closed-form for Jo(x) as given by Eq. (V-37.8) with the closed- 
form integral formula for Jo(x) in Eq. (V-36.9). 


2. It was by means of a definite integral that Bessel first defined the functions 
that have come to be associated with his name. In his paper (1826), 
Untersuchung des Theils der planetarischen Stérungen welcher aus der 
Bewegung der Sonne entsteht, he took 


Iy(x) = 5 | “cos (ng — x sin da, n=0,1,2,°°°. 
Qn 0 


And from this definition he derived many of the further properties of the 
functions so defined. 


3. Functions like the integrand in (V-37.8), namely ©OS (x sin ¢) have 
interesting expansions in terms of Bessel functions. Four such expansions due to 
Jacobi are as follows (for proof see, for instance, Watson, Theory of Bessel 
Functions, 1944, p. 22): 


cos (x sin ¢) = J,(x) + > J2,(x) cos 2nd, 


n=1 


cos (x cos $) = Jo(x) + 2) (— 1°Jy,(x) cos 2nd, 


sin (x sin ¢) = 2> Jonta(®) sin (2n + 1)¢, 


n=0 
sin (x cos ¢) = 2>, (— 1)Jon4(x) cos (2n + 1). 


Problems: Relations to Legendre Polynomials 


V-38. Demonstrate: 


[. cos (xt)P,(t)dt = (cos 5) . 2F Jai (x), (V-38.1) 
= 


where P,,(t) denotes the Legendre polynomial of degree n. * 


When n is odd, the right side of Eq. (V-38.1) vanishes by virtue of the cosine 
factor. And the left side vanishes because the integrand is an odd function of t, 
being the product of the even cosine function and a polynomial of odd degree. 
Thus, Eq. (V-38.1) is true for all odd n, albeit trivially so. 


When n is even and ~ 0, we take n = 2j. Then, by Eq. (V-0.2), we have 


— ])Fx2i+2% 
In+ (1/9 (X) = Jo5+(1/2)(X) = JD wang er orm + k os 3) 
(V-38.2) 


For the cosine factor on the right in Eq. (V-38.1) we have 


cos — = cos I" _ =<'cos(jn) = (= 1 —«(V-38.3) 


Thus, by virtue of Eq. (V-38.2) with Eq. (V-38.3), the right side of Eq. (V-38.1) 


becomes 
«o 
x, — ])itky2i+2k 
alt Ch ee (V-38.4) 
2i+*KIT(2 + k + $) 
k=0 
Let us now see if we can express the left side of Eq. (V-38.1) as an infinite 
series identical with Eq. (V-38.4). The Maclaurin series for cos xt in powers of t 
converges, for any chosen value of x, for all t and converges uniformly on any 
chosen finite interval of values of t, in particular on the interval — 1 Se ¢ Se 1. 
Accordingly, when each term of this series is multiplied by P,(x), the resulting 
series is termwise integrable over — 1 StS 1. Thus, for the left side of Eq. (V- 
38.1) we may write 


1 { x27? x4r4 (— 1)9x?41?4 (— ] ji +1 x 23+2 725+2 
. a? a" ee 


(— ] jo +E x:35+2% 725+28 


Q+2! ° j Paslt)at. (V-38.5) 


- 


Multiplying each term within the braces by P(t) and observing that x is a 
constant as far as the integration is concerned and integrating termwise, we see 
that each integral can be evaluated by the results obtained in Prob. III-20. 

By Eq. (IH-20.5) we get the value zero for each of the integrals in which the 
factor t2” is such that 2r < 2j. When the factor t2" is such that 2r = 2j, we 
evaluate each of the integrals by the third formula on the right in Eq. (III-20.5). 
Thus, we find that the left side of Eq. (V-38.1) as given by Eq. (V-38.5) becomes 


cos (xt)P,,(t)dt 
—1 


oo (— 1)i+*x2i42k(27 + air =F ") 
£0 (2j + 2k) !2-1(2K) 1(4j + 2k + pr 3k + ) 


ie) (— ppstaaoner (= *) 


7 ps 294(2K)(2j + k + Ai + k + 4) 

We now apply Eq. (1-12.1) together with Eq. (I-11.1) to the numerator factor 
T((2k + 1]/2), at the same time writing out (2k)! in expanded form. Thus, for n = 
2j, the value of the integral equals the term of the summation for which k = 0 
plus 


%— 1% 3%— 5. 31 - 


4 22(2k (2k — 1)(2k — 2(2k — 3) + + + (4)3N2)(1 mn (2 tate ) 


Cancelling common factors from numerator and denominator and taking out the 
factor 2 from each of the denominator factors 2k, 2k — 2, 2k — 4,:--, 4, 2, we 
find that this last summation reduces to 


wo 


| (— 1)'tky2i+28 . : 
vi> BAKITY +k +9) rate 
k=0 


Comparison of Eq. (V-38.6) with Eq. (V-38.4) shows that Eq. (V-38.1) holds for 
n= 2j,] = 1,2, 3;"**. 

Finally, we have yet to demonstrate that Eq. (V-38.1) is true for n = 0. In this 
case the equation to be demonstrated is 


[ eoiny of 2H (x), (V-38.7) 
a 


because Po(x) = 1. (See Prob. II-4.) Upon integrating the left side of Eq. (V- 
38.7) we find that Eq. (V-38.7) becomes 


t=1 
- / ik APES 
t=—1 x 
2s fhe) (V-38.8) 
x x 
Jyj(x) = Je sin x, 
7X 


which agrees with the expression for J,,>(x) found in Prob. V-18. 
Thus, Eq. (V-38.1) holds also for n = 0. 


that is, 


Eq. (V-38.8) yields 


V-39. Demonstrate 


[ etP(idt = [7h + wal), (V-39.1) 


where P,(t) is the Legendre polynomial of degree n. * 


We will express each side of Eq. (V-39.1) as a power series and show that the 
series are the same. 
By Eqs. (V-0.9) and — the right side of Eq. (V-39.1) is 


Fey S _(SUMuapeamee 
an+(/2)+2k IT (n + $+ kK + 1)’ 


k=0 
that is, 
xnrek 
Va 1 pacino (V-39.2) 


aK IT (n + k + 3) 
k=0O 


On the left side in Eg. (V-39.1) we replace eX’ by its Maclaurin series in 
powers of t. Then we multiply each term of this series by P,(t) and integrate 
termwise. Termwise integration is valid because the series to be integrated 
converges uniformly on any chosen finite interval of values of t. Thus, for the 
left side of Eq. (V-39.1) with n > 0 we have 


@ 


ee ee ee ce es na Sl a Peed 
Ll Tee a eo ey ea 0 
j= 


(V-39.3) 


By Eq. (III-20.5) we get the value zero, when we integrate termwise, for each 
of the integrals in which the exponent on t is less than n. We also get zero for 
each of the integrals involving t”/ in which j is odd. There remains to evaluate, 
by the third formula on the right in Eq. (III-20.5), each integral involving t”” in 
which j is one of the numbers 0, 2, 4, 6, - - -. Thus, the left side of Eq. (V-39.1), 
as given by Eq. (V-39.3) with j = 2k and m = n + 2k equals 


c xn4Bk(n 2 =F) 


kao (n + 2k)!2"-(2k)'(2n + 2k + Dr (n +k-+ 5) 
that is, 


co) ny Fi *) 


2 

a ea i aan (V-39.4) 
Fimeni(nt e+ 5)r(n +k +3) 

By Eq. ([-4.1) the product of the third and fourth factors in the denominator of 
Eq. (V-39.4) may be replaced by Din+k+ 2). When this is done and when 


(2k)! is replaced by (2k)(2k — 1)(2k — 2)(2k — 3) ... (3)(2)(1) and when, by Eqs. 
(I-11.1) and (I-12.1), we put 


2k + 1 2k—12k—32K—5. 31 - 
r = ct eee =e Aver 
( 2 ) 2 2 2 2 v" 
we find that the left side of Eq. (V-39.1) as given by Eq. (V-39.4) is equal to 
xnrek 
V-39.5 
vem > aT +k+%) Me eee) 


which is the same series as we found in Eq. (V-39.2) for the other side of Eq. (V- 
39.1). Thus Eq. (V-39.1) is established for n > 0. 
When n = 0, the equation to be established is 


i  @tdt = 2 1 42) (V-39.6) 
=, 


By Eg. (V-18.5) the right side of Eq. (V-39.6) equals (2/x) sinh x. The left side 
of Eq. (V-39.6) equals 


2 3 
[ [i+ pe ee + eee fat 


which by termwise integration (valid as indicated above) becomes 


2 22a 
2+aatsatieat er 


The series indicated by (7) may be written 


2 a. ae 
dethtatat: | (V-39.8) 


The series enclosed by the brackets in (V-39.8) is seen to be the Maclaurin series 
for sinh x. Thus, the left side of Eq. (V-39.6) as given by (V-39.8) equals the 
right side of Eq. (V-39.6) as given by Eq. (V-18.5), namely (2/x) sinh x. 
Accordingly, Eq. (V-39.1) holds also for n = 0. 


V-40. Demonstrate: 


lim Pal cos 4 a TS: (V-40.1) 


noo 
where P,,(u) denotes the Legendre polynomial of degree n in u. * 


Looking for a point of departure for our demonstration, we find from Probs. 
III-3 and V-37 that P,,(x) and J,,(x) can each be expressed as 1/7 times an integral 


of a function of $ taken over the interval Os dp — 7 We have 


P,(x) = I [ (x + Vx? — 1 cos ¢)"dé, (V-40.2) 
7 JO 


J(x) = ak cos (x sin ¢) dd. (V-40.3) 


We will take the integral for P,(x) in Eq. (V-40.2) and replace the parameter x by 


cos (x/n) and then, assuming that the integral approaches a limit value asn > »%, 
see if we can show that the limit is the integral for Jo(x) in Eq. (V-40.3). Thus, 


is —_— a ‘ 
lim Pal cos 3 a= | tim (cos = a J (cos *) —1cos $) de 
nro n ey n n 


aoe "(cos 2 —+ isin— = cos 9) dd. (V-40.4) 


T asc 


If it be assumed that, for a fixed value of x, the integrand in Eq. (V-40.4) 
approaches a limit as n > oo, then the limit will be approached uniformly for 


0Os¢s 7 and we will have 


lim Pal cos *) = -{" lim | (cos z + isin ~ cos )"]| dd. 
n—-oo n To \n-co n n 
(V-40.5) 


The integrand in Eq. (V-40.5) is seen to be the indeterminate form 1°, which we 
now seek to evaluate. To do so, we find it convenient to put 


z = (cos ux + isin ux cos ¢)!/, u=lI/n. (V-40.6) 


If, now, we can show that z approaches a limit as u > O continuously, it will 
follow that the same limit is approached by 


x a ee: e 
cos— + isin—cos¢ 
n n 


asn — oo, where n takes on only integral values while becoming infinite. 
From Eq. (V-40.6) we have, by using the logarithmic form, 


im [Toga | — lim [OB 008 wx + fsin wx c0s 9) 
u->0 u—+0 u 


(V-40.7) 


The ratio in brackets on the right in Eq. (V-40.7) is the indeterminate form 0/0. 
We can, therefore, apply L’Hospital’s Rule to the right side of Eq. (V-40.7), 
obtaining 


; ; — x sin ux + ix cos ¢ cos ux 
lim | log, z | = lim | ——————_ 
u-+0 u->0 cos ux + isin ux cos ¢ 
= ix cos ¢, 
whence 
lim z = e% © 4, (V-40.8) 
u—+0 
By virtue of Eqs. (V-40.8) and (V-40.6) we find that Eq. (V-40.5) becomes 
; x Le x 
lim Pal cos ‘) es [ ett cos Odd, (V-40.9) 
noo n T Jo 


=! | [ "C08 (x cos )dé + i [ "sin (x cos sas |. 
7 0 0 
(V-40.10) 


Let us write the first integral on the right in Eq. (V-40.10) with t as the variable 
of integration and write it as the sum of two integrals: 


” 1/2 7 
[ cos (x cos t)dt = [ cos (x cos f)dt + i cos (x cos f)dt. 
0 0 n/2 
(V-40.11) 


The transformations ¢=t+n/2, $=t—2/2 make the integrals on the 
right in Eq. (V-40.11) equivalent to 


[ / cos (x sin¢d)dé and [20s (x sin ¢)d¢. 
0 


{2 


Thus, we have 
[ "cos (x cos ¢)dé = i “cos (x sin ¢)ddé.  (V-40.12) 
0 0 


The result expressed in Eq. (V-40.12) can also be obtained directly from the 
definition of definite integral as limit of a sum, inasmuch as the cosine function 
is an odd function, so to speak, with respect to m/2 but is even with respect to 
zero. In similar manner, either by transformations of variable of integration or 
directly from the definition of definite integral as limit of a sum, one finds that 
the second integral on the right in Eq. (V-40.10) has the value zero. Thus, Eq. 
(V-40.10) becomes 


lim P,, (cos 4 aa [ "cos (x sin ¢)d¢ 
n->co 7 0 


n 
= J x) by Eq. (V-40.3). 


V-41. If x and y are taken as rectangular coordinates with r and @ as the 
corresponding polar coordinates (the pole at the origin and the ray 6 = 0 along 
the positive x-axis), show that 


> oe r™ = e*J,(y). * 
nm. 
n=0 


We start with the generating expansion given in Prob. V-23, namely 


> hn = ey (V1 — Phi, (V-41.1) 
n=0 


where we have written ¢ in place of x. And now in Eq. (V-41.1) we replace t by 
x/r and h by r, obtaining 


n: 


PF) enyrm 
> rh rn = eS(V1 — GIP) 0), (V-41.2) 


n=0 


that is, 
> ae ®) 5 me CAF Ly), (V-41.3) 


REMARKS. 1. Actually we have ¥ = +V1 — (x?/r?) r , hot just 


V1— (x*/r*) r . But the function Jp is an even function of its argument by Eq. 
(V-0.4), so that 


2. It is, perhaps, not too trite to make the observation that Eq. (V-41.1) 


reduces to the well-known Maclaurin series for e” when we take t = 1 in Eq. (V- 
41.1) by virtue of the fact that every 
Legendre polynomial P,, (t) = 1 at t = 1 together with the fact that J,(0) = 1. 


3. The right side of Eq. (V-41.3) can be written alternatively as 
e” 8 OJ (r sin 6). 


TABLE V-1 


Formulas 


al (ax) a qg=1,J, Y,H%,H® (A) 
—-| xq, — 

dx nani ] — ax’q,-,(ax) q=K (B) 
ie — ax~"45+1(ax) q =J,K, Y,H™,H®™ (C) 
zl" ap(ax) 7 Menkes q=I (D) 


' aqy-,(ax) — Pqs(ax) qg=1,J, Y,H™,H® (EB) 
| a(@ | = 

— agy-,(ax) — Pqs(ax) q=-K (F) 
; — ages s(ax) + 2q,(ax) gq = J,K, Y,H, H® (G) 
5 | 9 | at 

QQy+ (ax) + Pq(ax) q=l1 (H) 

S| 4e-s(ax) = go+x(ax) | q=J,Y,H™,H® (1) 
$[aslax) | = S| a (ax) + do+s(ax) | q=1 (J) 

— $[4e-s(ax) + qeelax) | q = K (K) 

= [as-s(ax) + aoeslax)] 9 = J, ¥,H™,H (L) 
q,(ax) = Fo| ae 3(ax) _ ao+x(ax) | q=1 (M) 


= Go-1(ax) + go+s(ax) | q =K (N) 


TABLE V-2 
Jo(x) 


When x > 15.9, 


Iofx) ~ (=) [sinc ahi 4: A sin(x — in)| 


| sin( 57.296 + 45)° 4 a: sin(57.296x — 45)" 


Ji (x) 


C@Onouhkan-Oo 


When x > 15.9, 


Ji(x) = J (2) sinc — }r) + ~ sin(x + | 


~ mad | sin(s7.296x — 45)° + 2. sin(57.296x + 45)" : 
Vx 8x 
TABLE V-3 
Jy(x) 


J{x) = 1 — 5) 


When 0 <x <1, 12 : 


jie he = 
2 — —— 
When 0 <x < 1, : ail a) 


TABLE V-4 
zeros of Jo(x), Jy(%), Jo(%), J300, Jal), J500 


3 


3.8317 


1 8.7715 
2 7.0156 12.3386 
3 10.1735 15.7002 
4 13.3237 18.9801 
| 16.4706 22.2178 
6 19.6159 25.4303 
7 22.7601 28.6266 
8 25.9037 31.8117 
9 29.0468 34.9888 
10 32.1897 35. 2187 38.1599 


TABLE V-5 
Yo(x) 


—- <td oe ot we 
BRESSS coreusen=c| * 


When x > 15.9, 


Y(x) =, / (=) sinc abies i sin(x + i*)| 


~ 1919 


sin(57.296x — 45)° — = sin(57.296x + 45). 
x 8x 


TABLE V-6 
Y,(x) 


When x > 15.9, 
2\(. 3 
Y,(x) = — sincx — 37) + — sin(x — | 
mx 8x 
- = TE {sin0s7. 296x — 135)° + = sin(57.296x — 45)° . 


TABLE V-7 
I(x) 


~ 


0 
1 
2 
3 
4 
5 
6 
7 
8 
9 


3089e(, 1 9 15 
1, wo ————— {] + — + —_ 4. —_— 
whenx>10, x |! Tax + toe t onan] 
TABLE V-8 
1) 


WOON AUS ON CO 


.3989e* 


I(x) = xi? 


105 
When x = 10, : 


1024x°* 


TABLE V-9 


Functions of equal order and argument 


ns J(n) 


= 


SON OUR WH 


COnNOuUhkUn oO 


K(x) = ———__jl-=-+=-—:- - => 


1.2533e7* ] 9 75 
When x = 10, _ 8x 128x? 1024x° ; 


TABLE V-11 


105 
1024x* 


_, 1.2533e7(, 315 


1+ — + 
When x = 10, al 


8x  128x? 


TABLE V-12 


Struve Function 
Ho(x) 


When x > 15.9, 


Hy(x) = Yo) + = 


~ atid sin(57.296x — 45)° — J sin(57.296x + 4sy | 
JX 8x 


6366 
+—. 
x 


TABLE V-13 


Struve Function 
H,(x) 


x 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 


When x > 15.9, 


H,(x) ~ ¥,(x) + at i 


w 1979 | 559(57.296x — 135)° + 5. sin(57.296x — 45)| 


/x 


+ 6366( ~ )- 
x 


TABLE V-14 
Ber (x) 


owWOnNO Uh OND - CO * 


When x > 10, 
jv2 
bene | sin(40.s14x + 67.5)° + ,. sin(40.514x +4 22.5) 
TABLE V-15 
Bei (x) 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
0 
When x > 10, 
.3989¢e/*2 


ba. x:& ae sin(40.514x — 22.5)° ¥ s — ~ sin(40. 514x — 67.5)°} , 


TABLE V-16 


Ber’ x 


OW OnNAUR ONO]! 


When x > 10, 
/%2 
ber’ x ~ pene sin(40.514x + 112.5)° — 2 sin(40.514x + 67.5)°} , 
/Xx 8x 
TABLE V-17 
Bei’ x 


0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
0 


— 


When x > 10, 


12 
bei’ x ~ sl sin(40.514x + 22.5)° — a sin(40.514x — 22.5)°} . 
/x 8x 
TABLE V-18 


Ker x 


oMWON AUSF WHO 


10-*x 


al 


When x > 10, 
_ [v2 
ben x me SI | 5int40.514x + 112.5) + = sin(40.514x 
f/x 8x 
_ 22.5)" 
TABLE V-19 
Kei x 


owWOn a UE OND Oo 


a 


When x > 10, 


2/2 
aig el ielAO. Sided: BIS 


/x 


+ J sin(40.514x + 67.5)" | 
8x 


TABLE V-20 


Ker’ x 


owOnNOUSLON- OO 


10-* x 


a 


When x > 10, 
z/v2 
heise ana ESP 
a/X 
4. 3 sin(40.514x + 112.5)°} , 
8x 
TABLE V-21 


Kei’ x 


owWOnN OU FON CO 


-_ 


When x > 10, 


1.2533¢-*/%2 


Wi sin(40.514x — 22.5)° 


Res! sem 


4 = sin(40.514x + 22.5)" . 


TABLE V-22 
Ber,, x, bei, x, ber, x, and bei, x, fromn=1to5 


TABLE V-23 
Ker,, x, kei, x, ker, X, and kei, x froomn=1to5 


Multiply values marked x by 107 


TABLE V-24 


Sask&s 


Sk&s BSaeR 


yo 
ou 


SRShe REERE BEERS eseee 


_—_— —-— — 


ae oe ae 
BSaSE 


Jo(xit) = M,(x)e'e™) = ber x + i bei x 


M(x) = logielVxMo(x)} ox) Mex) = loB sol ¥xMa(x)} 6,(x) 
1,000 1.229 .2401 §2.29° 
1.000 1.274 .2663 56.74 
1.000 1.325 2933 61.22 

1.000 1.381 .3210 65.71 
1.000 1.443 3493 70,19 
1.000 1.511 .3783 74.65° 
1.000 1.586 4077 79.09 
1.000 1.666 4375 83.50 
1.000 1.754 4676 87.87 

1,001 1.849 4980 92.21 
1.001 1.950 5286 96.52° 
1.001 2.059 5594 100.79 
1.002 2.176 5902 105.03 
1,003 2.301 6212 109,25 
1.004 2.434 6521 113.43 
1.005 2.576 6830 117.60° 
1.006 2.728 7140 121.75 
1,008 2.889 7449 125.87 
1.010 3.061 .7758 129.99 
1.013 3.244 .8067 134.10 
3.439 8375 138.19° 

4.618 9910 158.59 

6,231 1.1441 178.93 

8,447 1.2969 199.28 

11.50 1.4498 219.62 
21.55 1.7560 260.29° 

40,82 2.0624 300.92 

77.96 2.3690 341,52 

149.8 2.6756 382,10 

289.5 2.9824 422.66 
561.8 3.2892 463.22° 

2,137 3.9029 544,32 

8,217 4.5168 625.40 

3,185, 5.1307 706.46 

1,242, 5.7447 787.52 
3,809, 7.2798 990.15° 

1,192, 8.8150 1192.75 

3,786, 10.3502 1395.35 

1,215, 11,8856 1597.94 

3,929, 13.4209 1800.53 


(1,215, represents 1,215 x 10*) 


When x > 45, Mo (x) and 69(x) can be found to 4 decimal places and to the 
nearest .001°, respectively, from the formulae: 


.0384 
x 


6x) ~ 40.51423x — es — 22.5 (degrees). 


logioMo(x) ~ .307093x + — .39909 — } logiox, 


TABLE V-25 


J,(xi?) = M,(x)ei(@) = ber, x + i bei, x 


M(x) logyel ¥M,Cx)} O,Cx) Mix) logielv¥xMix)) — 6,(x) 

135.00° £ 2548 

135.02 1.232 2715 172.03 
135.07 1.266 2881 173.58 
135.16 . 1.61 W45 175.16 
135.29 1,337 3207 176.76 
135.45° f 1.374 3368 178.39° 
135.64 A 1411 3529 180.03 
135.88 1.450 3688 181,70 
136.15 Y 1.489 3846 183.39 
136.45 A 1530 4006 185.10 
136.79° 1.4615 ANT 188.57° 
137.17 y 1.705 4628 192.11 
137.58 1.800 AI 195.71 
138.03 1.901 5247 199.37 
138.51 2.009 5555 203.08 
139.03° . 2.124 5863 206.83° 
139,58 t 2.246 6171 210.62 
140,17 k 2.376 6479 214.44 
140.80 F 2.515 46788 218.30 
141.46 \ 2.664 7096 222.17 
142.16° . 2.823 7S 226.07° 
142,89 y 3.173 8025 233.90 
143.66 i 3.681 8801 243.77 
144.46 J 4.278 9579 253.67 
145.29 ; 5.809 1.11% 273.58 
146.17° . 7.925 1.2692 293.48" 
147.07 . 10.85 14245 N34S 
148.02 ¥ 14.90 1.5795 333.46 
148.99 . 20.50 1.7343 353.51 
150,00 . 28.27 1.8889 373.59 
151.04° . 39.07 2.0434 393.69° 
152.12 . 74.97 2.3520 433.96 
153.23 1447 2.6604 474.26 
154.38 J 280.4 2.9685 514.463 
155.55 Y 545.6 3.2765 555.02 
156.76" ; 2,084 3.8920 635.84° 
158.00 : 8,038 4.5072 716.72 
159.27 3,123, 5.1222 797.63 
160.57 1,220, 5.7370 878.57 
161.90 J 3,755, 7.27% 1080.98 
163.27° . 1,178, 8.8099 1283.45" 
164.66 . 3,748, 10.3459 1485.94 
166.08 . 1,204, 11.8817 1688.46 
167.53 J 3,899, 13.4175 1890.98 
169.00 ; 1,270,, 14,9532 2093.52 


(1,178, represents 1,178 « 10°) 


When x > 50, M, (x) and 6,(x) can be found to 4 decimal places and to the 


nearest .001 , respectively, from the formulae: 


logigM,(x) ~ .307093x — ni? — 39909 — } log.ox, 


6,(x) ~ 40.51423x + 2 + 67.5 (degrees). 


TABLE V-26 


Nou 


aN 


~as A 


a « 


hoONn=0 


u 


ae oe 


wN=0 ©C@®ND 


NNNNN NNNNN 


VeNaAW &® 


K.(xi*) = N,(x)e**o@) = ker x + ikeix 


Nw (degrees) Nx) (degrees) 


-000 5.0 -016 052 224.182 

1 17.794 5.1 014 814 228.249 
7 23.626 5.2 .013 674 232.315 
°o 28.733 5.3 -012 624 236.381 
6 33.517 5.4 .011 656 240.446 
94 38.119 5.5 010 764 0 244.511 
68 42.604 5.6 009 942 0 248.575 
26 47.008 5.7 -OO9 184 1 252.639 
17 51.353 5.8 008 485 2 256.703 
54 55.654 5.9 -007 840 6 260.766 
03 59.920 6.0 -007 246 0 264.829 
25 64.159 6.1 .006 697 3 268.892 
43 68.375 6.2 006 191 0 272.954 
21 72.573 6.3 -005 723 6 277.016 
55 76.755 6.4 -005 292 2 281.078 
60 80.925 6.5 -004 893 8 285.139 
68 85.083 6.6 -004 526 0 289.200 
25 89.232 67 004 186 2 293.261 
85 93.372 6.8 -003 872 4 297.321 
o9 97.505 6.9 003 582 4 301.382 
64 101.632 7.0 003 314 5 305.442 
24 105.753 7A -003 067 0 309.502 
65 109.869 7.2 -002 838 2 313.561 
66 113.981 7.3 -002 626 7 317.621 
o9 118.088 74 -002 431 1 321.680 
81 122.192 7.5 -002 250 4 325.739 
66 126.293 74 -002 083 2 329.798 
53 130.390 7.7 -001 928 6 333.857 
319 134.485 7.8 -001 785 7 337.915 
936 138.578 7.9 .001 653 4 341.974 
299 142.668 8.0 -001 531 1 346.032 
335 146.756 8.1 001 417 9 350.090 
979 150.842 8.2 001 313 2 354.148 
175 154.927 8.3 001 216 3 358.205 
870 159.009 8.4 .001 126 68 362.263 
018 163.090 8.5 -001 043 69 366.321 
578 167.170 8.6 -000 966 89 370.378 
513 171.249 8.7 .000 895 79 374.435 
789 175.326 8.8 -000 829 97 378.492 
376 179.402 8.9 -000 769 04 382.549 
246 183.477 9.0 -000 712 63 386.606 
374 187.551 9.1 -000 660 39 390.663 
738 191.624 9.2 -000 612 02 394.720 
318 195.697 9.3 -000 567 22 398.776 
095 199.768 94 -000 525 73 402.832 
052 203.839 9.5 -000 487 30 406.889 
174 207.909 9.6 -000 451 71 410.945 
447 211.978 9.7 000 418 73 415.001 
é 859 216.047 9.8 000 388 19 419.057 
017 398 220.115 9.9 .000 359 89 423.113 
10.0 -000 333 67 427.169 


TABLE V-27 


x 


i-1K,(xi*) = N,(xjeteu2) = ker, x + i kei, x 


— oi(x) — $(x) 
(degrees) x (degrees) 
135.000 5.0 317.730 
135.840 5.1 321.736 
137.593 5.2 325.743 
139.869 5.3 329.752 
142.497 5.4 333.762 
145.376 5.5 6 337.774 
148.443 5.6 8 341.786 
151.656 §.7 5 345.800 
154.984 5.8 oO 349.815 
158.403 5.9 0 353.831 
161.899 6.0 5 357.849 
165.496 6.1 2 361.867 
169.066 6.2 9 365.886 
172.721 6.3 1 369.906 
176.413 6.4 2 373.927 
180.139 6.5 1 377.949 
183.892 6.6 ° 381.972 
187.671 6.7 2 385.995 
191.471 6.8 4 390.019 
195.291 6.9 4 394.044 
199.128 7.0 0 398.070 
202.980 7.1 4 402.096 
206.846 ype 0 406.123 
210.724 7.3 1 410.150 
214.614 7.4 3 414.178 
218.513 7.5 3 418.207 
222.422 74 8 422.236 
226.339 77 7 426.266 
230.264 7.8 ° 430.296 
234.195 7.9 7 434.327 
238.134 8.0 9 438.358 
242.078 8.1 8 442.389 
246.028 8.2 8 446.421 
249.982 8.3 oO 450.454 
253.942 8.4 85 454.487 
257.905 8.5 79? 458.520 
261.873 8.6 26 462.554 
265.845 8.7 76 466.588 
269.820 8.8 83 470.623 
273.799 8.9 06 474.657 
277.780 9.0 04 478.693 
281.765 9.1 43 482.728 
285.752 9.2 88 486.764 
289.742 9.3 10 490.800 
293.734 9.4 79 494.836 
297.728 9.5 70 498.873 
301.725 9.6 58 502.910 
305.724 9.7 21 506.947 
309.724 9.8 a 39 510.985 
313.726 x a 92 515.023 


000 345 63 519.061 


6 
APPLICATIONS OF BESSEL FUNCTIONS 


INTRODUCTION 


In this chapter we present a selection of problems (with solutions) involving 
applications of Bessel functions. The selection is a modest one. But we trust that 
it gives a fair indication of the wide range of applications which can be made of 
the Bessel functions. 

The first ten problems are purely mathematical applications in solving certain 
differential equations and in the expansion of simple functions in series of Bessel 
functions. The remaining two-thirds of the problems (in which several of the 
first ten are turned to account) comprise problems of application in mechanics, 
physics, hydrodynamics, heat-transfer, and electrical engineering. In the majority 
of these problems we have deemed it worthwhile to begin at the beginning, that 
is, to formulate the differential equations involved. These problems include the 
problem in which Bessel functions were first brought to light, namely, Daniel 
Bernouilli’s problem (in the year 1732) concerning small oscillations in a 
hanging chain. They also include a problem of the modern era—the problem of 
flux distribution in a nuclear reactor. 


Problems: Solutions of Equations Reducible to Besse’s Equation 
VI-1. Find the general solution of 
x?y” + xy’ + (D*x? — p?)y = 0 (VI-1.1) 


where the D and p are constants and the primes denote first and second 
derivatives with respect to x.* 


Equation (VI-1.1) differs from Bessel’s equation (V-0.1) only in that D?x? 
takes the place of x*. Accordingly, we should be able to get the general solution 
of Eq. (VI-1.1) by making the change of variable u = Dx. Then du/dx = D and x 
= (1/D)u. So, for the derivatives in Eq. (VI-1.1) we have 


,_ dy _dydu_ dy 
dx dudx du 
Thus Eq. (VI-1.1) becomes 


(VI-1.2) 


i 2 gf Bs za 2_ n2)\y — 
’D aT uD rele p*)y = 0, (VI-1.3) 
that is, 
d*y dy 
al acd ee : 
u acre or p*)y = 0. (VI-1.4) 


Equation (VI-1.4) is Bessel’s equation whose general solution by Eq. (V-0.8) is 
y = Z,(u). This means that 


y= Z{Dx) (VI-1.5) 
is the general solution of 
x?y” + xy’ + (D*x? — p*)y = 0. (VI-1.6) 


VI-2. Show that the general solution of 


x?y” + (1 — 2A)xy’ + | Deen + (A? — Ee”) |p = 0, 
(VI-2.1) 


y = x4Z,(Dx*). * (VI-2.2) 


We let u = Dx®. By Eq. (V-0.8) the function Z, (u)is a linear combination of 
J, (u) and J_, (u) or of J, (u) and J, (u). Let us show that any one of the three 
functions 


y= x4J,(u), y= x4J_,u), y= x4Y,(u), where u = Dx® 


is a solution of Eq. (VI-2.1). Then it will follow that Eq. (VI-2.2) is the general 
solution thereof. 
Let us take y = a (u). For simplicity of notation we will omit the argument 


u and write J, for J,(u). Primes on J will denote derivatives with respect to u. 
Primes on y will denote derivatives with respect to x. Then we have 


= xAJiDEx®-| + J,Ax4-! 
= DExAt®-J, + Ax4-"J,. (VI-2.3) 


By differentiating Eq. (VI-2.3) with respect to x we get 
y” = D®°E*xAtE-2y" 4 DE| (A 4+ FE — 1)x4tk-8 +. Axtie-s| bis 
+ A(A — 1)x4-2J,.  (VI-2.4) 


Substitution of the right sides of Eqs. (VI-2.3) and (VI-2.4) for y and y" in the 
left side of Eq. (VI-2.1) makes the left side thereof become 


Etx4l D828; + DxEJ’ + (D2x= — p*)J, |. 


Since Dx™ = u, we see that the left side of Eq. (VI-2.1) thus has become 


2 
Brad + Woe + (u? — PJ, | 


The expression in brackets is now none other than the left side of Bessel’s 
equation (V-0.1) with u as independent variable and J, as function thereof. We 


conclude that Eq. (VI-2.1) is satisfied by y = “Spy (u). Moreover, J, may be 
replaced throughout by J_, and Y,, in the preceding demonstration. It follows that 
Eq. (VI-2.1) is satisfied by an arbitrary linear combination of x“J,(Dx") and 


YP(Dx®) or of x“J,, (Dx®) and x“J_,(Dx"). Thus the general solution of Eq. (VI- 
2.1) is 


y = x4Z,{u) 
= x4Z,( Dx®). 
REMARK. One finds in similar manner that the general solution of 


x2y” + [a will Ae 2BCx"+ | y’ 
f [ D*E2x2E + B2C?x° + BC(2A — C)x° 


+- (A= E*p*) y=0 (VI-2.5) 


y = x4eB2°Z,( Dx2). (VI-2.6) 
VI-3. Obtain the general solution of 
4y" + 9xy = 0 
in terms of Bessel Functions. * 


Multiplying by x? and dividing by 4, we have 
xty" a ray — 0. 
4 
We can now identify with Eq. (VI-2.1), namely 
x*y” + (1 — 2A)xy’ + [ DiE*x* + (4? — E*p’) |y = 0, 
as follows: 
1—2A=0, 2E=3, D'E?=3, A?— Ey? =0, 
whence 
A=}, E=?, D=1, p=}. 

Thus, by Eq. (VI-2.2), the general solution is 


y = x4Z,( Dx®) 
= x1?Z,)9(x°/?) 
= xC J y3(x8/7) + CpJ-1/9(x*”)) by Eq. (V-0.8). 
VI-4. Express the general solution of 
yt -(1 +5)y=0 
in terms of pertinent Bessel functions. * 


As in Prob. VI-3 we make identification with Eq. (VI-2.1). This requires 
multiplication of the given equation by x?: 


x*y” + xy’ + (— x? — 4)y = 0, 
which is now Eq. (VI-2.1) with 
1—2A=1, 2E=2, DE*=-—1, A? — E*p*? = —4, 
Thus we have 
A=0, E=1, D=VW—1=i, p=2, 
so that, by Eq. (VI-2.2), the general solution of the given equation is 
y = x4Z,(Dx*) 
= Z,(ix) 
= Cyl,(x) + C,K(x) _ by Eq. (V-0.12). 


VI-5. Tell the general solution of 
] 
in terms of appropriate Bessel Functions. * 


Since the first derivative y has the coefficient x*, the given equation requires 
application of the more general Eq. (VI-2.5), so that we have 


1—2A=0, C+1—_2, —2BC=1, — Ep =}, 
D?E22E 4 B2C2x2C — 0, 

whence 
A=}, C=1, B=-}, P=0, DEX+}2=0. 


We must still determine D, E and p from the last two equations. The first of 
these, namely, Ep = 0 is satisfied by either E = 0 or p = O. If we try E = 0, then 


the other equation DPIAR + tx? = 0 requires x to be identically zero, 
which is unsuitable. So, we must take p = 0 with E # 0. Then we require that 


D°*E*x?E = —}x?, 
D*E? = me! E = 1, D = 2 dane = : 
whence 2E = 2, 4. so that E = 1, 


Thus the general solution of the given equation, by Eq. (VI-2.6), is 
y = xdeBe°Z ( DxE) 


== xl /4e-"/2Z (tix) 


= x'Pe-=/l CyI(4x) + Kjdx)] by Eq. (V-0.12). 
VI-6. Solve 


ay ee 
xo + 2 — iy =0, i=V—1. * (VI-6.1) 


Multiplying both sides of Eq. (VI-6.1) by x and using primes to denote 
derivatives of y by x, we get 


x*y” + xy’ — ix? 
which can now be solved by Eq. (VI-2.1). We have 
1—2A=1, 2E=2, D*E?=-—i, A? — E%*=0, 


whence 


A=0, E=l, D=V—j=i'i"=1", p=0. 
Then by Eqs. (VI-2.2) and (V-0.8), the general solution of Eq. (VI-6.1) is 
y = C,Jo(i82x) + Cy Yo(i?2x), (VI-6.2) 
where C, and C, are arbitrary constants. 


REMARKS. In problems requiring solution of an equation of type (VI-6.1), 
the function Y> is often found to be unsuitable in view of imposed boundary 


43/2 


conditions. The solution is then taken to be C,J)(i?’*x) or a composite of such 


functions. In particular, the function y = Jo(i*/2x) is a solution of Eq. (VI-6.1). As 


mentioned in the introduction to Chapter V, the complex function y = Jo(i*/2x) is 
often written 
J(i3/*x) = ber x + i bei x. (VI-6.3) 
Thus, we may say that 
y = berx+ibeix (VI-6.4) 
is a particular solution of 
xy” + y’ — ixy = 0. (VI-6.5) 


Problems: Specific Expansions in Bessel Functions 


VI-7. Express the function f(x) = 1 on the open interval 0 < x < L as an infinite 
series of Bessel functions of order zero. * 


This problem is clearly an exercise in application of Prob. V-27. So, we 
should have f(x) defined at every point on the closed interval 0 SxSL.we 
take f(0) = C, and f(L) = C,. The choice of the numbers C, and C, is immaterial; 
for, by the remarks at the end of Prob. V-26 (which apply to Prob. V-27 as well), 
the series expansion to be obtained via Prob. V-27 for the f(x) of the present 
problem will converge to zero at x = L and to 1 at x = 0 regardless of choice of 
C, and C). 


By Eq. (V-27.2) we have 


2 ss Oey 
, wag 
marl ae (Fx)a 


2 LELd Xn 
~ ip =5 | (Fx) Jas by Prob. V-8 


2 J Oe t=L 
~ Hisar (#) | sn 


_ 2 
OJ s(%y) 


Thus the desired expansion is 


ao 


‘J o(a,x/L) 
1 = aah : of. 
2 . “(a,)° ae see (VI-7.1) 


Using Table V-4 to get the zeros a a>, @, and Table V-2 to obtain the values for 
J,(a,,), we have 


1 = .602/4( 2.405) - 1.065 5.5207) 


4 0.8512J, (s.054F) SGN. 


VI-8. Expand the function f(x) = x’, 0 S x S11 in a series of the form 
A,Jo(a4x) + AyJq(@x) + AgJo(ayx) + - «+ where a, denotes the n" positive zero of 
Jo(x). * 


By Eq. (V-26.2) we have 


> 1 
ee ee ee 
‘ rend Sakis 


~ J Toe a {a3 Ji(%n) — 22,814) | by Prob. V-30 


2 |e — salted 
~ [J 1(%,)]? 


But, by Prob. V-7 with p = 1, 


Flu ae 3 | la + Jol) } 


whence 


Flt) = Zw) 
An 


since Jo(a,,) = 0. Accordingly, 
A a - Hey a 
" [ilon)P 
__ pe eS ee 4) . 
NAC 


and the expression requested is 


> (an* — 4) o(%nx) 
7=2 ep 
* OS i(tn) , siemens 


VI-9. Express as a series of the form 
A, Jo(ax) + AgJo(%_x) + AsgJo(agx) + ° °° 


the function f(x) = Jo(Cx), 0 SxS 1 where Q1, A>, A, °° + are the positive zeros 
of Jo(x) and C is any constant other than one of the numbers a, @, 3, °° *. * 


By Eq. (V-26.2) we have 


9) 1 
A, = TACRY: { XJ Cx) J ( a&,x)dx 


[Ji(a)F® a, — C? y Eq. (V-25.2) 
a 2emJ(C) 
~ (Gq — CO) (an) 


and the desired expansion is 


_ —  tada(<tqx) 
JAC2) = 24) >, goes 


2— CA) (ap) 
VI-10. Show that the Fourier series for the ordinate y of the cycloid 
x = R(¢ — sing), y = R(I — cos 4) (VI-10.1) 
is 


—_ Rl 5 4: 2> Ja") cos = | * — (VI-10.2) 


n= | 


Since the cycloid given by Eq. (V-10.1) is symmetric with respect to the y- 
axis, which makes y an even function of x, the Fourier series for y will be a 
Fourier cosine series. Moreover, y is a periodic function of x of period 27 R. 
Consequently, the Fourier expansion will be of the form 


y=a+ >a cos (VI-10.3) 


here 


aR 2 7R nx: 
a = =| y dx and | y cos = dx, n> 0. 
0 


(VI-10.4) 


To determine the coefficients required by Eq. (V-10.4) we make use of the 
parametric representation Eq. (VI-10.1). The period for y with respect to ¢ is 
now 27. Moreover, when ¥ varies from 0 to 7, then x varies monotonically and 
continuously and differentiably from 0 to 7 R with dx = R(1 — cos odd 


Accordingly, the coefficient formulas (VI-10.4) when expressed in terms of ¢ 
become 


a == [ "( — cos 4)°dé, 


a, = A [cos (nd — nsin ¢)(l — cos ¢)*d¢4, nmi1,2,3,°°°. 
7 Jo 
(VI-10.5) 


The coefficient a is readily found by elementary integration to be 3R/12. The 


remaining coefficients are not so readily determined. However, a clue to their 
determination is furnished by Eq. (V-37.7), namely 


Ii) as [ "con (nb. — x ain Shas. (VI-10.6) 
7 JO 


Indeed, if the factor (1 — cos 4)? in the integrand of the integral for a, be 


written out as ! — 2 cos ¢ + cos? 6 = 2 — cos ¢ — sin? ¢ and then the 


integral be written as the sum of three integrals, the first of the three integrals 
with its coefficient 2R/m will be none other than 2RJ,(x). But what of the other 
two integrals? Answer: apply Leibniz’s rule for differentiation under the integral 
sign. This technique we have found useful in problems elsewhere in this book. 
See, for example, Prob. I-20. Differentiation of Eq. (VI-10.6) yields 


FS ete [ “sin (né — x sin 4) sin ¢ dé, 
7 Jo 


fA [ “cos (nf — x sin 4) sin? ¢ dé. 
T JO 
Moreover, 


2 “cos (né — x sin ) cos ddd = [cos + 1)¢ — x sin $ Jas 
0 0 


+ [eos| — 1)? — x sin $ Jas 


= nt+1(X) + 7 ,—1(X) 
by Eq. (VI-10.6) 


= 7 — I(2) by Eq. (V-7.1). 
So, we have from Eq. (VI-10.5), wherein the x in Eq. (VI-10.6) is now n 


a, me 2R| Jan) = : (n) + (0) = 2RJ,"(n). 


Thus we find that the Fourier series for the ordinate y of the cycloid (VI-10.1) 
is given by Eq. (VI-10.2). 


REMARK. Equation (VI-10.2) is of interest in that it exhibits y explicitly as a 
function of x. It is worth noting here that, on the other hand, determination of x 
as an explicit function of y is readily effected as a closed form in terms of 


elementary functions. One has only to solve the second of Eqs. (VI-10.1) for ? 
in terms of y, obtaining ¢ = arc cos [(R — y)/ R}, and then to substitute this 
value for ? in the first of Eqs. (VI-10.1). The result is readily seen to be 


_ _fR-y V2R— 
x R| cos (*2) + | (VI-10.7) 


This form of the equation of the cycloid is encountered, for instance, in the 
calculus of variations problem of determining the equation of the 
brachystochrone. 


Problems in Dynamics 


VI-11. A coil spring is such that a force of 8 Ibs. will stretch the spring 6 
inches. If the spring is suspended in a vertical position with a 4-lb. weight 
attached to the lower end (hanging free), and then the lower end is pushed up to 
a point 2 inches above the point of equilibrium and released, determine the 
equation of motion. Use 32 ft./sec. for g. * 


The differential equation is formulated as follows. 


Force = (mass)(acceleration) 


Since W/g is a constant in this problem, we get by carrying out the indicated 
differentiation 


This force is equated to the restorative force, which is the product of the spring 
constant k and the displacement y of the lower end from the point of equilibrium. 
We have 


8 Ibs. = k (stretch-distance in feet) 
= ks, 


whence k = 16. Thus the restorative force is — 16y. So, upon equating these two 
forces, we have the differential equation of motion (ignoring friction): 


4 d’y 


or 


2 
2 + 128y = 0. (VI-11.1) 


Although Eq. (VI-11.1) is immediately recognized as the well known equation 
of simple harmonic motion and is quickly and easily solved in terms of 
trigonometric functions, we will solve it here via Bessel functions as an exercise 
in application of Eq. (VI-2.1). We now identify Eq. (VI-11.1) with Eq. (VI-2.1) 
by multiplying both sides of Eq. (VI-11.2) by t*. The variable t in the present 
problem plays the role of x in Eq. (VI-2.1). We have 


Py” + 128y = 0, 
so that 
1—2A=0, 2E=2, D*E?=128, A? — E*p?=0, 
whence 
A=1/2, E=1, D=V128, p=1/2. 
Then by Eq. (V-0.8) we have 
y = 4Z,(Dt*) 
= 1Z,)(V 128 2) 
= PP CyJye(V128 1) + Cod-ao('V128 1) |. (VI-11.2) 
By Eqs. (V-18.4 and 17.4) we may write Eq. (VI-11.2) as 
y = Asin(V128 t) + Boos (W128 2), (VI-11.3) 
where, A = W2/m Cy and B= V2/m Cy 


The constants A and B in Eq. (VI-11.3) are determined by the initial 
conditions taking positive y downward 


y = —2 inches = —} ft. at t = 0, dy/dt = Oatt = 0, 


whence A = 0 and B = -1/6. Thus the desired equation of motion is 


y = —4 os (V128 t). 


VI-12. Starting at rest at distance L from the origin O a massparticle P of 
varying mass m is attracted to the origin by a force directed always toward the 
origin and having magnitude proportional to the product my, where y is the 
distance of P from the origin. The mass m of P decreases with the time t 
according to the formula 


l 
—_——""""—9 VI-12.1 
7 + bt ( ) 


where a and b are constants. The problem is to find the time required for P to 
reach 0. * 


Our starting point is the Newtonian equation 


dM + 
ie VI-12.2 
a ( ) 


where M is the vector momentum and F is the acting force. For the problem at 
hand Eq. (VI-12.2) yields 


dt\ dt 
that is, 
d*y | dmdy ‘ 
— ao = V -] . 
maa Tt at Kemy 0, (VI-12.3) 


where k? is the constant of proportionality involved in the magnitude of F’. 
If we make the change of variable 


a + bt = bx, (VI-12.4) 
so that m = I/bx and dy/dt = dy/dx, then Eq. (VI-12.3) becomes 
ay _ 1D, ps, — 
dx? i eel el 


that is, 


x2y" — xy’ + k2xty = 0. (VI-12.5) 
Identifying Eq. (VI-12.5) with Eq. (VI-12.1), we have 
1—2A=-—l1, 2E=2, BE=k, A-— E*p=— 9), 


whence A =1, E =1, D=k, p= 1. 
Thus, by Eq. (VI-12.1), the general solution of Eq. (VI-12.5) is 


y = C,xJ,(kx) + Cyx Y,(kx). (VI-12.6) 
To determine the constants C, and C, we have two conditions: 


(a) y = L when mass is at rest at t = 0, that is, when x = a/b, 
(b) the velocity dy/dt = dy/dx = 0 when x = a/b. 


If we put q = ka/b and make use of formula (A) in Table V-l, these equations of 
condition are 


bL 
Coe. + C.F, — 
14 (9) 2 Vi(q) - (VI-12.7) 


CiJo(9) + C2 ¥o(q) = 0. 


By Prob. V-16 the determinant of Eqs. (VI-12.7), namely J,(q)Yo(q) — Jo(q)Y(q) 
has the value of 2/mq = 2b/rka. 


Accordingly, the solution of Eqs. (VI-12.7) is 
C, = 4k Y,(kalb), C. = —4rkLJ,(kalb). 


To find the time required for P to reach O, we set y = 0 in Eq. (VI-12.6) and 
solve for x. This we can do by locating two successive entries in Tables V-2, V- 
5, V-6 which make the difference 


Y,(ka/b)J,(kx) — Jo(ka/b) ¥,(kx) (VI-12.8) 


respectively positive and negative. Once x has been found with desired accuracy, 
the corresponding value of the time t is given by Eq. (VI-12.4). 
VI-13. A massparticle of varying mass m is repelled from the origin by a force 


F of varying magnitude but always directed away from the origin. The mass of 
the particle increases with the time t as follows: 


m=m(t)=a- Ot, (VI-13.1) 


where a and b are positive constants. The magnitude of F is proportional to the 
product of the mass m and the distance x of the particle from the origin: 


=|F| = mx, (VI-13.2) 


where k* # 0 and is the constant of proportionality. Since F = 0 at x = 0, in order 
to get the particle going we assume an initial speed Vp greater than zero at the 


origin at time t = 0. Express the distance x and the speed V each as function of 
time ¢t. It is to be understood that the motion is to be stopped somehow before t 


becomes very large, so that there will be no conflict with the theory of relativity. 
ok 


This problem is clearly a variant of Prob. VI-12 where, a the mass decreases 
and the force attracts to the origin. Accordingly, we will omit those details of the 
solution which are essentially the same as in the previous problem. It will be 
seen, however, that the present problem involves the functions Ip, I, Ko, Ky, 
instead of their counterparts Jo, Jj, Yo, Y4. 


Instead of (d/dt)[m dy/dt] = —k?my as in the previous problem, we now have 


d dx . 
= _ VI-13. 
AG ii) male Sa 
that is, 
d*x  dmdx _———- 
maa + me k?mx = 0. (VI-13.4) 


Making the same sort of change of time variable as in Prob. VI-12, namely a 
+ bt = u, we find that Eq. (VI-13.4) becomes 


mise + pe ~ k’mx = 0. (VI-13.5) 


Multiplying Eq. (VI-13.5) through by m/b? and using primes to denote first and 
second derivative by u and observing that now m = u, we get 


uex” + ux’ — h*u*x = 0, (VI-13.6) 


where 
h ® ]-13. 


Identifying Eq. (VI-13.6) with Eq. (VI-2.1) as we did for the corresponding 
equation in Prob. VI-12, we find that the general solution of Eq. (VI-13.6) is 


x = Cylj(hu) + C,Ko(hu). (VI-13.8) 


We have yet to determine the constants C, and C, by application of the two 
initial conditions. At time t = 0, that is, when u = a, we have given that x = 0: 


0 = Cyl (ha) + C,K,(ha). (VI-13.9) 


We also have given that the velocity V = Vo at time u =a. 
Now, 


dx d d 
V= dt = CxS Ja + C; sl Kot | 


= {cf ra] + cf kan] 


= [ Cahly(hu) 2 CyhK,(hu) |b. 


Thus, 


V, 
bh = C,/],(ha) — C,K,(ha). (VI-13.10) 
In taking derivatives with respect to u we have applied formulas (D) and (C) in 
Table V-l. 
Equations (VI-13.9) and (VI-13.10) determine C and C, in terms of the given 


constants Vo, k, a, b. If we write these equations together as 


Vo 
bh 
Io(ha)C, + Ky(ha)C, = 0 


I,(ha)C, — K,(ha)C, = 
— .; (VI-13.11) 


we notice that the determinant of the coefficients, namely I,(ha)K,(ha) + 
I,(ha)K,(ha), is equal to 1/ha by Eq. (V-16.2). Accordingly, solution of Eqs. 
(VI-13.11) by Cramer’s Rule (by determinants) yields 


Cars TOK tid), C=m= 7 1(ha). (VI-13.12) 


Recalling that u = a + bt and that h = k/b, we find by substitution from Eq. 
(VI-13.12) in Eq. (VI-13.8) that 


VI. (k k k k 
= “° K{ Pk ae 4 = 1 i) Kol kt 2 +) | 
(VI-13.13) 


Differentiation of Eq. (VI-13.13) together with application of formulas (D) and 
(C) in Table V-I will provide the requested expression for the speed V as a 
function of t. In applying the formulas just indicated we put x = kt + ka/b and 
remember that 


d d dx d 
qo = | Stoo | — kt). (VI-13.14) 
We find that 
dx _aVok ka ka 
1 TLR a(t + 5) + OCG R(t + 5) 
(VI-13.15) 


VI-14. A simple pendulum consisting of a string (considered weightless) with 
constant mass m attached at lower end is so arranged that, as the pendulum 
oscillates, the string is continuously lengthened at a constant rate from the 
support so that the length r at time t is a + bt, where the initial length a and 
velocity b are constants. The oscillations are quite small, so that 8 may be taken 


as sufficient approximation for sin 0, where @ is the angle which the string makes 
with the vertical. 6, is the angle at t = 0. Determine @ as a function of t. * 


By Newton’s second law of motion applied to angular momentum, the time 
rate of change of angular momentum (with respect to the point of support) is 
equal in magnitude to the moment (about the point of support) of the restoring 
force of gravity. 

The angular momentum A, sometimes called the moment of momentum, is the 
product of the rotational inertia I, about the point of the support and the angular 


velocity d6/dt. Since I, = mr, we have for the angular momentum 


dé 


A = mr’—, VI-14.1 
whence it follows that the time rate of change of angular momentum is 
dA d/_ dé 
a = a(n a (VI-14.1a) 


The restoring force is the component of gravity normal to the string. Its 
magnitude is, therefore, mg sin 0, which we may replace with sufficient 
approximation by mg@. Its moment arm about the point of support is r. Then by 
Newton’s second law we have 


eo (VI-14.2) 
dt 

The minus sign on the right in Eq. (VI-14.2) is required because A as defined by 
Eq. (VI-14.1) is a signed quantity and @ is signed and because dA/dt is negative 
when the pendulum is slowing down on an upswing when @ is positive. 
Similarly, the other cases—such as speeding up on a downswing when @ (taken 
clockwise) is negative—will be seen to require the minus sign on the right in Eq. 
(VI-14.2). 


Now we equate the right side of Eq. (VI-14.la) with the right side of Eq. (VI- 
14.2). In carrying out the indicated differentiation in Eq. (VI-14.la) we observe 
that r is a function of t. So we have 


m( a + aed ii) + mgr? = 0. (VI-14.3) 


Replacing r by a + bt, dr/dt by b and dividing out m in Eq. (VI-14.3), we have 


d*6 2b dé 


sito ate =O (VI-14.4) 


a+ btdt er 


For the sake of simplicity we introduce a new time variable z defined by a + bt = 
bz. Then d@/dt = d0/dz; and Eq. (VI-14.4) becomes, upon multiplying through by 


Zz 


20" + 226’ + k2z0 = 0, (VI-14.5) 


where the primes denote first and second derivative with respect to z and k* = 
g/b. 

Equation (VI-14.5) can be solved by application of Eq. (VI-2.1) by identifying 
z with x and @ with y. We have 


1—2A=2, 2E=1, D*E?=k*, A? — E%?=0, 


whence,4 = —#, E= 4 p= 2k, p= 1. 
Thus, by Eqs. (VI-2.2) and (V-0.8), the general solution of Eq. (VI-14.5) is 
= 5 (2/2) + LY 2k). (VI-14.6) 
“/z /z 


It remains only to determine the constants C,; and Cj. We count time from an 
instant of maximum angular displacement 65, when the velocity d@/dt = 0. At 
that instant t = 0 we have r = a and z = a/b. Differentiating Eq. (VI-14.6) and 
applying formula (C) in Table V-1 with * = Vz , we get 


O =F = — Ar oryn —A*yokva. (V4.7) 
dt dz 


At time t = 0, Eq. (VI-14.7) yields 
0 = CJ,(2k/a]b) + Cy ¥.(2k+/a]b). (VI-14.8) 

At time t = 0, Eq. (VI-14.6) yields 
OoValb = CyJy(2k-V/a]b) + CyY,(2k-/a]b).  (VI-14.9) 


Solving Eqs. (VI-14.8) and (VI-14.9), we find by application of Eq. (V-16.1) 


that 


__ rhaa(s)!" y, (20% 
an “o) r( b ) 


6 1/2 (2/ag 
Ci we OAS)" 7 (248). 
b \b b 
Substituting these values for C, and C, in Eq. (VI-14.6) and noting that z = (a + 
bt)/b, we have for the solution to our problem 


"a /_ 8 2Va8\ vy (2./ca + bt) 
—_, J sal 6 )nj a+) 


-1(vaerw) 8) 


VI-15.Uniform radial pressure P is applied to the rim of a homogeneous 
circular disc of thickness 2h and radius R. The pressure P is continuously 
increased from P = 0. Determine the value of P at which the disc will buckle, 
that is, be bent permanently so that there is no longer any restorative (elastic) 
force. The rim of the disc is not clamped. The following are given. 

(a) If cylindrical coordinates (r, 8, z) are taken with origin at center of the disc 
and with z-axis perpendicular to the plane faces of the disc and if it be assumed 
that displacements of points of the disc are parallel to the z-axis and are the same 
for all points at the same distance from the z-axis, then the equation of 
equilibrium is 


4-8) dled) +e)-]-0 onisn 


where z denotes displacement of points at distance r from the z-axis: z = z(r). 
(b) There is no displacement at the rim: 


2(R) = 0. (VI-15.2) 


(c) When the disc buckles the bending moment at the rim vanishes. This is 
equivalent to the condition 


i IN lac +S r=R, (VI-15.3) 


where o is a positive constant less than unity and known as Poisson’s ratio. (See, 
for instance, Seely and Smith, Advanced Mechanics of Materials, Wiley, 1952.) 
(d) The constant k in Eq. (VI-15.1) is given by 


(VI-15.4) 


where E is Young’s modulus. * 
Since the operators are permutable we can write 


Ld/d\7,_ ld(d. a\T_ 
E aC =) | = 0, E¢ ee +k )}e = 0. 


(VI-15.5) 
The first of Eqs. (VI-15.5) becomes 
d*z  ldz 
at-5=0, (VI-15.6) 
whose general solution is 
z= Alog,r-+ B, (VI-15.7) 
where A and B are arbitrary constants. The second of Eqs. (VI-15.5) becomes 
dz ldz Bi 
sat o+h2 =0, (VI-15.8) 
that is, 
rz" + rz’ + k*r?z = 0, (VI-15.9) 


where the primes denote first and second derivative with respect to r. Equation 
(VI-15.9) is readily solved by making identification with Eq. (VI-1.6) in which 
we take r = x, z = y, D = k. Thus, by Eqs. (VI-1.5) and (V-0.8), the general 
solution of Eq. (VI-15.7) is 


z = CJ,(kr) + DY,(kr). (VI-15.10) 


The general solution for Eq. (VI-15.1) is the sum of the solutions given by 
Eqs. (VI-15.7) and (VI-15.10): 


z= Alog.r + B+ CJ(kr) + DY (kr). (VI-15.11) 


For, the four terms on the right in Eq. (VI-15.11) are not linearly dependent and 
the solution (VI-15.11) contains four arbitrary constants as required for the 
general solution of a differential equation of fourth order. [Each operator in (VI- 
15.1) involves second order derivatives; and when the operations are performed 
in tandem, the result involves derivatives of order four and less. ] 

The conditions of the problem prohibit z from becoming infinite at any point 
of the disc. So, we must take A = 0 and D = QO, since log, r and Y,(kr) both 


become infinite at r = 0. We have, then, 
z= B+ CJkr). (VI-15.12) 


The boundary condition (b) requires the additive constant B to be related to the 
multiplicative constant C: 


B= — CJ((KR). 


This leaves C undetermined, unless a further displacement condition be 
empirically established for a point of the disc for which r < R. However, we can 
determine the pressure P with C undetermined. 

To determine the value of P at which the disc buckles we now proceed as 
follows. We put z, as given by Eq. (VI-15.12), in Eq. (VI-15.3) and solve the 
resulting equation (called the critical equation) for k. Then we put this value for 
k in Eq. (VI-15.4) and solve for P. 


From Eq. (VI-15.12) we have 


dz d 
= C5 10k |; 
and application of formula (C) in Table V-1 yields 
. — — kCI(kr). (VI-15.13) 


Similarly, differentiation of Eq. (VI-15.13) with application of formula (E) in 
Table V-1 yields 


at = — KC| ksh) — a). (VI-15.14) 
dr r 


Multiplication of Eq. (VI-15.13) by o/r and addition of the resulting equation to 
Eq. (VI-15.14) makes the condition for buckling, namely Eq. (VI-15.3), to be 


o — | 


r 


(— kC) kJ,(kr) + J(kr) = 0 at r= RB, 


which means that 
kRJg( KR) = (1 — oJ,(KR). (VI-15.15) 


As the pressure P is continuously increased from P = 0, k as given by Eq. (VI- 
15.4) will be continuously increased from k = 0. Buckling will, therefore, occur 
at the least positive k for which the critical Eq. (VI-15.15) is satisfied. This value 
of k will in turn determine by Eq. (VI-15.4) the value of P at which the buckling 
occurs. 


VI-16. A homogeneous straight steel wire having circular cross-section is in a 
nearly vertical position with its lower end clamped at a small angle 6, to the 
vertical and with the upper end free. The wire will be stable in this position if its 
length will not be too great and if 0 is sufficiently small. Determine the critical 
length, that is, the upper limit of lengths for which the wire will be stable in the 
vertical position. It is given that, if x denotes height (above the level of the 
clamped end) of our arbitrary point P of a wire in a stable position for small 
and y denotes small horizontal displacement of P from the vertical line through 
the clamped end, then y satisfies the equation 


d*y Wdy _ 
a3 +} Eldx 0, (VI-16.1) 


where W is the weight of that portion of the wire which is above P and EI is the 
flexural rigidity of the wire, E denoting Young’s modulus and I denoting the 
moment of inertia of the cross-sectional area A with respect to a diameter. * 

We let L denote the length of the wire and let w denote the weight per unit of 
length. Then 


W = w(L — x), (VI-16.2) 
so that Eq. (VI-16.1) becomes 


dy = w dy 
a a eS -= 0. VI-16.3 
ae ge a ( ) 


In order to solve Eq. (VI-16.3) we will let p = dy/dx. And for convenience we 


will let k* = w/EI; and we will let z = L — x. Then in place of Eq. (VI-16.3) we 
have 


d*p 
nae k*zp = 0, 
that is, 
z*p” + k*z8p = 0. (VI-16.4) 


We now have our differential equation for small displacements in a form 
where we can easily solve it by identification with Eq. (VI-2.1) where p plays 
the role of y and z plays the role of x. We have 


1—2A=0, 2E=3, DE =fk*, A*— Ep’ = 0, 
whence 
A=%, E=4, D=x=ik, p=. 
Thus, the general solution of Eq. (VI-16.4) via Eqs. (VI-2.2) and (V-0.8) is 


p = 2 CyJys($k2?) + Cyl-aia( 8k2*") |, 


where C, and C, are arbitrary constants. In order to simplify the notation let us 
put a = 2k/3 and r = z?”, so that the general solution of Eq. (VI-16.4) now reads 


p = n° CyJys(ar) + CyJ-s(ar) |. (VI-16.5) 


Evaluation of the constants C and C, is determined by the boundary 


conditions at the ends of the wire. At the upper end, which is free, the bending 
moment is zero. This is equivalent to requiring 


a*y _ 


2 0 at x = L, 


which in turn is equivalent to 


dp _ peut: (VI-16.6) 
dz 
since d*y/dx* = dp/dx = (dp/dz)(-1). But r = z*’*. Thus, Eq. (VI-16.6) requires 
that 
i 52 | = (Qatr= 0. (VI-16.7) 
dr |\|{2 


Removing the nonvanishing factor % and replacing z!’* by r'9, we find that Eq. 
(VI-16.7) requires 


pe@_o0 atr=0. (VI-16.8) 


dr 


Let us now apply the left side of Eq. (VI-16.8) to p as given by Eq. (VI-16.5). 
Then Eq. (VI-16.8) becomes 


d 
cant rh/3J,/,(ar) +- Corr a7 nBJ_,;3(ar) — 0 atr = 0, 
dr dr 
which, by application of formulas (A) and (C) in Table V-l, is the same as 
Cyr ar®J_ (ar) | 4 Cars| — ar'3J,, s(ar) | —~0 atr=0 


or, since a # 0, 
Cyr? /3J_9),(ar) — Cyr?J,/,(ar) = 0 atr=0. (VI-16.9) 


Since the leading term in the series for J_>,,(ar) as given in Eq. (V-0.2) is a 
term in r~%, it follows that the first term on the left in Eq. (VI-16.9) is a 
constant which does not vanish when C # 0. On the other hand, since the leading 
term in the series expansion for J>/,(ar) is a term in r2’3, the second term on the 
left in Eq. (VI-16.9) vanishes at r = 0 regardless of what constant we take for C). 


Consequently, in order for Eq. (VI-16.9) to hold we must take C = 0. Thus, Eq. 
(VI-16.5) reduces to 


p = Cyr? ?J_13(ar). (VI-16.10) 


At the lower end, where x = 0 and r = L?”, p = p, = tan 09. This boundary 
condition requires by Eq. (VI-16.10) that 
es Po 


~ VLSI aL3?) 
which makes 


por}? J_13(ar) 
= VE. (aL?) (VI-16.11) 


Since p = dy/dx, one might integrate Eq. (VI-16.11), remembering that r = (L 
— x), and thus obtain formula for vertical displacement (due to loading) in 
terms of distance above level of clamped end. But, happily, that is not needed for 
the determination of the critical length. Such determination can be made at once 
via Eq. (VI-16.11) as follows. Equation (VI-16.11) expresses the slope of each 
point of wire in stable position at small pp. Every such slope will be finite. This 
means that Eq. (VI-16.11) holds (for sufficiently small po) for positive values of 
L less than the least positive L such that the denominator in Eq. (VI-16.11) 
vanishes, which means the least positive L such that 


J_y;(aL*/*) = 0. (VI-16.12) 


P 


Equation (VI-16.12) is the critical equation, that is, the equation which 
determines the critical length L,, namely the length beyond which the wire will 


not be stable in vertical position. 
The least positive zero of the function J_,,, can be found in tables to be 


approximately 1.87. Since we have not listed values for J_,/3 in this book, let us 


see what we can do on our own to get an approximation for the least positive 
zero of J_,/3. Taking only the first three terms of the series expansion given in 


Eq. (V-0.2) with P = —$ we want 
as 35/3 xll/3 . 
rT@) Brg) MATE) ” 


that is, 


@ @ # 

rg) é) TG) 
Now, by Eq. (I-4.1) we have l(s) = §r(§) and (3) = (§)(@)T(4). 
This makes Eq. (VI-16.13) become 

9x* — 120x? + 320 = 0, 


(VI-16.13) 


whose solutions are 


] 
x2 — 120 + V2880. (VI-16.14) 
18 
The positive values of x given by Eq. (VI-16.14) are approximate values 
(probably not very close) for the least and next-to-least positive zero of J_,/3(X). 


To get the least positive zero, we take the negative sign in Eq. (VI-16.14), 
obtaining 


om 192 


as against 1.87 from the tables. Let us, however, use 1.87. 
Returning to the equation for critical length, namely Eq. (VI-16.12), we find 
the critical length to be given by 


aL3/? ~ 1,87, (VI-16.15) 


Recalling that 4 = 2k/3 = (2/ 3)V w/ EI , we find from Eq. (VI-16.15) that 
the critical length L, is given by 


1/3 
L, = .99(=") (VI-16.16) 


VI-17. Apply the result obtained in Eq. (VI-16.16) in Prob. VI-16 to find the 
critical length L, for vertical stability of steel wire having the following 
specifications: 

(a) cross-section circular, diameter .06 inches; 

(b) density 489 pounds per cubic foot; 

(c) E = 3.20 x 10” pounds per square inch. * 


The formula to be applied is 


1/3 
L,= 1.99( = ) , (VI-17.1) 


Ww 


where E is Young’s modulus and I is the moment of inertia of the cross-sectional 
area A about a diameter and w is weight per unit of length. 

One finds in an appropriate textbook that the moment of inertia of a circular 
area about a diameter is 


I = }ar‘t. (VI-17.2) 
Since r = .03 by specification (a), we find by Eq. (VI-17.1) that 
rs 64:< 10%. (VI-17.3) 


In Eq. (VI-17.3) we have implicitly committed ourselves to taking the inch as 
unit of length. We must, therefore, compute the linear density w in pounds per 
inch. Accordingly, we have 


— 489 2 ~ —4 = 
w= (Fre) | 7693" | ~ $00 x 10". (VI-17.4) 


Taking I from Eq. (VI-17.3) and w from Eg. (VI-17.4) and E from 
specification (c), we find by Eq. (VI-17.1) that the critical length is 


1.99 (3.20 x 107)(6.4 x 10~*) 1/8 
. 8.00 x 10-4 


58.7 inches. 


Problem: Flux Distribution in a Nuclear Reactor 


L. 


Ne 


VI-18. Determine the radial flux distribution ? in a bare nuclear reactor in the 
shape of a long (compared to radius) right circular cylinder of radius R, being 
given that 


(a) the flux ? satisfies the equation 
V*¢ + Bd = 0 (VI-18.1) 


2 ‘ ve i 
where V" is the Laplacian of ? and B? is a positive constant to be determined 
by boundary conditions, 


(b) ? is a function of one variable only, namely distance from longitudinal 


axis of reactor, that is, $ is symmetric with respect to this axis, 
(c) if cylindrical coordinates (r, 0, z) be taken with the z-axis in the 


longitudinal axis of the reactor, then the flux ? satisfies the conditions 
H(R) = 0, (VI-18.2) 
d(r)>0, O<r<R. * (VI-18.3) 
In terms of cylindrical coordinates Eq. (VI-18.1) is 


a 1 A 


Le. con. 
—atsetmaspt sgt Be =0. = (VI-I84) 


ra 


But, the given condition (b) means that ¢ is independent of both @ and z. This 
makes Eq. (VI-18.4) reduce to 
d? 1 d 
cbs i= a + B% = 0. (VI-18.5) 
r rdr 


If, now, we multiply both sides of Eq. (VI-18.5) by r* and use primes to denote 
first and second derivative of ? with respect to r, then Eq. (VI-18.5) becomes 


rd" + rd’ + Br? = 0. (VI-18.6) 


Solution of Eq. (VI-18.6) is immediately obtained by way of Eq. (VI-1.6) if 
we identify r with x and take D = B and p = 0. Thus, by Eggs. (VI-1.5) and (V- 
0.8) the general solution of Eq. (VI-18.6) is 


d — C,J)(Br) -f- C, Y (Br) (VI-18.7) 
where C, and C, are arbitrary constants. 


Now in the use of cylindrical coordinates, negative values are permissible for 
ras well as for 6 and z. This means, by condition (b), that 


d(— r, 0, z) — $(r, 0, z). 


Consequently, we must take C, = 0 in Eq. (VI-18.7), since Y)(x) is not an even 
function while Jo(x) is an even function. Thus, we have 


$ = C,Jo(Br). (VI-18.8) 


The constant C, in Eq. (VI-18.8) is determined by the power level at which 
the reactor is operating. C, is not zero. 


The constant B is determined by the given condition (c). Eq. (VI-18.2) 
requires by Eq. (VI-18.8) that 


Jo BR) = 0. (VI-18.9) 


Now, the function Jo(x) has infinitely many zeros. To which of them shall we 
equate BR? The answer to this question is found by consideration of the 
condition stated in Eq. (VI-18.3), which requires that ? be positive forO<r<R. 
This means that we must take BR equal to the least positive zero a, of Jo(x) in 
order that J,(Br) will be positive for 0 S Br < a,. In Table V-4 we find that a, 
~ 2.4048 whence 


So, we have 


where, as mentioned above, C;, is to be determined by the power level. 


Problems: Heat-Flow Temperature Distribution 


VI-19. Determine the steady-state temperature distribution T in a cooling fin 
(sometimes called spine) on an engine if the fin is a homogeneous solid in the 
shape of a right circular cone of length L and radius R at its base where it meets 
the body of the engine. Let A(x) denote the area of the cross-section of the fin at 
right angles to its axis at distance x along the axis from the vertex. Let C(x) 
denote the circumference of such cross-section. Let it be assumed that, for the 
purposes of this problem, sufficient accuracy will be had by supposing that the 
isothermal surfaces in the fin are the plane circular cross-sections at right angles 
to the axis. This makes T to be a function of x alone. Let it be given that, under 
this assumption (see Eckert and Drake, Heat and Mass Transfer, McGraw-Hill, 
1959), the equation to be satisfied by T 


Z [ Ax) =) _ A cw) | [7 = T, | (VI-19.1) 


where T; is the temperature of the surrounding fluid, k is the thermal 
conductivity of the metal of which the fin is made, and h is a heat transfer 
coefficient. Let T,, denote the temperature (assumed constant) of the engine at 
the base of the fin. 

Determine also the value, at the base of the fin, of the rate of heat flow Q 
given by 


Q=Ox)=kAX™. * — (VE-I9.2) 
dx 
By simple geometry involving similar triangles one finds that 
am Rx? 27 Rx 

A) =F Ca) = =. (VI-19.3) 

Let us denote the temperature excess by $. 
¢=T—T,. (VI-19.4) 

Let us also put 
2hL 

= —- VI-19.5 
mans ( ) 


Then, observing that aT /dx = d$/ dx, substituting for A(x) and for C(x) from 
Eq. (VI-19.3) in Eq. (VI-19.1) and carrying out the differentiation indicated in 
Eq. (VI-19.1), we find that Eq. (VI-19.1) applied to the present problem 
becomes 


x*¢” + 2x 6’ — mx ¢ = 0, (VI-19.6) 


where the primes denote the first and second derivatives with respect to x. 
We obtain solution for Eq. (VI-19.6) by identification with Eq. (VI-2.1) in 


which we take ¥ = %. We have 
1—2A=2, 2E=1, D*E*=-—m, A*® — E%p*=0, 
whence 


A=-}, E=}, D=2iVm, p=1, 


where f = V—1 . Thus, by Eqs. (VI-2.2) and (V-0.12) the general solution of 
Eq. (VI-19.6) is 


¢ = S| Cava) }- CK2Vima) |. (VI-19.7) 


The factor !/ Vx in Eq. (VI-19.7) becomes infinite at the vertex of the cone 
where x = 0. But the ratio Cl 1(2V mx)| Vx does not become infinite at x = 0. 
This ratio approaches C, Vm as limit when x — 0, as may be seen from Eqs. 
(V-0.9) and (V-0.2) whereby 


roveeaNae pe 


a ll 


On the other hand the ratio C,K,(2V mx)/ Vx does become infinite as x > 0 
if C, is taken # 0, as may be seen in similar manner via Eqs. (V-0.11), (V-0.7), 


(V-0.2). Accordingly, we must take C, = 0, since no infinite temperatures are 
involved in our problem. So, we have 


1,(2\/mx) 
== Cc : % ° ad . 
~$=C, wa (VI-19.8) 
And we shall take $(*) at x = 0 to be 
$(0) = lim d(x) = CyV/m. 


r->() 
It remains to determine C,. This constant is determined by the boundary 
condition T(L) = T,, which by Eq. (VI-19.4) makes AL) = T, — Ty. Thus, 


c, = Yh —T), (VI-19.9) 
1(2V/mL) 
and the temperature T in the fin is 
ee Se ee MY ole eae (VI-19.10) 


/ 
/ 


where m is given by Eq. (VI-19.5) and C, is given by Eq. (VI-19.9). 


To determine the rate Q of heat flow at the base of the fin as given by Eq. (VI- 
19.2) we have only to differentiate T as given by Eq. (VI-19.9) and then set x = 


L. Putting “ = VX, we get 
dT 


d 
rs = Ci ae [sth Quvin) 


= C, Pat wQuym| 
d 


= = du 
= a 2uym)| dx 


We apply formula (D) in Table V-1, obtaining 


a! 


dx 
sam C, I(2Vmx) 


2o/m u"1,(2u vn| — 
V 


(VI-19.11) 
Substituting from Eq. (VI-19.11) in Eq. (VI-19.2), we get 
O(x) = kA(x) mic, BEV, 
so that the rate of heat flow at the base is 


O(L) = kr R°L 1 \/mC,1,(2V mL), (VI-19.12) 
where m and C; are given by Eqs. (VI-19.5) and (VI-19.9) respectively. 


REMARK. In the usual steady-state heat-flow problem, where no presumption is 
taken regarding isothermal surfaces, the temperature T must satisfy Laplace’s 
equation V*T = 0 interior to the region of flow. In the present problem it was 
considered sufficiently accurate to assume the isothermal surfaces to be those 
portions of the surfaces x = a constant contained in the region occupied by the 


fin, aS was mentioned in the statement of the problem. That is why the 
differential equation to be satisfied by T is different from Laplace’s equation. 


VI-20. Determine the temperature distribution T in a homogeneous right 
circular cylinder solid of height L and radius R, given the following conditions 
and assumptions. Heat is being produced in the cylinder. The rate Q’ of heat 
production per unit volume per unit time at each point of the cylinder is a linear 
function of the temperature: Q’ = a + bT, a # O, b # O. The surface of the 
cylinder is kept at a uniform temperature T,. Assume that the production and 
conduction of the heat is such that (a) T does not vary with time, (b) T is a 
function only of distance r from the axis of the cylinder: T = T(r),(c) T decreases 
with increasing r, that is, heat flow is radially outward, (d) T is continuous for 0 
SrS Rand differentiate for0 Sr< R. * 


The amount of heat Q,, being produced per unit time at a given instant in a 


coaxial subcylinder H of radius r and height L is given by the integral of the rate 
of heat production Q’ over the volume H: 


Ox = | J | Q’dv = { “‘QmrLQ'dr 


= [ "QmrL(a +. bT)dr. 
0 
(VI-20.1) 


Since we are assuming T to be that of a steady-state heat conduction problem, 
the amount of heat being lost per unit time through the surface of the subcylinder 
H by conduction radially outward equals the amount of heat produced per unit 
time in H. Since the lateral surface area of the subcylinder H is 2mrL, we have 


dT 
On = — 2nrLk—, 
dr 
where k is the thermal conductivity of the material comprising the solid. The 
minus sign is needed here to make Q,, a positive quantity since the temperature 


gradient dT\dr is negative. Equating the two expressions for Q;,, we have 


(VI-20.2) 


[ Glo diiae = — 20k. 
0 dr 


Differentiating both sides of this equation, we find that 


a*T dT 
whence 
@T 1dT ob a 
—— -_— -T—=—~-. -20.3 
dr? + r dr T al k Oa) 


Equation (VI-20.3) is a linear differential equation whose solution will be 
made up of a particular solution plus the complementary function. The 
complementary function is obtained by setting the left side of Eq. (VI-20.3) to 
Zero: 


aT lav, b 
oR ee ea gee 
dr? T rd * k 
whence, by multiplying through by r? we have 
rT" + rT’ + Cer = 0. (VI-20.4) 


The general solution of Eq. (VI-20.4) by Eqs. (VI-1.5) and (V-0.8) is 


T= Coho J : r) +e ve of : r) (VI-20.5) 


For the particular solution, we observe that the right side of Eq. (VI-20.3) is a 
constant; so we take T = a constant: 


T= — b (VI-20.6) 


Thus, the general solution of Eq. (VI-20.3) is 


T= — : ‘i Ch J 7 ie re J r) (VI-20.7) 


To determine C, and C, we have the conditions 


T is finite at r = 0 
(VI-20.8) 


T(R) = T; 


The first of the conditions in Eq. (VI-20.8) makes Y, unsuitable in Eq. (VI-20.7) 
since Y) becomes infinite at r = 0. So we must take C, = 0. Then the second of 
conditions (VI-20.8) requires that 


(5) +T, 
C= Sy aaa (VI-20.9) 
Hf — R 
(Wi) 
The solution to our problem is 
a 
— -+ T, = 
h + I; P a 
| ne i A | 2 eee (VI-20.10) 
( J ) k b 
J k R 


REMARKS. 1. If there is heat absorption (instead of production) in the cylinder 
at a linear rate, all other conditions being the same, we have Q' = a — bT; and the 
solution Eq. (VI-20.10) is replaced by 


ey (fe) +5 
eo — eh (VI-20.11) 
lek) SE? * 


by Eq. (V-0.12). 
2. The solutions obtained for T in Eqs. (VI-20.10) and (VI-20.11) are valid 


except when the trio of constants b, k, and R happen to be such that Vb/k R 
equals a zero of Jo. 


Problems in Dynamics 

VI-21. A perfectly flexible chain of length L and constant linear density p is 
fastened at one end to a fixed point from which it hangs vertically at rest in the 
positive x-axis with the origin x = 0 at the lower end of the chain. The chain is 


then caused to oscillate slightly in a fixed vertical plane by imparting to each of 
its points at time ¢ = 0 an initial horizontal velocity v given by v = F(x), where 
F(x) is continuous and differentiable for 0 S x SL and where, of course, F (L) = 
0. 

Determine, as function of x and t, the horizontal displacement y of a point of 
the chain, making the following assumptions: 

(a) the motion of each point of the chain is to be considered as taking place in 
a horizontal straight line, 


(b) the magnitude of the tension 7° at each point P of the chain is given with 
sufficient approximation by the weight of that portion of the chain which is 
below P, 

(c) the oscillations are so small that, if 6 denotes the acute angle made with the 
vertical by the line tangent to the chain at any point thereof, then sin 6 may be 
replaced, with sufficient approximation, by tan f, 

(d) in setting up the differential equation of motion, an equation of sufficient 
approximation will be obtained by neglecting positive powers higher than the 
first power of infinitesimal quantities. * 


x 


i +ar 


Ty (x + Ax) 


6) 


Figure VI-1. Short piece of hanging chain. 


Let us compute (approximately) first the net instantaneous horizontal 
component of tension for a short piece of chain from an arbitrary x to x+ Ax. 
Since the x-axis points upward, the tension at x + Ax will, by assumption (b), be 
of greater magnitude than that of the tension at x. We take the y-axis horizontal 


through the point x = 0 at the bottom of the chain. We let T,(x) denote horizontal 


component of tension at x. We take our short piece of chain to be in the first 
quadrant and curving outward as x decreases. We let a denote the inclination to 
the positive x-direction of the line tangent to the chain. We let T denote the 
magnitude of the tension T. Then we have 


1,(x) = T sin B 
= T sin « 
= T(— tan «) by assumption (c). 


But tan a is the slope of the chain, namely dy/dx. The partial derivative is 
required here, since y is a function of two independent variables x and t, and 
since we are holding t fixed while we analyze the momentary situation in a short 
piece of chain. Thus, at a given moment, we have 


T(x) = — rT”. (VI-21.1) 
Ox 


The horizontal component of tension at the upper end of our short piece is 
given by Eq. (VI-21.1) with change of sign on the right and then evaluated at x + 
Ax, namely 


T(x + Ax) = (T + an(2 £ a”). (VI-21.2) 


The change in sign is required by the fact that, for a short piece of chain, T,(x) 
and T\(x + Ax) are in opposite directions. Now, T + AT is given by the Taylor’s 
series expansion for T, namely 


2 
74+ Afen T ae TATA ees (VERS) 
Ox 2! ax? 
Likewise, we have 


ay dy ay a/ay 1 & /ay 
A— — — —_—. A -_— —— a A 2 ee 
Ox Ox Ox + az ae ! Ox aie 


In accordance with assumption (d) we shall retain only the first two terms on the 
right in Eqs. (VI-21.3) and (VI-21.4), since further terms involve powers of Ax 
higher than the first. By virtue of these curtailed versions of Eqs. (VI-21.3) and 
(VI-21.4) we may write Eq. (VI-21.2) as 


Tae + ayer 7+ ax) (Zs D2laxe ces 
ax ax ' ax? 


Carrying out the multiplication indicated on the right in Eq. (VI-21.5), we 
shall once more make use of assumption (d) in that we shall not retain the term 
involving the square of Ax. Thus, in place of Eq. (VI-21.5) we write 


ay  aoT dy 
A 
T(x + Ax) = = + 2 + (1 ae %) ol 
that is, 
T(x + Ax) T2 +} 2(7”) lax. (VI-21.6) 
ox Ox\ ax 


We take the net instantaneous horizontal component Y of tension on the short 
piece of chain to be the algebraic sum of oppositely signed horizontal forces 
acting at the ends of the piece, namely 


Y = Tx) + Tx + Ax), 
which, by Eqs. (VI-21.6) and (VI-21.1), is 


a oy ' 
r= | ax( 732) Jo (VI-21.7) 


The mass of m our short piece of chain is pAx. And the magnitude T of tension 
at x is gpx, where g is gravitational acceleration. Thus, by Newton’s law of 


motion & = 4, we have 


ay 7) oy 
— —_—_ II- t. 
dev Ta (ge pXz 4 ax (VII-21.8) 


In Eq. (VI-21.8) the acceleration factor 07y/dt* should really be considered as 
being evaluated at an appropriate point between x and x + Ax. But, if we assume 


continuity of this derivative and let Ax — 0, then with the factor Ax removed 
from both sides of Eq. (VI-21.8), we may take our (approximate) equation of 
motion at time t and point x to be 


that is, 


js ee ee. (VI-21.9) 


It is well-known that partial differential equations can often be satisfied by 
product functions. Let us see if Eq. (VI-21.9) can be satisfied by a product 
function of the form 


y = G(x)H(t) = GH. (VI-21.10) 


Using primes to denote first and second derivatives of G and H, each with 
respect to its own argument, we find that Eq. (VI-21.9) requires y as taken in Eq. 
(VI-21.10) to be such that 


H(xG’ + G’) = - GH", (VI-21.11) 
that is, 
d 
— (xG’) 4 
a ton (VI-21.12) 
G gH 


The left side of Eq. (VI-21.12) is independent of t while the right side is 
independent of x. In other words, Eq. (VI-21.12) requires a function of x alone to 
be identically equal to a function of t alone. This can only be so if each function 
is identically a constant. Thus, Eq. (VI-21.12) requires that 


-— =C (VI-21.13) 


that is, 


H” = CeH, (VI-21.14) 


where C is a constant. Now the statement of our problem implies that the motion 
of each point of the chain is assumed to be a periodic function of the time t. And 
solutions of Eq. (VI-21.14) are periodic when Cg is negative. So we take C = 
-)*. Then the general solution of Eq. (VI-21.14) is 


H = C, cos (AV gt) + C,sin(AVg t) ~~ (VI-21.15) 


where C, C, and A are arbitrary constants. Since A is arbitrary, let us put k* = 


A?g as a convenience. This makes 
H=C,coskt+ C,sinkt, k=AVg. (VI-21.16) 
Reverting to Eq. (VI-21.12), we find that Eq. (VI-21.12) now requires 
xG" +G+ NG =O0, 
that is, 
x°G” + xG’ + 2xG = 0. (VI-21.17) 
We can solve Eq. (VI-21.17) by application of Eq. (VI-2.1). We have 
1—2A=1, 2E=1, D°E?*=)*, A? — E%*=0, 
whence 
A=0, E=1/2, D=A, p=0. 
Thus, by Eqs. (VI-2.2) and (V-0.8), the general solution of Eq. (VI-21.17) is 
G = Cy (AVX) + Cy Y (AV), (VI-21.18) 


where C3 and C, are arbitrary constants. 

Putting our results together, we find that Eq. (VI-21.9) can be satisfied by a 
solution of the kind indicated in Eq. (VI-21.10), where G and H are given 
respectively by Eqs. (VI-21.16) and (VI-21.18). 

The Bessel function Yop is unsuitable in the problem at hand, since Y,(u) 
becomes infinite at u = 0. We must, therefore, take C, = 0. Since the upper end 
of the chain is fixed, we have y = 0 at x = L for all t. This requires 


J(AVL) = 0. 


Thus, we can satisfy Eq. (VI-21.9) by any function of the type 
y = Cy (Arv/x)[C, cos kt + C, sin kt], (VI-21.19) 


provided AVL is a zero of the function J, and provided c= AV g *. We must, 
of course, have C3 # 0, for otherwise the chain would hang still without motion. 


It certainly will not hang still when an initial velocity (not identically zero) is 
imparted to its points. 
At time t = 0 we have y = 0 at all x. Thus, Eq. (VI-21.19) requires that 


0=CSAVxIIG)], OSxSL. 


Now, JfAV X) is certainly not identically zero. And we have C3 # 0 as 
remarked in the preceding paragraph. Consequently, we must take C, = 0. 
Taking C, = 0 in Eq. (VI-21.19) and putting A = C3C,, we can now say that any 
function of the type 


y = AJ(Ar/x) sin kt, (VI-21.20) 


where A is such that Y€AVL) = 0 and k = AV g , will satisfy Eq. (VI-21.9) 
and will also satisfy two of the boundary conditions, namely initial zero 
displacement at all points and continued zero displacement for all ¢ at the 
topmost point. 


So far, so good. But now comes the difficulty. We have yet to fulfill the initial 
condition of prescribed imparted velocities at time t = 0, namely, 


(3) = kAJ,(A\/x) cos (0) = kAJ,(A\/x) = F(x), | ge ee 
t=0 


But no single function of the type KAJ (AVX) equals a prescribed F(x) at every 
x on the interval 0 Sx SL, unless perchance F(x) itself happens to be given as 
such a function. How do we finish the solution of the problem when F(x) is not 
J(AV x) multiplied by a constant? Answer: construct a composite solution 
comprised of an infinite series of solutions of type Eq. (VI-21.20), namely 


© 
y= > Aw) sin (Ajv/Z 1), (VI-21.21) 
j=1 

where the numbers Aj, are the positive zeros of the function Jo and where the 

coefficients A,, are such that (0y/0t),-9 = F(x), that is, 

00 
dave As Jj x) = F(x). (VI-21.22) 
j=1 

The expansion called for in Eq. (VI-21.22) can be effected by appropriate 


applications of Prob. V-27 as follows. First we set Vx =U. Then Eq. (VI- 
21.22) becomes 


@ 


flu) = > ava A,J(du), OSu< VL, (VE-2123) 


j=! 


where f(u) denotes F(u*). And now Eq. (VI-21.23) is an expansion of the type 
considered in Prob. V-27 where the independent variable is denoted by u instead 
of x and where hj OG = ee OP a Thus, the numbers A, in Eq. (VI-21.23) are 


given by 


VL . 
a,s/g A; = uftuph( u a (VI-21.24) 


2 
Ll J, orl VL 


that is, 


seinsineoitlieeienil a, |* j 
ET TETAT [ F(x) | )as (VI-21.25) 


The solution of our problem is given by Eq. (VI-21.21) in which A, = aj, j = 1, 
2, 3, +++ and in which the coefficients A; are given by Eq. (VI-21.25). 


REMARK. The problem of small oscillations of a uniform hanging chain was 
first studied by Daniel Bernoulli in 1732 and later by Euler in 1781. It is the 
problem whereby the functions now known as Bessel functions were first 


encountered in mathematics and its applications. The practical value of a 
formula for the displacements of points on an oscillating chain is most likely 
limited; however, the techniques that this problem caused to be developed 
occupy a position of importance in modern mathematical physics. 


VI-22. A homogeneous, slightly tapered rod of length L is such that when 
properly placed with respect to the x-axis the cross-sectional area A 
perpendicular to the x-axis is given by 


A= A(x) = (VI-22.1) 


a 
b+x 
where a and b are positive constants. The larger end is fixed and is in the plane x 
= 0. The smaller end is free and lies in the plane x = a/(b + L). As result of an 
axial blow at the free end, the rod is vibrating longitudinally. Assuming that, for 
each cross-section, all the points in the cross-section undergo the same 
displacement u parallel to the x-axis, namely, u = u(x, t) where t denotes time, 
determine the formula for u. * 


As is customary in many problems of applied mathematics, we shall be 
content to set up an approximate differential equation, of. motion, considering 
the physical and geometrical conditions to be such that we may, with satisfactory 
approximation, neglect powers higher than the first of infinitesimal quantities. 
Let us compute (approximately) the instantaneous net axial stress in a very thin 
cross-sectional slice whose plane bases are in planes cutting the x-axis at x and x 
+ Ax. The corresponding areas of the bases are A and A + AA. The corresponding 
displacements are u and u + Au. 

The stress at x is EA[Ou/0x], where E denotes Young’s modulus. The area A + 
OA is given exactly by Taylor’s series: 


A+ AA = A(x + Ax) 


dA 1 d*A 1 d°A 
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We have agreed to neglect powers higher than the first of small quantities. 
Accordingly, we have 


daha Bix. 
dx 


Similarly, one finds via Taylor’s Series expansion that a first approximation to 
the first derivative of u by x, with t held constant, at x + Ax is 


Ou 0 [Ou Ou, Ou 
— —(—} |Ax = — + —A 
Ox v E@] «= ax v ax? 


Thus, the stress at x + Ax is approximately 


dA du @u 
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which in turn is approximated by 
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where we have discarded the term involving the square of Ax. 


The instantaneous net axial stress in the slice we take to be the excess of the 
stress at x + Ax over the stress at x, namely 


Cu dA Ou é Ou 
— ame om JAX om —_ oS Se, my 0 
E(A Dx? + =o x E| £(4 =) | x. (VI-22.2) 


This is (approximately) the (signed) magnitude of the force acting on the slice, 
which by Newton’s first law of motion equals the (signed) acceleration of the 
slice multiplied by its (approximate) mass. 

Accordingly, we have 


0 Ou Ou 
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where p is the density of the material. Thus the (approximate) equation of 
motion is 
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where 


k2 = p/E. (VI-22.5) 


If the rod were of constant cross-sectional area, Eq. (VI-22.4) would be 
(VI-22.6) 


c? denoting 1/k*. Equation (VI-22.6) is the one-dimensional wave equation, 
whose general solution is known to be 


u = f(x — ct) + d(x + ct), (VI-22.7) 


f and ¢ being arbitrary functions of their respective compound arguments x — ct 
and x + ct. If we assume that the longitudinal vibrations of the rod (of constant 
cross-section) are periodic in time, then it is known that Eq. (VI-22.6) is satisfied 
by functions of the form 


u = Bsin (qx + cqgt) or u = Bcos (qx + cqt), 


where B and q are arbitrary constants. This is equivalent to saying that Eq. (VI- 
22.6) is satisfied by functions of the form 


%= [2 sin qx || sin cqt | 


or any one of the three other forms obtained by replacing either sine or both by 
cosine. Indeed, one may even include a lead (or lag) additive term in the 
argument of the sine (or cosine) in either bracket. Thus, Eq. (VI-22.6) is satisfied 
by a function of the form 


— [ B sin gx || sin (cqt + s)|, (VI-22.8) 


where B, q, and s are arbitrary constants. 
The function u in Eq. (VI-22.8) is a product function of the form 


u = g(x)h(t). (VI-22.9) 


Let us now try a product function of this type as solution of the equation of the 
present problem of the tapered rod, namely Eq. (VI-22.4). We take h(t) to be of 
the same character as in Eq. (VI-22.8), namely h = sin (At + ps), where A and py are 
constants to be determined by initial conditions. But since Eq. (VI-22.4) differs 


from its particular case, namely Eq. (VI-22.6), in that the area A(x) is not 
constant, we shall not commit ourselves as to the nature of the function g(x) in 
Eq. (VI-22.9), trusting that the differential Eq. (VI-22.4) will tell us what kind of 
function g(x) shall be. 


We, therefore, try 
u = g(x) sin (At + p) (VI-22.10) 
in Eq. (VI-22.4). First we write Eq. (VI-22.4) as 
@u 1 dA ou _ peu 
0x2 ' 4 dx ax Ot 
Substitution from ee in (VI-22.11) yields 


x0); (VI-22.11) 


dg sin (At + p) 
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dx 
+ k® sin (At + p)g =0. (VI-22.12) 


The common factor sin (At + 1) may be removed, since it will not be identically 
zero. From Eq. (VI-22.1) we have A = a/(b + x). So, Eq. (VI-22.12) becomes 


ae 1d 
dx* b+xdx 
Let us put b + x = z. Then g(x) = g(z — b) = h(z). And dg/dx = dh/dz, d*g/dx* = 
d*h/dz*. Thus, Eq. (VI-22.13) multiplied through by z* becomes 
z*h” — zh’ + k?dz*h = 0, (VI-22.14) 


+ kg = 0. (VI-22.13) 


where the primes denote first and second derivative with respect to z. Equation 
(VI-22.14) is an equation of the type solved in Prob. VI-2. Identifying Eq. (VI- 
22.14) with Eq. (VI-2.1), with z playing the role of x therein, we have 


1—2A=-—1, 2E=2, DE*=k*, A*E* — p?=0, 
whence 
A=1, E=1, D=ka, p=1. 
Thus, we find by Eqs. (VI-2.2) and (V-0.8) that the function h(z) shall be 


h(z) = CyzJ,(kAz) + Coz Y,(kAz) (VI-22.15) 


We have, then, by Eq. (VI-22.15) and Eq. (VI-22.10) the solution of our 
problem: 


“= [ Crzdy(kAz) co gt ¥(kAz) | sin (At + p), 
(VI-22.16) 


where z = b + x, k= V p| E by Eq. (VI-22.5), and where C,, C5, A, and p are 
constants to be determined by initial conditions. There remains only the 
determination of the four constants Cj, C5, A, p. 


At x = 0 there is no displacement, since the end of the rod at the origin is fixed 
and immovable. Thus, the displacement u = 0 when z = b for all values of t. 
Consequently, the expression in brackets in Eq. (VI-22.16) must vanish when z = 
b, since the other factor sin (At + 1) does not vanish identically. Recalling that b 
# 0, we have 


0 = CJ,(kAb) + Cy ¥,(kAb). (VI-22.17) 


At the free end of the rod we assume, that once the blow has been struck, there 
is no stress there: Ou/Ox = 0 at x = L for all t. To require du/0x = 0 at x = L for all 
t is equivalent to requiring dg/dx = 0 at x = L, since the other factor in u does not 
vanish identically; and then to require dg/dx = 0 at x = L is equivalent to 
requiring dh\dz = 0 atz = b +L. From Eq. (VI-22.15) we have 


ah CG) 2 (ke) + (2) + Gl 25. ¥,(kAz) + ¥,(}22) | 


(VI-22.18) 


Applying formula (E) in Table V-1 to the derivatives called for on the right in 
Eq. (VI-22.18), setting z = b + L and collecting like terms we find that Eq. (VI- 
22.18) requires 


0 = CyJo(k[b + L]A) + CrYo(k[b + LJA).  (VI-22.19) 
In addition to Eqs. (VI-22.17) and (VI-22.19) we need two more equations to 
determine the four constants C,, Co, A, p. If, for example, the displacement u(x, t) 


= h(z) sin (At + p) where h(z) is given by Eq. (VI-22.15) and z = b + x, be known 
for (x,, t,) and for (x5, t)), then Eq. (VI-22.16) will yield two additional 


equations in C;, C5, A, u. These two equations together with Eq. (VI-22.17) and 
Eq. (VI-22.19) will determine C,, C5, A, pL. 

REMARK. The one-dimensional wave equation Eq. (VI-22.6) is an important 
one in mathematical physics. It occurs also in such problems as the vibrations of 
a stretched elastic string and small oscillations in a thin tube of air as in an organ 
pipe. It is sometimes called D’Alembert’s equation in honor of Jean-le-Rond 
D’Alembert who first solved it in 1747. Derivation of its solution Eq. (VI-22.7) 
will be found in any good text dealing with partial differential equations. 


Problem: Fluid Velocity Imparted by Radially Pulsating Cylinder 


VI-23. A circular cylinder of radius R and of great length (taken as infinite for 
the purposes of the problem) is surrounded laterally by an ideal compressible 
fluid. The cylinder is pulsating radially with frequency a> in such a manner that 
the radial velocity of each point of the lateral boundary of the cylinder is a 
sinusoidal function (the same for all such points) of the time t, the minimum 
absolute velocity being zero. Determine the velocities imparted by the pulsation 
to the points of the surrounding fluid. It is to be assumed that such velocities will 
also be sinusoidal in character. And it is given (from hydrodynamic theory) that 


the velocity vector field V of the imparted velocities is such that V is the 
gradient of a velocity potential function ¢ satisfying the wave equation 


V4 = ——. (VI-23.1) 


(Here the constant c is the speed of sound in the surrounding fluid.) * 

Cylindrical coordinates (r, 0, z) are certainly the most convenient to use in this 
problem, with the z-axis taken in the axis of the cylinder. Since V is always and 
everywhere radial with respect to the z-axis, it follows that ? is a function of r 
and t only. Accordingly, the Laplacian V°¢ in cylindrical coordinates, namely 

ad 1 a ip Ch l dp 
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reduces to two terms, so that Eq. (VI-23.1) becomes 
Od 1 dd 1 4 


sitio a sat (VI-23.2) 


The character of the imparted velocities is such as to suggest that in this 
problem the use of complex quantities will be found convenient. Moreover, as in 
many problems calling for solution of such equations as Laplace’s equation or 
the wave equation (see, for instance, Prob. V-22), we shall assume a product 
solution of the form 


$ = $7, t) = F(r)G(2). 


If we can determine a complex function ? which will satisfy Eq. (VI-23.2), it 
will follow by separation of reals and pure imaginaries that the real part of ? will 
satisfy Eq. (VI-23.2). So, we take 


$ = F(rjett, (VI-23.3) 
where ! = Vv—1 
Putting ? from Eq. (VI-23.3) into Eq. (VI-23.2), we get 
Fretot + | pretot — 1 poiut(iny?, (VI-23.4) 
r c 


where the primes on F denote first and second derivative with respect to r. 
Suppressing the nonvanishing factor e'®‘, multiplying through by r*, and 
transposing the term on the right, we find that Eq. (VI-23.4) becomes 


2 
PF" + rF' + —PF =0. (VI-23.5) 
c 
By Prob. VI-2 together with Eq. (V-0.8) the general solution is seen to be 
F= ch( =) om 6A r(), (VI-23.6) 


Since we are employing a complex $, it seems that it might be convenient even 
to take F as a complex function, that is, to express F in terms of Hankel 
functions (see Eqs. (V-0.19) and (V-0.20)). So we take 


Bac CH9( =) es CaHt9("), (VI-23.7) 


We now have 


o-= [ ct0%() + CaHty)( 2) Jet, (VI-23.8) 
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y = grad | Re{¢] =V| Re[4]| 


— 
Our problem is to determine V. Now, 


where Re[¢] denotes the real part of $. But, since V is everywhere directed 
radially with respect to the z-axis, it will suffice to determine the radial scalar 


component of V, namely V,, since all other components vanish. We then have 
4 
V, _— ar [Ref] 
r| 
which is seen to be the same as 


y= Rel |: (VI-23.9) 
or 


Accordingly, we differentiate ? as given by Eq. (VI-23.8) with respect to r and 
take the real part of the result. 

Applying formula (C) in Table V-1 with x = wr/c and remembering that 
(d/dr) f(x) = [(d/dx)f(x)](dx/dr), we get from Eqs. (VI-23.8) and (VI-23.9) 


V, = Rel — [cu ( =) rs cun,( =) ett | 
c | c c/| 
(VI-23.10 


We have not as yet determined C, and Cj. We must take C, = 0. For it can be 
shown from the relationship of the solution in terms of Hankel functions to the 
general time-periodic solution that solutions for ? of the form e@H,(kr) 
represent inward bound waves, while solutions of the form e!@‘H)kr) 


represent outward bound waves. Thus, we could have seen already in Eq. (VI- 
23.8) the need for taking C, = O. 


To determine C, we suppose the pulsating motion at the boundary of the 


cylinder to be known and such that the radial velocity of each point thereof is 
given by 


d . 
- Rel Yee" | (VI-23.11) 


It follows from Eqs. (VI-23.9) and (VI-23.11) that 


which is equivalent to requiring that 


og 
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Thus, we require, by virtue of Eq. (VI-23.10) with C, = 0, that 
Vetot . __% Cutt, ( 2 Jet, 
c c 


whence 


ce 


” H, 0( = 
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Putting this value for C, in Eq. (VI-23.10) with C, = 0 and using the 
definitions of the Hankel functions from Eqs. (V-0.19) and (V-0.20) and 


separating out the real part of the result (remembering that e‘ = cos wt + i sin 
jt), we find that 


Cie (VI-23.12) 
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REMARK. It can be shown by virtue of the remark in Prob. V-34 that, for values 
of r and R large compared to the ratio c/a, the solution for the radial velocities of 
the particles of the surrounding fluid as given by Eq. (VI-23.13) is “like” an 
elementary functions as follows: 


Ve~ AE: cos| of — = *)|. r—> Oo, 
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Problems: Heat-Flow Temperature Distribution 


VI-24. A homogeneous circular lamina of radius 20 and diffusivity a = .71 is 
provided with an initial temperature distribution T) = 100 + r2, where r denotes 


distance from center of the lamina. Then the faces of the lamina are made 
thermally isolated while the temperature all along the rim is maintained at its 
initial value 500. Determine the subsequent temperature at time t = 8 at a point 
10 from the center of the lamina, given that the equation to be satisfied by the 
temperature function T is 


a = a*V"7. " (VI-24.1) 


It will be convenient to use an adjusted temperature function U denoting 
excess of rim temperature over temperature at interior points, namely U = 500 - 
T, so that U = 0 along the rim. Equation (VI-24.1) is seen to hold for U as well as 
for T: 


x — 92V2U. (VI-24.2) 


We naturally choose polar coordinates (r, 8) with pole at center of lamina. 
However, we see by symmetry of conditions that U is independent of 0: U = U(r, 
t). The Laplacian of U then is 


V7U = a + - : a (VI-24.3) 
Let us see if Eq. (VI-24.2) can be satisfied by a product function of the form 
U = g(r)e™. (VI-24.4) 
Then Eq. (VI-24.2) in conjunction with Eq. (VI-24.3) requires that 
_.ernigiuaatg-m “3 os 4 : <I. (VI-24.5) 


Dividing both sides of Eg. (VI-24.5) by the nonvanishing factor e, letting 
k? = m/e’, and multiplying through » r>, we get 


pee + 7B : + k*r*g = 0. (VI-24.6) 


By Prob. VI-1 and Eq. (V-0.8) the general solution of Eq. (VI-24.6) is 


where A and B are constants. We cannot use Y,(kr) which becomes infinite as r 
> 0. So we take B= 0. 


Our trial solution is now 
U = AJ,(kr)e-#222* (VI-24.8) 


Since the rim r = 20 is to be maintained at U = 0 for all t, Eq. (VI-24.8) requires 
that 


AJ (20k) = 0. (VI-24.9) 


Choice of A = 0 is certainly unsuitable. We may choose k so that 20k equals any 


one of the zeros of Jo(x). But then the formula for U at time t = 0 would be a 
multiple of Jo(kr) which certainly could not be identical with the initially 
prescribed value Up = 500 - Ty = 400 - r’. 

The procedure for overcoming this impasse is the procedure used in Probs. 
IV-9, VI-21 and others. We express Up = f(r) = 400 - r’, by Prob. V-27, as an 
infinite series of Jo-functions: 

@ 
f(r) = > Aah ee ee (VI-24.10) 


n=] 


where 


2 20 Op 
A, = SHOR Pad 5 rar. (VI-24.11) 


Since U = 500 -— T, it follows by Eq. (VI-24.8) that the temperature at any 
point of the lamina at time t is given by 


T = 500 — > Aude Sar lerateasve (VI-24.12) 


n=1 
where the coefficients A,, A>, °-: are given by Eq. (VI-24.11) with f(r) = 400 - 


r*. The integral for each A, in Eq. (VI-24.11) breaks up into two integrals, one of 


which may be evaluated by Eq. (V-28.3), the other by Eq. (V-30.1). 
As an example of the determination of the values of the coefficients let us 
evaluate (approximately) the first coefficient A, From Eq. (VI-24.11) with f(r) = 


400 — r2 we have 


A, = _ 2 [40004 “1, dr — [rw “1, dr 
* [20J,(a)PL Jo *\ 20 . og 


(VI-24.13) 
In Table V-4 we find that a, = 2.4048 = 2.40. Thus, 


20 
A,= * 500f7,(2. Sap [ wil 12|r)dr — r I(-12p)dr J. 


(VI-24.14) 
Applying Eqs. (V-28.3) and (V-30.1), we get 
Ais coin) SO J,(2.40) — SOO (2 40) + saalit?- 40) | 
(VI-24.15) 


From Tables V-2 and V-3 we have J,;(2.40) = .52 and J,(2.40) = .43. Putting 
these values in Eq. (VI-24.15) we obtain 


A, = 4.56. 


The remaining coefficients Aj, A3, Ay, ° * + are computed just as in Eq. (VI- 
24.13) through Eq. (VI-24.16), the only changes being that a, replaces a, in 
computing A», a3 replaces a, in computing A3, and so on. 

Thus, we may indicate the solution of our problem at t = 8 andr = 10 by 


T(r, t) = T(10, 8) = 500 — (4. S6)uo( 75 [10 Je ~ (0:71) 2-40) /400 


i Ly 22 
= AnJol —Z[10] en (0-71)223, (8) /400, 
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(VI-24.16) 


REMARKS. 1. The solution for T as given by Eq. (VI-24.12) indicates that, at 
any chosen interior point of the lamina, the temperature T will approach 500 as 
limit as t > ©%, 

2. Taking only the first two terms of Eq. (VI-24.16) as rough approximation 
for the solution of our problem at r = 10 with t = 8, we have 


T(r, t) = T(10, 8) ~ 500 — (4.56)(.67)e~"% 
=~ 500 — 3 = 497. 


VI-25. A homogeneous solid occupies the region R consisting of one-half of a 
right circular cylinder of radius 10 and height 20. Taking the axis of the cylinder 


in the z-axis with lower base in the xy-plane, we take R to be that half of the 
cylinder for which y = 0. The curved surface R, the lower base and the plane 
face containing the z-axis shall all be maintained at constant temperature T, = 
40. This temperature T, = 40 shall be maintained also on the rim of the upper 
base. On the rest of the upper base shall be maintained a temperature distribution 
T> = r20, where r and @ together with z are cylindrical space coordinates with 6 
confined to the interval 0 < @ < m. Determine the steady state temperature 
distribution T = T(r, 8, z) in R. * 

We shall find it convenient here, as in Prob. VI-24, to consider the function U 
= T — 40, which is such that U = 0 on the three faces of R other than the face z = 
20. The temperature T must satisfy Laplace’s equation V*T = 0 at all interior 
points of R; the same must also be true for U, namely, V*U = 0, since U differs 
from T only by an additive constant. Thus, we require 

2 2 2 
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at every interior point of R. And, as in other similar problems, we shall try to 
construct by composition of particular solutions a solution of Eq. (VI-25.1) 
which will cause T to take on the prescribed boundary temperature distributions. 
Moreover, we shall seek to obtain the particular solutions each as a product 
function of the form 


U = F(r)G(6)H(z). (VI-25.2) 


It will be convenient to remember that F is a function of r alone, G a function 
of 6 alone, and H a function of z alone and to omit their respective arguments 
and to write simply 


U = FGH. (VI-25.2a) 


Using primes and double primes to denote first and second derivatives of F 
and G and H each with respect to its own argument, we get 


dU eU 


— = F’GH, —— = F"GH, 
OF OF? 
dU U 

— = G’ FH —— = G" FH, 
aG iain eG? 
oU 2U 
—— = H'FG, —. = H" FG. 
oH 0H? 

Substituting these results in Eq. (VI-25.1) we get 


F"GH + ,FG"H + FGH" + F'GH = 0, 


which may be written 


2 ” , 2 ” ” 
OF on (VI-25.3) 
F F H G 
The right and left sides of Eq. (VI-25.3) must both equal one and the same 
constant C (sometimes called the separation constant), since one side is 
independent of @ while the other side is independent of r and z. We proceed to 
see what sort of constant C shall be, positive or negative or zero. Our procedure 
will be to make some assumptions regarding the constant C If an assumption or 
premise leads to an absurd conclusion, we shall reject the assumption. First we 
shall try C = 0. 
Then Eq. (VI-25.3) requires that G” = 0. Integrating we get G = AO + B, where 
A and B are constants. Now on the plane lateral surface we need to have U = 0. If 
we want the factor G to do the vanishing there so that Eq. (VI-25.2) would be 0 
= F(r)(0)H(z), then G(O) = G() = 0. This would require A and B to equal zero, 
making U vanish everywhere in R. This absurd conclusion makes us reject the 
assumption that C = 0. 
Now we try C negative, say —k* with k # 0. Then Eq. (VI-25.3) requires that 
G" = k°G. The solution to this equation is 


G = Acoshké + Bsinh ké. 


And if G is to be the vanishing factor on the plane lateral surface, we need A = B 
= 0, making U identically zero in R. Let us then reject the assumption that C is 
negative. 


There remains the possibility that C be positive: C = k* with k # 0. This time 
Eq. (VI-25.3) demands that 


G = Acoské + Bsin ké. 


And now we can have G(0) = G(m) = 0 by having A = 0 and sin km = 0. Thus, we 
can have the factor G = 0 everywhere on the plane lateral surface by taking for G 
any function of the family 


G,, = B,, sin n8, a ay as (VI-25.4) 


where B,, is an arbitrary constant ~ 0. So far we have made some progress. In the 


two previous assumptions on the constant C, where we let it equal zero or a 
negative number, we were able to satisfy the boundary condition U = 0 on the 
plane lateral face. But we had the untenable consequence that U = 0 at all 
interior points of R. However, when we took the separation constant as greater 
than zero we were able to get the boundary condition satisfied without having 
zero temperature interior to R at the same time. 
And so, taking C = k* = n? where n is any positive integer, we go back to Eq. 
(VI-25.3) and set its left side equal to n*. The resulting equation may be written 
rhe OUT. OT 
F rF Yr H 
By the same argument as we applied to Eq. (VI-25.3) we conclude that both 
sides of Eq. (VI-25.5) must equal one and the same constant. Let us call this 
separation constant M. We proceed as before to make assumptions regarding M 
and as before we will reject those assumptions which lead to contradictions. Let 
us try M = 0. 
When M = 0, then Eq. (VI-25.5) requires r2F" + rF' — nF = 0. The solution to 
this equation is 


(VI-25.5) 


fimdrid, 
r” 


Since the term B/r” becomes unsuitable when r = 0, we take B = 0. Now at each 
point of the lateral surface r = 10 at least one of the factors F, G, H shall vanish. 
The simplest way of accomplishing the vanishing there of U is to have one and 
the same factor of U vanish everywhere on that surface. No member of Eq. (VI- 
25.4) will vanish identically there. So it is up to F or H to be the vanishing factor 


for the curved surface. If we require F = Ar” to vanish when r = 10, then A = 0 
and we have F identically zero with the impossible result that U vanishes 
identically. 

If we try M = — k* with k # 0, then Eq. (VI-25.5) requires us to have r2F” + rF" 
— (k*r? + n*)F = 0, whose general solution by Prob. VI-2 and Eq. (V-0.12) is 


F = Al,(kr) + BK,(kr). 


Here again we take B = 0, since the term BK,(kr) becomes infinite when r = 0. 
And if F shall be the vanishing factor on the curved surface, we require AI,,(10k) 
= 0. So, with each n we may take any number k such that 10k: is a zero of I,. 

If we try M = k* with k # 0, then Eq. (VI-25.5) demands that r°F" + rF" + 
(k?r2 — n*F) = 0, whose general solution by Prob. VI-2 and Eq. (V-0.8) is 


F = AJ, (kr) + BY,(kr). 


Again we must take B = 0 because Y,(kr) becomes infinite at r = 0. And if F 
shall be the vanishing factor on the curved surface r = 10, we require AJ,(10k) = 
0. Thus with each n we may take any number k such that 10k is a zero of J,. We 
cannot know a priori whether to follow through with M = -k* or M = k?. 
However, most of the developments of expansions and integrals in the theory of 
Bessel functions are with the J-functions; so we will follow through with M = k* 
in the hope we can develop a solution. 

With each function G of the family in Eq. (VI-25.4) we may take any function 
F of the family 


Fay = AnjJn(Knst)s j= hs By 9, PO 5 An; # 0, (VI-25.6) 
where 


k,; = one-tenth of the /™ positive zero of J,. (VI-25.6a) 


Reverting to Eq. (VI-25.5) with M =k nj: we require H* = kis , whose 
general solution is 


H = D cosh (k,,;z) + E sinh (k,,z). 


Let us call upon H to do the vanishing on the lower base of R, since no member 
of Eq. (VI-25.4) vanishes there nor does any member of Eq. (VI-25.6) . Thus if 


we require H(0) = 0, we find D = 0, making 
H = Esinh (k,,2). (VI-25.7) 


Putting together our results obtained thus far in Eqs. (VI-25.4) and (VI-25.6) 
and (VI-25.7), we find that we can meet all requirements of the problem except 
the prescribed temperature distribution to be maintained on the upper base by a 
function of the form 


T = 40 + U= 40 + An,jJ,(k,jr) + sin nO + sinh (k,,2Z). 
(VI-25.8) 


But no single function T of this kind can equal the prescribed temperature T> = 


r-@ on the upper base. This means that here, as in Prob. IV-9 for example, the 
final step in the solution of our problem is to construct an infinite series of 
solutions of the type found in Eq. (VI-25.8), determining the coefficients so that 
the series converges to T, = r*@ on the upper base where z = 20. In the present 
problem we shall have to construct a doubly infinite series, since T> is a function 
of two independent arguments. However, in Eq. (VI-25.8) we have two indices 
over which we can sum, namely n and j. 

Our task is to determine a doubly infinite series such that for 0 < r < 10, 0 < @ 


<7 
29 — 40 = >| 4 in n> Basta) sinh (20k,,) | 


! (VI-25.9) 


n=) j=l 


We can accomplish the desired expansion (VI-25.9) by making it to be the sum 
of two such expansions as follows. In the first one of them we make the 
summation with respect to j equal r* for each and every n. We make the 
trigonometric sum XA, sin nO by itself equal to 8. In the second one we make the 
inner j-sum equal to unity for each and every n. This time we make the sine 
series by itself equal to unity. Let us denote the coefficients in the first sum by 
Bn and An. In the second sum we denote the coefficients by Bry and An. Then 
the solution to our problem is given by 


x 


T= 40 + >| 4 sin n> Bi sinh (2 alk 
n=] 


j=l 


= “>| 4: sin n> Bi sinh (kys2Valkn) |: (VI-25.10) 
n=) 1 


I= 


The right side of Eq. (VI-25.10) equals T, = 40 on the lower base of R and on 


the curved surface r = 10 and on the vertical plane face and along the rim of the 
upper base. On the rest of the upper base the right side of Eq. (VI-25.10) equals 


T, = r0. At every interior point of R the function T defined by Eq. (VI-25.10) 


satisfies Laplace’s equation VT = 0, since each series is termwise differentiable 
inasmuch as each series is uniformly convergent for 0 SrS10,08z820,0 
<aSoSb<n. 

The formulas for the coefficients in the respective series in Eq. (VI-25.10) are 
as follows. Since we want to have 


A, sin n@ = 6, for0 <0 <7, 
n=1 


then by the well-known formula for coefficients in a Fourier sine series of an 
odd function we have 


7 


7 = n+1 
Wace [ @ sin nO dé = A | (VI-25.11) 
0 


Similarly, since we require 


> Asin nd = 1, 0<0<rn, 
n=l 


then, by the Fourier series expansion for the odd function 


we have 
2 es me n odd 
A= | sin nO d@ = {nt (VI-25.12) 
WT 
. 0, n even. 
Since we require 


By; sinh (20kyj)Jn(Knjr) = r?, 
n=] 


then, by Eq. (VI-25.6a) together with Eq. (V-27.4), we have 


10 
2 [ rJ,(k, "dar 
ca VI-25.13 
10°[J,,4,(10k,,,)}? sinh (20Kp,) ( ) 
Similarly, since we require 
BY, sinh (20Kn;)Jn(Knjr) = 1 
n=1 
we have 
10 
2 rJ,(k,sr)dr 
0 (VI-25.14) 


" ~ 10°[Jns(10kn;))? sinh (20Kns) 


REMARKS.1. Each of the “duplex” series in the solution Eq. (VI-25.10) can be 
written as a simple series as follows. Let us indicate symbolically the terms in 
either series by their coefficient letters A and B without the primes. Then we can 


write out either “duplex” series as a simple series as follows: 


A,B, + ArBi2 + ArBi3 + AcBor + ArBig + AoBee 
+ A;Bi5 + A2Bo3 + AsB31 + ArBi.g + A2Bo,s 
+ A3Bs2. + +>. 


The scheme just indicated is to take first the term for which n + (n + j) = 3, then 
add the one term for which n + (n + j) = 4, then add all the terms (2 in number) 
for n+ (n+j) =5, and so on ad infinitum. 

Let us see how the first “duplex” series in Eq. (VI-25.10) would look written 
out to three terms of such a simple series in case we wanted to evaluate T at the 
point (5, 7/4, 10). We use Eqs. (VI-25.11) and (VI-25.13) for the coefficients. 
And we recall from Eq. (VI-25.6a) that 


k,; = one-tenth of the j" positive zero of J). 


We take the first and second positive zero of J,, from Table V-4. The terms we 
choose, indicated symbolically by their coefficients only, are 


10 3 
V2 sinh (3.83)4,(1.92) 2 7S _ 
50[J.(3.83)]}? sinh (7.66) 


10 
+ V2 sinh (7.02)J,(3.51) _ fp PAM TO2 ae 
50[J,(7.02)}? sinh (14.04) 
PP rsa(0s14)r)ar 


— sinh (5.14) J,(2.57) 50[Jq(5.14)}? sinh (10.28) 


0 on C and L and B, 
an (VI-25.15) 
f(r, 8) — 40 on H. 
0 on C and L and H, 
U.= (VI-25.16) 
g(r, 8) — 40 on B. . For the sum of 


these three terms, taking r = 5, 0 = 71/4, and z = 10, we would have 


i;  P3J,([.383]r)dr 


V2 sinh (3.83)J,(1.92) 50[J,(3.83)}? sinh (7.66) 


10 


+ V2 sinh (7.02)J asi C702 ar 
pen” 50[J_(7.02)P sinh (14.04) 


[°r°a(0514)r)dr 


0 


50[J,(5.14)]? sinh (10.28) 


The values of the hyperbolic sine and the values of J, and J> for the arguments 


indicated can be taken from appropriate tables. 

2. Variations of Prob. VI-25 can be solved by the method of superposition by 
virtue of the fact that the sum of a finite number of functions each harmonic 
(satisfying Laplace’s equation) in a region R is also harmonic in R. Suppose, for 
example, that the prescribed boundary temperature distributions to be maintained 
on the face of the solid in Prob. VI-25 shall be one and the same constant, say 
AO, on only two of the faces, namely on the curved lateral face C and also on the 
plane lateral face L, while the prescribed temperature to be maintained on the 
bases shall be f(r, 8) on the upper base H and g(r, 9) on the lower base B. In such 
a case the required steady-state temperature T can be obtained as a tripartite sum 
as follows. We take a function U as determined in Prob. VI-25 and call it Uj. 


This function U, is such that V?U, = 0 interior to R while U, takes on the 
boundary values 


— sinh (5.14)J,(2.57) 


0 on C and LZ and B, 
-_ | (VI-25.15) 


f(r,0)—40 on. 


Then we determine in the manner of Prob. VI-25 a function U, such that VU, = 
O interior to R and such that 


0 on C and L and H, 
U, = 
g(r, 8) — 40 on B. 
Then the solution to the new problem is 


T = U, + U, + 40. 


(VI-25.16) 


For, interior to R we have 
VT = V2U, + V2U, -+ V(40) = 0. 
And by virtue of Eqs. (VI-25.15) and (VI-25.16) we have 
0 on C and L, 


T= { fir, 8) on H, 
g(r, 9) on B. 


In similar manner one can obtain solution of the variation of Prob. VI-25 in 
which the prescribed boundary temperature distribution shall be constant on only 
one face and on each of the other three faces shall be a nonconstant function of 
the two variables concerned. Also solvable by the method of superposition is the 
problem when the prescribed temperature to be maintained on the boundary shall 
be on each of the four faces a nonconstant function of the two variables 
concerned. In this latter case we first determine four functions U,, U5, U3, U, 


each satisfying Laplace’s equation interior to R and such that 
U,=0 on Band CandLl, U, =/f(r, 9) on H, 
U,=0 onZLand Cand H, U, = g(r, 8) on B, 
U,=0 on Hand BandC, U, = A(r, z) on L, 
U,=0 on Hand BandLl, U, = p(z, 6) on C. 
Then the function 
T=U,+ U,+ U,;+ U, 
is such that V2T = 0 interior to R and such that 
fr, 9) on H, 
g(r, 9) on B, 
h(r, z) on L, 
P(z, 9) on C. 


Problem: Displacement of Vibrating Annular Membrane 


VI-26. A stretched elastic membrane occupies the plane region bounded by 
two concentric circles having radii a and b, b > a and lying in the (r, @)-plane, 
where r and @ are polar coordinates with the pole at the common center of the 
two circles. The membrane is clamped along each circle (as in a drum head). It is 
vibrating as result of having been given an initial distortion (and then set free) 
such that each point of the membrane was initially displaced at right angles to 
the plane of the circles by a signed amount, dependent only on distance from the 
pole, namely 


Z, = fir) at time t = 0, (VI-26.1) 


where r is differentiable and of bounded variation for a S r S b. Under the 
approximating assumption that each point of the membrane moves in a straight 
line at right angles to the plane of the bounding circles (that is, parallel to the z- 
axis) the differential equation to be satisfied is 


Oz Oz 1 dz 


ae wari (VI-26.2) 


where x and y are rectangular coordinates in the (r, @)-plane, and where c is a 


constant, namely VT, / M™, T denoting the magnitude of tension (assumed 
constant) and m denoting the mass per unit area of the membrane. Obtain 
solution for Eq. (VI-26.2), assuming that the motion of each point of the 
membrane is a sinusoidal function of t. * 


The statement of the problem calls for the use of cylindrical coordinates (r, 0, 
z). Taking the origin of xy-coordinates at the pole, we have 


Az fz @z 182 ~ «12a 

: ee Pe eens (VI-26.3) 
Or? sr? 082 sr Or 

But, the conditions of the problem are such that z is going to be independent of 

0. This makes the middle term on the right in Eq. (VI-26.3) vanish. Accordingly, 

Eq. (VI-26.2) becomes 


3, Ae EE (VI-26.4) 
s 


Since z is then a function of r and t and is assumed sinusoidal in t for each r, 
we may hope to obtain solution for Eq. (V1I-26.4) in the form of a composite of 
particular solutions of Eq. (VI-26.4), each particular solution being a product 
solution of the form 


z= G(r)| A cos (wt + |; (VI-26.5) 


where A and @ and A are constants to be determined by boundary and initial 
conditions. At time t = 0 we must have by condition (VI-26.1) 


fir) = G(r)| A cos |, a<r<b, 


so that we may take A = 1 and A = 0. Thus, we seek particular solutions for Eq. 
(VI-26.4) of the form 


z = G(r) cos wt, w ~ 0. (VI-26.6) 


Substitution for z from Eq. (VI-26.6) into Eq. (VI-26.4) yields 
= Pos . ee 
(cos wt)| G" + oo + 72 Gi=0, (VI-26.7) 


where the primes on G denote first and second derivative with respect to r. Since 
cos wt will not be identically zero, satisfaction of Eq. (VI-26.7) requires that 


2 
F204 Gan, 
r c 
or 

PG" +rG’+A2PG=0, A= w/c. (VI-26.8) 
Solution of Eq. (VI-26.8) is immediately obtained by way of Eq. (VI-1.6) 
taking r = x, D = i, p = 0. Thus, by Eqs. (VI-1.5) and (V-0.8) the general 

solution of Eq. (VI-26.8) is 
G = CJir) + CYA), (VI-26.9) 


where C, and Cy, are arbitrary constants. There are, however, two boundary 
conditions to be met by virtue of the fact that the membrane is clamped along the 


two circles. These require by Eqs. (VI-26.6) and (VI-26.9) that 
C,Jo(Aa) + C, Y,(Aa) = 0 
C,J(Ab) + Cz Yo(Ab) = 0 


Equations (VI-26.10) constitute two simultaneous equations in three 
unknowns, namely C, C3, and A. We solve the second of these equations for C): 


Job) 


(VI-26.10) 


Cc, = C;. 
° Y (Ab) * 
Then we substitute this for C, in the first equation: 
Jo(Ab) 
C,| JfAa) — = ¥.(a) | = 0. VI-26.11) 
1| 0a) — a Ye 


Eq. (VI-26.11) will be satisfied for arbitrary choice of C, if A = A, is a solution 
of the equation 


Jo(Ab) 
¥Q(A5) 


Jo(Xa) — Y,(Aa) = 0. (VI-26.12) 


Assuming that Eq. (VI-26.12) has a set of infinitely many distinct solutions A, 
o, \3, ae wN 
be met by a function of the form 


~’ *, we See that all the conditions of the problem except one can 


To(Anb) 
Yo(A,5) 


p= GC. Ee — Yr) | cos (A,,c?). 


(VI-26.13) 


It is condition (1) which cannot be satisfied at time t = 0 by any single function 
of form (VI-26.13) or finite sum of such functions except in the special case that 
f(r) is itself prescribed as such a sum. It is possible, however, by appropriate 
generalization of the expansion considered in Prob. V-26 to express a function of 
the sort described in connection with condition (VI-26.1) as an infinite series, 
namely 


iS Jol Anb) . 
fir) =DO[ ern =F Yar) (VI-26.14) 


One finds by arguments similar to those used in Probs. V-24, V-25, V-26 (see 
also Byerly, Fourier’s Series and Spherical Harmonics) that the family of 
functions 


J o(A,5) 
¥(An5) 


Lar) = Vr Jat) — Yidat) |) = 142,350 
(VI-26.15) 


is orthogonal on the interval a Sr S b and that the integral over this interval of 
a squared member of the family is given by 


b 2 1 2 2 
[ Ee dr = 5 [e*| esc) | - a*| Lana) | 


(VI-26.16) 
and the coefficients C,, in Eq. (VI-26.14) are given by 
2 b 
C, = BIL AAsb)) — a*L(Asa) — aL carl. LoAnr)rf(r)dr. 
(VI-26.17) 


The solution of our problem is thus found to be 
@ 
J (And) 
z= C,| JA) = = Y,(A,7) Icos (A,ct), 
D Caf Jaber) = HG, Yar) feos Qe 
n=1 
(VI-26.18) 

where the coefficients C,, n = 1,2, 3,---, are given by Eq. (VI-26.17). 
Problem: Alternating Current Density 


VI-27. Determine the current density in a straight homogeneous wire of 
circular cross-section lying in the z-axis and carrying alternating current, given 
the following: 


aad 


(a) the current density vector / is continuous and is always parallel to the z- 
axis; 


(b) the scalar component i = i, of f parallel to the z-axis is given by 


i= ur, t) = Re| gi(r)e* |, (VI-27.1) 


where t denotes time, J = ¥Y — 1 q@ is a constant, and Re[w] denotes the real 
part of the complex number w = u + jv; 
(c) the current density i satisfies the equation 


di 


V4=A 
pe Ot 


(VI-27.2) 
where A is a constant and V7i denotes the Laplacian of i. * 


We have placed the wire in the z-axis in order that we may use cylindrical 
space coordinates (r, 0, z). Since i = u(r, t) is independent of @ and z, its 
Laplacian (compare Prob. VI-23), namely 


_. Gi aia | Oj 
iin Sg EO, FIP ye 

Or? rér-)— sr? 08 ~— sz? 
reduces to two terms, so that Eq. (VI-27.2) becomes 

i 1 ai Oi 

——= of. ——. == J 

or? or Or Ot 
Now if we can find a function g(r), real or complex, such that the complex 
function 


(VI-27.3) 


w = g(reiet (VI-27.4) 
satisfies the equation 
7) 
vw = ~ (VI-27.5) 


then by separation of reals and pure imaginaries, it will follow that the real part 
thereof, namely i = u(r, t) = Relg(ne@], will satisfy Eg. (VI-27.3), thus 
satisfying Eq. (VI-27.2); and our problem will be solved. 


Substitution for w from Eq. (VI-27.4) in Eq. (VI-27.5) yields 


eit 3 I 0g = (2)| jet]. 


ora + r or 


The nonvanishing factor e/! may be divided out: 
” l ‘ : 
es ene) 


where the primes now denote first and second derivatives with respect to r. 
Multiplying through by r and letting k* = — jwA, we have 


reg” + rg’ + k*r?g = 0, (VI-27.6) 


Identification of Eq. (VI-27.6) with Eq. (VI-1.6), with g and r playing the roles 
of y and x respectively, tells us by Eqs. (VI-1.5) and (V-0.8) that g shall be a 
function of the sort 


g = CJokr) + Cy ¥¢(kr). (VI-27.7) 


~~ 


The requirement of continuity of ! in (a) means we shall take C, = 0 in Eq. 
(VI-27.7), since Y)(kr) becomes infinite at r = 0. We have put k? = — j@A. This 


/ ° eo > — 
makes K = V — 1p ?V w= PPV wA Let us put m = VwdA, Then we 
have 


g = CJ j**mr), (VI-27.8) 
which by Eq. (V-0.15) may be written 
g = C,[ber(mr) + j bei (mr)]. (VI-27.9) 


Thus, the solution to our problem, with C, yet to be determined, is 
i = Re| CJo(j**mr)e'* | 


= Re{ C/o p2mr) | cos wt + jsin wt | |. (VI-27.10) 


To determine C, let A denote the amplitude (maximum absolute value of i) at a 


point in the axis of the wire (A being the same for all such points) where r = 0. 
Now at r = 0 we have J,(j*’mr) = J,(0) = 1 by Eq. (V-0.4). Thus by Eq. (VI- 
2/10} 


A= max|Re| C, | cos wt + jsinwt | , 
If we take C, real, then 


A = max|C, cos wt | 


|C,|(max|cos wt |) 


- |C,|(). 


We may take C, = A or C, = — A. We choose the former. Finally, then the 
solution of our problem is 


i = ARe| Jo PPVoad ret], (VI-27.11) 
that is, 
i= Al ber (\/wAr) cos wt — bei (s/wAr) sin wt | 
(VI-27.12) 


To find the total current i; in a wire of radius R we integrate the current 
density i in Eq. (VI-27.11) over the circular cross-section S of the wire: 


_— Re| Ae" | I Tol j3!2x/aad rds | 


Ss 


= Re| Aci [ ** 40 [, * To 7324/ed rr dr 
= Re[ Aeis!2n [rol plrn/wr rydr |, 


An integral of this type was evaluated in Prob. V-28. Thus, we have 


pJ/or 
Problems: Eddy Current Density and Power Loss 


3/2 = 
ip = Re 27 ARJ,(j canal | (VI-27.13) 


VI-28. Determine the eddy current density i induced in the copper core of a 
solenoid under the following conditions. The core is a long solid copper circular 
cylinder of radius R. The solenoid wound around the core has N turns per cm. 
The solenoid is excited by a current having magnitude I cos 27 ft abamp., where 
I is the amplitude constant, f is the number of cycles per second, and t is time in 
seconds. The solenoid and core are sufficiently long (in ratio to R) that end 
effects may be neglected. The following are given: 


(a) the magnetic field strength H = H(r, t), where r denotes distance from the 
axis of the core, satisfies the equation 
Ce 0 4 
OH H = A2r H 


at a (VI-28.1) 


where A? = 4m/p and p is the resistivity of copper in abohms per cu. cm., 


(b) at the surface of the core the function H takes on the boundary value 
H(R, t) = 4nNI cos 27 ft, (VI-28.2) 


(c) the eddy current density i is related to the magnetic field strength by the 
equation 


ime |e (VI-28.3) 


If Eq. (VI-28.1) be divided through by r, the left side is then none other than 
the first two terms of the Laplacian 

2 F 2 2 

a oe be 

Or? or Or dz* sr? 0 

when H is considered as a function of all three cylindrical coordinates (r, 6, z). 

Since, in the present problem, H is a function of only one of the three cylindrical 

coordinates, the first two terms on the right in Eq. (VI-28.4) may actually be 

regarded as the Laplacian of H. Now it is well-known that partial differential 

equations in which the Laplacian of the desired function equals either zero or a 


(VI-28.4) 


constant times its partial derivative with respect to time may often be solved via 
a product function, or a composite of product functions, in which each factor in 
the product is a function of just one of the variables concerned. Accordingly, we 
shall try to find solution for Eq. (V1I-28.1) as a function of the form 


H = F(r)G(t) = FG (VI-28.5) 


or as a composite of such functions. 
Substitution for H from Eq. (VI-28.5) into Eq. (VI-28.1) yields 


rF"G + F'G = ArFG’, (VI-28.6) 


where the primes on F and G denote first and second derivative with respect to r 
or to t, as the case may be. 
Equation (VI-28.6) may be written 


(VI-28.7) 


One side of Eq. (VI-28.7) is a function of r alone, the other a function of t alone. 
Since r and t are independent variables, Eq. (VI-28.7) can hold only when both 
sides thereof are identically equal to the same constant C. Our task now is to find 
out what this separation constant will be. If we take C = 0, then we have 


Be 
== 


which requires that G(t) be a constant. This can readily be seen by integrating 
Eq. (VI-28.7a). This would make H a constant as far as time is concerned. But H 
certainly varies with time, since H is produced by an exciting current which 
varies with time. Thus, we cannot take C = 0, since it leads to a contradiction. 

If we take C positive, say b* with b real and different from zero, then the 
requirement 


0, (VI-28.7a) 


IGE gs 
G 
calls for G to be an exponential function of t of the form 
G = AeW/A)t, 


which would increase beyond all bounds as t > o and would, therefore, cause H 


to do likewise. This, too, is out of the question. So, we cannot take C positive. 

Choice of a negative number for C would require G to be a decreasing 
exponential function of time. This would make H > O ast — ©, contrary to the 
nature of H as produced by periodic exciting current of fixed amplitude. Thus, C 
cannot be taken negative. 

It looks as if we are stumped in our search for a product function H of type 
(5), which will satisfy Eq. (VI-28.1). In other problems in this chapter we were 
always able to effect solution by way of pertinent selection of the separation 
constant C: positive, negative or zero. But, there is yet another possibility: + take C 
to be a complex constant a + bj, where a and b are real and J=vV-LaA 
moment’s reflection, however, indicates that it will suffice to take C as a pure 
imaginary number, since the real part of a complex constant would involve only 
the untenable solutions of Eq. (VI-28.1) obtained by taking C real. We, 
therefore, try C = jk, where k is real and J = V— 1. This means that we shall 
have 


whence 


kt 


- (VI-28.8) 


G = Aes i Al cos + j sin — 


where A is an arbitrary constant. Now the given boundary condition Eq. (VI- 
28.2) requires the period of H, and thereby the period of G, to be the period of 
the exciting current, namely 27f. Recalling that we put A* = 4m/p, we find, 
therefore, that 
3 
pa (VI-28.9) 
p 


Thus, by Eqs. (VI-28.8) and (VI-28.9) we have 
G = Aeift — Al cos 2nft + j sin 2nft |. (VI-28.10) 


So much for G. And now, when C = jk with k defined by Eq. (VI-28.9), the 
left side of Eq. (VI-28.7) requires that 


F’ 1 F’ 
ae ee | 
FTTF J 
or 
r?F" + rF’ — jkr?F = 0. (VI-28.11) 


We can solve Eq. (VI-28.11) by application of Eq. (VI-2.1), identifying r with x 
and F with y. We have 


1—2A=1, 2E=2, D*E?=—jk, A? — E%p*?=0, 
whence 
A=0, E=1, D=V—jk, p=0. 
We express the constant D in a slightly different form as follows: 
D = (—1) 2p 2.7 = fpr = p/a/k. 


Then, by Eqs. (VI-2.2) and (V-0.8) and (V-0.15) and (V-0.17), the general 
solution of Eq. (VI-28.11) is 


F = Jo j/k rr) = ber(s/k r) + j bei(\/k r) = Mo(V/k rete"), 
(VI-28.12) 


Now, F as defined by Eq. (VI-28.12) is a complex function, which makes H = 
FG a. complex function. But, if a complex function H satisfies Eq. (VI-28.1), 
then it is seen by separation of real and imaginary parts, that the real part alone 
of H will satisfy Eq. (VI-28.1) as will also the imaginary part (the coefficient of 
j). Accordingly, we may take for the magnetic field strength either of these two 
parts of the complex H. Let us, however, for convenience continue with the 
complex H defined by the product FG, where F is given by Eq. (VI-28.12) and 
G by Eq. (VI-28.10). We do this with the understanding that, when we come to 
determine the eddy current density i, we shall apply Eq. (VI-28.3) to the real part 
of H. With this understanding we may also determine the constant A in Eq. (VI- 
28.10) by writing both G and the boundary condition Eq. (VI-28.2) in the 
complex form. Thus, Eq. (VI-28.2) requires 


H(R, t) = 4nNIe?7"*, 


that is, 


Aeiatt J, 732k R) = 4nNIenF, 
whence 


7 4n NI 
Jf PPVk R) 
We now have our complex solution of Eq. (VI-28.1) completely determined: 


___40NI 
~ SAP PVR R) 


H = H, + jH, Jol prvk rer" 


(VI-28.13) 


with the understanding that the actual magnetic field strength is the real part of 
this H. (We remark that these functions H, and H, are not to be confused with 


the Hankel functions nor with the Struve functions.) One can also express this 
complex H via the M)(z) function as mentioned in the introduction to Chapter V. 


We have 


H 4rNI 
Ml Vk Rye“E® 


M/k reio(vk r) + j2nft 


where M, (Vk r) and _ Ook r) are respectively the modulus and the 
amplitude of TAPP Vk r ), that is, the modulus and the amplitude of ber 
(Vr) +7 peilVk 1), Upon separating real and imaginary parts, we find 
from Eq. (VI-28.13) that the actual real magnetic field strength H, which 
satisfies Eqs. (VI-28.1) and (VI-28.2) is 


4nNI 


H, = MATER MOVE r)cos | 2a + O(V/K r) — O(/K R) |. 


(VI-28.14) 


We are now finally in a position to determine the eddy current density i as 
given by Eq. (VI-28.3). We could do this directly by partial differentiation of Eq. 
(VI-28.14). However, it seems it will be more convenient to differentiate the 
complex H defined by Eq. (VI-28.13) and then take the real part of the result. 
Accordingly, by Eqs. (VI-28.3) and (VI-28.13), we get (for the complex i) 


NI 


Tap VER La APeven |r 


(VI-28.15) 


The derivative indicated within the brackets is obtained immediately via formula 
(C) in Table V-1 by taking x = r, p = 0, q, = Jp, 4 = PPV. 


2 Id PP VED) = — PAVE PAVED) 


Thus the complex i is 


NIPO VK ‘ 
i= + jig = Toi 3/2./k R) J (PPV/k rye? 
(VI-28.16) 
or 
j (37/4), /f 
i=i, + ji, = lia “s M, (Vk rjeivkn) +i20ft, 


M.A / k Rye j0,(¥k R) 
(VI-28.17) 


Separation of real and imaginary parts yields the actual real eddy current density 
i; namely 


_ NIVK ~ 


i, = M&Vk R) R) M/k r) cos| 2a + 0,(4/k r) — O(4/k R) + ai 


(VI-28.18) 


VI-29. Using formula (VI-28.18) in Prob. VI-28 for the eddy current density i 
in the copper core of a long (compared to radius) solenoid excited by alternating 
current of constant amplitude, compute the power loss P (ergs per second per 
centimeter of length) due to the eddy currents produced in the core. It is given 
that P equals the integral, taken over the circular area A of a cross-section of the 
core, of the product of the resistivity p (abohms per cubic centimeter) of copper 
and the mean square of i. * 


It will be noticed that we have dropped the subscript 1 on the i in the formula 


(VI-28.18) of Prob. VI-28. There is no need to retain that subscript in the present 
problem, since there will be no call to use complex quantities. 

Although the formula for the mean square of i can be found in appropriate 
texts, let us compute it for ourselves as an exercise. It is found by the well- 
known formula for the mean of the values taken by an integrable function f(t) on 
an interval tS t St, namely 


t, d 
mean f = [Aaa (VI-29.1) 
te — ty 


Now, in the present problem, the value of i? at any chosen fixed point of the core 
is of the form 


i? = B® cos*2nft + dj, (VI-29.2) 


where 


oo NIVk M\(Vk r) 
M(Vk R) 


and does not change with t and where A also is a constant as far as t is concerned. 
* assumes on the interval defined by 


(VI-29.3) 


Now, since I 
tStSty, 2nft, +A=0, nf, t+A=n/2 (VI-29.4) 


all the values it can possibly have, the mean of i* is given by Eq. (VI-29.1) 
where t, and ft, are defined by (VI-29.4): 


ts 
{ B* cos*(2xft + A)dt 

— j2 — Cj et ae a 
p = mean i 7. 


ae { : [E+ beos(lanft + ap} a 


fo TG 


=| Mie — 1) +4 | “costatant + apat |. 
| (VI-29.5) 


te 


It is readily seen that, by virtue of (VI-29.4), the integral remaining to be 
evaluated in Eq. (VI-29.5) will have the value 


(constant)(sin 7 — sin 0) = 0. 
Thus, Eq. (VI-29.5) yields 
p = mean i? = $B?. (VI-29.6) 


Then, by Eqs. (VI-29.6) and (VI-29.3) and the formula for P given in the 
statement of the problem, we have 


P = {| p}B? dA 
A 


Qn R 
=£{ ao B°r dr 
2 0 0 


R 
= no B’r dr 
0 


moN2I? R - ~e 
=a ae Di [ "| Mave | dr. (VI-29.7) 


The integral in Eq. (VI-29.7) suggests that we make a slight change of 
variable of integration, namelyV k r = x.. Then 


R 2 1 VER 2 
[ r| Mav | dr = Al | Mico | dx.  (VI-29.8) 
0 0 


Here we can make use of Eq. (V-12.3) in Prob. V-12, whereby 


M,(x) = | ber’x + i bei’x | 
= [(ber’x)? + (bei’x)?]!/2. (VI-29.9) 
It follows at once from Eq. (VI-29.9) that 
[M,(x)]? = (ber’x)? + (bei’x). (VI-29.10) 


Thus, by Eqs. (VI-29.8) and (VI-29.10), we find that Eq. (VI-29.7) becomes 


272 VE R 
pete [ x| (ber'x + (bei ar. 
[M AVk R)) 0 

(VI-29.11) 

Evaluation of the integral in Eq. (VI-29.11) now requires merely direct 
application of Eq. (V-11.3) witha = Vk R, so that 

_ mpN?*] 3a/ k R 

[Mo Vk R)P 


Problem: Heat-Flow Temperature Distribution 


[ber VER ber’ /kR + beiv/kR bei’ VkR| , 


VI-30. Determine the steady-state temperature distribution T in a 
homogeneous material cylindrical shell whose height is h and whose lateral 
surfaces are coaxial circular cylinders having radii a and b with b > aq, if 
temperatures are maintained on the four bounding faces as follows. If cylindrical 
coordinates (r, 0, z) are taken with the z-axis in the common axis of the two 
lateral faces, with the origin in the plane of one base and with the other base in 
the plane z = h, then the prescribed boundary temperatures to be maintained are 


100 on lower base and both lateral faces, 


f(r) on upper base 


where f(r) is continuous and differentiable and of bounded variation for a =r 
b, where f(a) = f(b) = 100 and f(r) > 100 for a <r <b. * 

We shall find it convenient in this problem, as in other problems of similar 
character (see, for example Probs. VI-24 and VI-25), to use an adjusted steady- 
State temperature function 


U = T — 100. (VI-30.1) 


At every interior point of the region occupied by the shell the function U must 
satisfy Laplace’s equation V*U = 0, which in cylindrical coordinates is 
SU  FfU .184U 10U _ 
or? éz2 | r? 06? r or 
But the symmetry with respect to the z-axis of the prescribed boundary 
temperatures means that U will be independent of 8, so that Laplace’s equation 


0. (VI-30.2) 


for this problem reduces to 
fU &U 1 cU 
ny » ny 3 Sia ira — 0 
or? oz? or Or 


(VI-30.3) 


We, therefore, seek a function U which satisfies Eq. (VI-30.3) at each interior 
point R and which takes on boundary values as follows: 


0 on lower base and both lateral surfaces, 
U = 
f(r) — 100 on upper base. (VI-30.4) 


It is well-known that, in problems requiring satisfaction of Laplace’s equation 
(or a similar equation) in a region and also requiring the solution to take on 
prescribed boundary values, solution may be effected via a function which is a 
composite (an infinite series) of particular solutions of the differential equation, 
each particular solution being a product function of the form 


G(u)H(v)M(w), 


where u, v and w denote the space coordinates of the coordinate system that is to 
be used in the problem. Let us, then, see if we can solve the present problem via 
a composite of particular solutions of Eq. (VI-30.3), each particular solution 
being of the form 


U = G(r)H(z) = GH. (VI-30.5) 


Substitution for U from Eq. (VI-30.5) into Eq. (VI-30.3) requires that 
G'H + GH" + ~G'H=0, (VI-30.6) 


where the primes on G and H denote first and second derivative with respect to 
argument r or z, as the case may be. Eq. (VI-30.6) may be written as 


H__©& _1@ . (VI-30.7) 


The left side of Eq. (VI-30.7) is independent of r while the right side of Eq. (VI- 
30.7) is independent of z. Now, the only way in which a function of z alone can 
be equal identically (in a region) to a function of r alone is for each of the two 
functions to be identically equal to the same constant. Thus, the requirement that 


a product function U = G(r)H(z) shall satisfy Eq. (VI-30.3) is equivalent to 
requiring simultaneous satisfaction of two equations 


EG mee G (VI-30.8) 


where C is the same constant in both equations. 

Let us now determine which kind of constant can be used for C, positive or 
negative or zero. If we take C = 0, then the second equation in (VI-30.8) 
becomes 


rG’ + G’ =90, 
whose solution is 
G = Alog,r + B, 


where A and B are constants. And the first equation in (VI-30.8) becomes H" = 
0, whose solution is 


H= Dz+E, 
where D and E are arbitrary constants. We now have 
U = (A log, r + B)(Dz + E). (VI-30.9) 


On the lower base, where z = 0, we must have 
U = 0 = (A log, r + BXE), 


which requires that E = 0, since the function A log, r + B cannot vanish 
identically for a =r b, unless A = 0 and B = 0. Thus, 


U = (A’' log, r + B’)z, 


where A’ = AD and B’ = BD. 

We must also have U = 0 on both lateral surfaces. Since z does not vanish 
identically on the lateral faces, the requirement that U shall vanish thereon 
means that 


A’ log,b + B’=0 
A’ log,a + B’=0 


Since a ~ b, the solution of this pair of simultaneous equations is A’ = 0 and B' = 
0, which makes U(r, z) vanish identically. But U certainly does not vanish 
identically because the prescribed value of U on the upper base is greater than 
zero for a < r < b. We must, then, reject the assumption that led to this 
contradiction, namely the assumption that C = 0 in Eq. (VI-30.8). 

If we take C negative in Eq. (VI-30.8), then the first equation in (VI-30.8) 
becomes 


H" = — k*H, C=—k°+0, 
whose solution is 


H = Acoskz + Bsin kz, 


where A and B are arbitrary constants. This requires on the lower base, where z = 


0, that 
0 = G(r)[A], asrsb. 


Now G(r) is certainly not identically zero for a Sr Sb. So, we must take A = 
0. Then we have 


U = G(r)B sin kz. (VI-30.10) 


Taking C = — k*, k # 0, we find by the second equation in (VI-30.8) that G shall 
satisfy the equation 


r?G” + rG’ — k’r*G = 0, 
whose general solution, by Eqs. (VI-1.6), (VI-1.5), (V-0.12), is 
G = Ci(kr) + C,K(kr), 
so that Eq. (VI-30.10) becomes 


U = [ Cule(kr) 4 CaKo(kr) | sin kz, (VI-30.11) 


where the constant B in Eq. (VI-30.10) has been absorbed into the arbitrary 
constants C, and C3. 


Comparison of Eq. (VI-30.11) with the corresponding stage of development in 
Prob. VI-26 indicates that a solution of the present problem could be obtained in 


the form of a series of particular solutions of type (VI-30.11), namely 


: In(A,b) sin(A,,z) 
U — on I An <a : K, An “a oar ae 
>. | fat) — Rb) ) eae 

n=1 

(VI-30.12) 
where A = A, would be a solution of 
(Ad) 
Ia) — 2? K(Aa) = 


and where the coefficients C,, would be given by a formula corresponding to the 
formula for the C,, in Prob. VI-26. The constant factor |/sin(A,,h) is needed in Eq. 
(VI-30.12) because the coefficients C, shall be determined so that on upper base, 
where z = h, we can have 


fir) — 100 = Sol nw — 1dAt) Ki) | 


K (And) 
(VI-30.13) 
Thus, once the expansion (VI-30.13) has been obtained, the function U defined 
by Eq. (VI-30.12) meets all the requirements imposed on U by Eggs. (VI-30.3) 
and (VI-30.4), in particular on the upper base. The actual solution of the problem 
as stated is T= U + 100, where C/is given by Eq. (VI-30.12). 
Let us see if a solution can also be obtained when we take the separation 


constant C positive in Eq. (VI-30.8), say C = k*, k # 0. Then H" = k*H, whose 
general solution is 


H = Ae*™ + Be-*, 


where A and B are arbitrary constants. Then, on the lower base where U = 0 and 
z = 0, we must have 


0 = G(r(A + B), 
so that B = — A. We thus have 
U = G(r)[A(e™ — e-**)]. 


Since A is arbitrary, we can let M = A/2 and write 
U = MG(r) sinh (kz). (VI-30.14) 
When we take C = k* # 0 in (VI-30.8), we must have 
r?G” + rG’ + k?r’G = 0, 
whose general solution by Eqs. (VI-1.6), (VI-1.5), (V-0.8) is 
G = C,J,(kr) + Cz Y,(kr). (VI-30.15) 


Consequently, by virtue of Eqs. (VI-30.14) and (VI-30.15), we can have 
particular solutions of the type 


U = [C,Jo(kr) + Cp¥,(kr)] sinh(kz).  (VI-30.16) 


And we can meet all the boundary conditions imposed on T as well as have T 
satisfy Laplace’s equation at all interior points by a series solution similar to the 
solution obtained in Prob. VI-26, namely 


% To(Anb) sinh (Anz) 
T= 100+ U=100 al Jo(Anr) — Awr) |=: 
* + > Go MO — FE TO Oe 
n=l 
where A = A, is a solution of 
J (Ab) 
JfAa) — —— Y,(Aa) = 0 
o(ha) — py ola) 


and where the coefficients C,, are determined (as in Prob. VI-26) so that 


fr) — 100 = > Gf ur ss a rr) | wera 
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INDEX 


A 
Areas, evaluation of, by Gamma function, 77—80, 82, 87 


Asymptotic series expansion for log!0 T(x), 26, series expansion for loge ['(x), 105 
Attraction, problems in, 90, 326 


B 
Bernoulli, 312 
ber x and bei x, berp(x) and bei, (x), applications of, 318, 386-97 


definition and properties of, 238, 239, 246, 247 
tables of, 302—4, 306, 308, 309 
Bessel, 283 
Bessel’s equation, 235 
general solution of, 236—7 
solution of equations related to, 313-18 
Bessel Functions, 
applications of: 
attraction and repulsion of mass particle, 326, 328 
buckling disc, 334 
coil spring, 324 
critical length of clamped vertical wire, 337 
eddy current density and power loss, 389, 395 
electric current density, 386 
flux distribution in a reactor, 343 
heat flow, temperature distribution, 345, 348, 368, 372, 397 
lengthening pendulum, 331 
oscillating chain, 351 
pulsating cylinder, 364 
vibrating membrane, 382 
vibrating rod, 359 
approximate expression of, for small or large argument, 276 
ber and bei, 238-9 
evaluation of, 249-50 
expansions in series of, 265, 266, 319,320 
generating function for, 258 
graphs of some, of first kind, 258 
integral representations of, 279-83 
integrals involving, 262—72 
ker and kei, 238 
modified, 238 
of first kind, 236 
of order n + %, 253-6 
of second kind, 236 
orthogonality of, 262 
recursion formulas for, relations among, 243-9, 251, 252, 255, 262, 294 


relation of, 
to Gamma function, 236, 273, 276-80 
to Legendre polynomials, 260, 287—93 
series expression of, 236, 237 
tables of, 295-311 
Wronskian for, 251 
zeros of, 257, 297 
B(x), see Beta function. 
Beta function B(x), 
applications of, 72-4 
definition and properties of, 3, 29-35 
formulas and identities for, 48-9 
relation of, 
to Gamma function, 31 
to Legendre polynomials, 190 
Buckling disc, 334 


C 
Centroid, location of, by Gamma function, 84 
Chain, oscillating, motion of, 351 
Coil spring, motion of, 324 
Constant, 

Euler’s, 39, 45, 237 

separation, 112, 117 
Critical length of clamped vertical wire, 337 
Current, electric, 

density of, 386 

eddy, density of, 389 

power loss due to eddy, 395 
Cycloid, Fourier series for ordinate of, 321 
Cylindrical harmonics, 240 


D 
D’Alembert, 364 
D’Alembert’s equation, 364 
De Moivre-Laplace theorem, 108, 109 
Derivative, 
logarithmic, of Gamma function, 45 
of Bessel functions, 240-8, 251, 255, 294 
of Gamma function, 18 
of Legendre polynomials, 141-3, 159, 163, 164, 167, 194 
Disc, buckling of, 334 


E 
Eddy current, electric, 
density of, 389 
power loss due to, 395 
Electric current, 
density of, 386 
Electrostatic potential, 207, 226 


Equation, 
Bessel’s, 235 
D’Alembert’s, 364 
Laplace’s, 121, 206, 209, 214, 217, 221, 222, 226, 348, 372, 398 
Legendre’s, 118 
of displacement of vertical wire, 337 
of electric current density, 386 
of equilibrium of circular disc, 334 
of flux in a reactor, 343 
of heat flow, 111, 208, 345, 349, 368, 372, 403 
of magnetic field strength, 389 
of motion of, 
attracted mass particle, 90, 326 
coil spring, 324 
oscillating chain, 351 
pendulum, 90, 331 
repelled mass particle, 328 
vibrating membrane, 382 
vibrating rod, 359 
related to Bessel’s, 313-19 
wave, 361, 364 
Error function, 111, 117 
Error, relative, of Stirling’s formula, 105 
Euler, 1 
Euler’s constant, 39, 45, 237 
Euler’s infinite product for T(z), 1 
Expansion of a function, 
in series of Bessel functions, 265, 266,319,320 
in series of Legendre polynomials, 136, 150, 196-207, 227-229 


F 
Factorial, 
of a non-integral number, 10 
of a positive integer, 2, 10 
approximated by Stirling’s formula, 98—106 
Fluid velocity, 364 
Flux distribution in a reactor, 343 
Function, 
Bessel, 236—8,258, 294-311 
Beta, 3, 29-35, 48-9 
error, 111, 117 
Gamma, 2—7, 26, 48-9 
generating, 121, 258 
Hankel, 239 
harmonic, 121, 207 
potential, 207 
Struve, 240, 301-2 
weight, for orthogonality of Bessel functions, 263 


T(x), see Gamma function. 
Gamma function I(x), 
applications: 
evaluation of certain integrals, 5|0-6,60-—70,81-3 
evaluation of certain geometrical and physical magnitudes, 77-80, 80-97 
asymptotic expansion for logarithm of, 26, 105 
definition and properties of, 2—28, 48 
differentiability of, 18 
Euler’s infinite product for, 1, 26 
evaluation of, 9-14, 25, 26 
formulas and identities for, 48 
fundamental indentity for, 8 
graph of, 4 
incomplete, 2, 117 
logarithmic derivative of, 45, 237 
of %, 11, 57, 58 
relation of, to Bessel functions, 237, 276-80 
table of values of, 3 
Weierstrass’s infinite product for reciprocal of, 28 
Gauss’s differential equation, 119 
Gauss’s mechanical quadrature, 231 
Generating function, 
for Bessel functions, 258 
for Legendre polynomials, 121 
Graph, 
of Gamma function, 4 
of some Bessel functions of first kind, 258 
of some Legendre polynomials, 191 
Gravitational potential, 207, 221 


H 
Hankel functions, 
definition of, 239 
an application of, 366 
Heat, internal generation of, 348 
Heat-flow, temperature distribution in a 
circular lamina, 368 
conical cooling fin, 345 
cylindrical shell, 397 
cylindrical solid, 348 
half-cylinder solid, 372 
hemispherical solid, 215 
spherical shell, 220 
spherical solid, 208 
wire, 111 


I 
Incomplete Gamma function, 2, 117 
Integral representation of 

Bessel functions, 279-283 


Beta function, 3, 29-31, 48 
Gamma function, 2, 4—7, 48 
Legendre polynomials, 127 
Integrals, 
evaluation of, 
by Gamma and/or Beta function, 50-74, 77-89 
approximately, by Gauss’s mechanical quadrature, 231-4 
involving Bessel functions, 262- 72, 279-87 
involving Legendre polynomials, 147-56, 166, 171-90, 230, 284—7 
T(x); 
applications of, 316, 317, 329, 345-8, 401-2 
definition and properties of, 238, 253, 255, 287, 294 
tables of; for p = 0,1, 298, 299 


J 

Jp), 
applications of, 319-27, 331-44, 348-403 
definitions and properties of, 236-46, 251-94 
tables of; for p = 0,1,2,3,4, 295-6 


K 
ker x and kei x, kerpx and keipx, definition of, 238 
tables of, 304-7, 310-11 
Kp (x), 
applications of, 316, 317, 329, 398 
definition and properties of, 236, 238, 294 
tables of; for p = 0,1, 300 
Laplace’s equation, 121, 206, 209, 214, 217, 221, 222, 226, 348, 372, 398 
Laplace’s integral for P(x), 127 


Laplacian, 209, 343, 365, 369, 386, 389 
Legendre, 1 

Legendre Coefficients, 121 

Legendre’s duplication formula, 17, 62 
Legendre’s equation, 118 

Legendre polynomials, 


absolute value of, for -1 a x s 1, 138 
applications: 

approximate integration, 231, 233 

electrostatic potential, 207, 226 

gravitational potential, 207, 221 

heat flow temperature distribution, 208-220 
derivatives of, 141-3, 159, 163, 164, 167, 194 
expansion in series of, 136, 150, 152, 196-207, 227, 228 
formulas for, 118, 127-35 
generating function for, 121, 260 
graph of; for n = 0, 1,2,3,4, 191 
integrals of or involving, 147—56, 166, 171-90, 230, 284-7 
Laplace’s integral for, 127 


normalized, 150, 152 
orthogonality of, 144, 150 
recursion relations, 125, 141—3, 164 
relation of, 
to Bessel functions, 260, 287-93 
to Beta function, 190 
Rodrigues’s formula for, 120, 135 
tables of some, 191-3 
zeros of, 157, 234 
Lemniscate, length of, 89 
Length, 
critical, of clamped vertical wire, 337 
of lemniscate, 89 
Lengthening pendulum, motion of, 331 
Logarithm of Gamma function, 
asymptotic expansion to base e, 105 
asymptotic expansion to base 10, 26 
Logarithmic derivative of Gamma function, 45, 237 


M 
Magnetic field strength, 389 
Mass, evaluation of, by Gamma function, 84 
Mass-particle, 
augmented, motion of, under repulsion, 328 
constant, motion of, under attraction, 90 
decreasing, motion of, under attraction, 326 
Mechanical quadrature, 231—4 
Membrane, vibration of, 382 
Modified Bessel functions, 
applications of, 316, 317, 329, 346, 401 
definition of, 238 
properties of, 238, 253, 255, 287, 294 
Moment of inertia, evaluation of, by Gamma function, 84 


N 
Normalized Legendre polynomials, 150, 152 


O 
Orthogonality, 
of Bessel functions, 262 
of Legendre polynomials, 144, 150 
Oscillation of a chain, 351 
Oval, area of, 87 


P 

Pendulum, 
half-swing period of, 91 
lengthening, motion of, 331 

Pi (1), 
approximate value for, 77, 233 


Wallis’s product for half of, 75, 231 

Potential, 
electrostatic, 207, 226 
gravitational, 207, 221 

Probability, 
De Moivre-Laplace theorem in, 108-11 
integral, 52 
two problems in, 106, 107 

Product solutions of, 
heat-flow temperature distribution equation, 112, 208-13, 368-81, 399-403 
equation for magnetic field strength, 389 
Laplace’s equation, 208-27, 372-81, 398-403 
equation for vibrating membrane, 382 
equation for longitudinally vibrating rod, 359 
wave equation, 364 

Pulsating cylinder, 364 


Q 


Quadrature, Gauss’s mechanical, 231-4 


R 

Radiation density integral, 93 

Reactor, flux distribution in, 343 

Recursion formulas, 
for Bessel functions, 240-249, 251-3, 255, 294 
for Legendre polynomials, 125, 141-3, 164 

Repulsion, a problem in, 328 

Riemann Zeta function, 96 

Rod, longitudinal vibration of, 359 

Rodrigues, 136 

Rodrigues’s formula for Legendre polynomials, 120, 135 


S 
Separation constant, 117 
Series representation, 
of Bessel functions, 236, 237 
of solutions of Legendre’s equation, 119 
of Struve functions, 240 
Spherical harmonics, 120 
Stirling’s formula for n!, 103, 107 
Struve functions, 
definition of, 240 
tables of; for p = 0, 1, 301, 302 


T 

Tables of, 
Bessel functions, 294-311 
Gamma function, 3 
Legendre polynomials, 191-3 
Struve functions, 301, 302 


Weight coefficients for Gauss’s mechanical quadrature, 234 
Temperature distribution for heat-flow ina 

circular lamina, 368 

conical cooling fin, 345 

cylindrical shell, 397 

cylindrical solid, 348 

half-cylinder solid, 372 

hemispherical solid, 215 

spherical shell, 216-21 

spherical solid, 208-15 

wire, 111 


Vv 
Vibration, 
of a membrane, 382 
of a rod longitudinally, 359 
of a coil spring, 324 
Volumes, evaluation of, by Gamma function, 84 


W 
Wave equation, 361, 364 
Wallis’s product for tt/2, 75, 231 
Weierstrass’s product for reciprocal of Gamma function, 27-9 
Weight function for orthogonality of Bessel functions, 263 
Wire, 
temperature distribution for heat-flow in, 111 
clamped vertical, critical length of, 337 
Wronskian for Bessel functions, 251 


Y 
Yp,(%); 
applications of, 327, 333, 359, 382, 403 
definition of, 236, 237 
evaluation of, 250 
properties of, 251, 252, 278, 294 
tables of; for p = 0,1, 297-8 


Z 
Zeros, 
of Bessel functions, 257, 297 
of Legendre polynomials, 157, 234 
Zp)(X), 
applications of, 313-18, 325 
definition of, 238 
Zonal harmonics, 120 
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